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Abstract—Nonlinear ~ Schrddinger equations are regularly
experienced in numerous parts of science and designing. Varieties of
analytical methods have been proposed for solving these equations.
In this work, we construct an approximate solution for the nonlinear
Schrodinger equations, with harmonic oscillator potential, by Elzaki
Decomposition Method (EDM). To illustrate the effects of harmonic
oscillator on the behavior wave function, nonlinear Schrodinger
equation in one and two dimensions is provided. The results show
that, it is more perfectly convenient and easy to apply the EDM in
one- and two-dimensional Schrodinger equation.
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[. INTRODUCTION

HE nonlinear Schrodinger equation frequently emerges in

various branches of physics and engineering science such
as in quantum mechanics, optics, heat plus in solids, plasma
and material science among other. The investigation of this
equation and their solutions has happened of great interest to
various researchers because of its different applications.
Different methods have been proposed to manage Schrédinger
equation: Aboodh decomposition method [3], [4], Natural
decomposition method [1], [2], Adomain decomposition
method [6]-[8] and EDM [5], [9]. In this study we are
applying EDM to study the behavior of the wave function of
Non-Linear Schrédinger Equation.

II. ELZAKI DECOMPOSITION METHOD

The EDM is a method to solve partial differential equation.
Elzaki introduces a successive solution to the linear and
nonlinear partial differential equation [9]. He presented a new
integral transform defined by the following integral equation
[13].

E[f(©)] =v? [, f(wtetdt = f(1)

Then, f(t) is called inverse Elzaki transform of E[f(t)]
denoted f (t) = ETHE[f(®)]].

To illustrate the basic idea of EDM, we consider the
following nonlinear Schrddinger equation with the initial
condition as the form [5]:
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LY —iR¥Y — iN¥Y =0, Y(x,0) =f(x) 1

a 92 .
where L = A and R = T L and R are Linear operators, and

NV is a nonlinear term.
Applying the Elzaki transform to both sides of the (1), we
get

E[L¥Y] — iE[R¥Y] — iE[N¥] =0

From Elzaki transform of first and derivative and
substituting the initial condition, we get:

%E[l.v] —vf(x) = iE[R¥] + iE[N¥]
E[¥] = v2f (x) + ivE[RY] + ivE[N¥] )

Next step is replacing the wave function ¥ by an infinite
series to obtain:

Y(x,t) = Ymeo P (x, t) 3)
And we replace the nonlinear terms by the series:
NY =330 An(Wo, ¥y . F) 4)

where A, (Wy, ¥, ...)’s are Adomain Polynomials [6]-[8]
defined by:

1[d" o  Ai
Ay =[S NGE2 A W) 1120, n=012..  (5)
Substituting (3) and (4) into (2); we get:

E[En=0 Yo (x, )] = E[v?f ()] + WE[R X5 P (x, )] +
WE[¥n=0 Ar] (6)

Taking inverse Elzaki transform to (6), we have:

Yoo ¥ (x,0) = E[E[v?f(0)]] +
E7MiE[R Xy W (6, ) 1] + ETHWE S0 Anl] - (7)

Thus, on comparing both sides of (7), we obtain the general
solution of (1):

Polx, t) = f(x)
¥, (x,t) = ETY[ivE[R¥,] + E"[ivE[A,]
W,(x,t) = E"YivE[R¥;] + E~'[ivE[A,]
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W (x,t) = iE-{[E[RY,_,] + iE-'[vE[A,_,]

III. ONE- DIMENSIONAL NON-LINEAR SCHRODINGER
EQUATION WITH HARMONIC OSCILLATOR

Consider that the particle of mass (m) moves in one
dimension then, the nonlinear Schrédinger equation with
harmonic oscillator and the initial condition can be expressed
as [10]:

oV i 9%y ikx?y

;_Eﬁ-l- +i|12U|211U=0 (3

w(x, 0) =elx

where ¥ is the wave function; m is the mass of the particle, i
the imaginary unit to describe motion and k spring constant.
Applying Elzaki Transform method to (8); we get:

i

Using the differentiation property of Elzaki transform on (9)
and inserting the initial condition, we have

ox2

[i (az )]+E[kxz ]+E[I|Lp|z w=0 ()

Zin[j?XL:
E[¥Y(x V)] = v2e™* + vE L(Z—ZJ)] —vE [%q’] -

vE [i|¥|?¥] (10)

LEW(x 1] —U‘P(X,O)—E[ ]+E[ kle}’] + E[i|W]2¥]

Inserting (3) and (4) into (10), we have:

E[50 %, 0] = v2e™ + vEE-2 (500 %, (x, )] —

2m 0x2

VE[RE 55 ¥, (x, 0] — VE[i £ An | (11)

By applying inverse Elzaki transform on both sides to (11),
we have:

TUE[Wo (x, D]] = E~t[v2e™]
“HE[W,(x, )] = E- 1[vE i aa:;o ] B- 1[ [lkx q/o]_

E- [vE iAo]

The general solution can be written

Plx,0) = B [vE B (%)]] —E [UE [_”“‘Zjn—l]] -
EMvE[iAn]] (12)

where A, are the so called Adomain Polynomials of
(Wo, ¥y, ... W, to replace N¥ = |¥|?¥ = Y2P and ¥ is the
conjugate of ¥.

The Adomain Polynomials A,,'s are determined in (5), the
first four Adomain Polynomials expressed as:

Ao = q"gq_jo
Ay = 2%, W, P, + W2,
Ay = 2W W, T, + YEP, + 2, W, P, + W2,

As = 2W W By + 2T, WL, + 2W, W, T, + B, W2 + 2W, W, 7, +
W2,

By using to (11), the solution reads:

Yolx,t) =e*
ite™  ikx%te™® .
Wl(x,t) = om T ite™®
W, (x,t) = ( e ke  jkxel e“‘ kxZe™ kzx“eix
2 4m? 2m m m 2m 4
kxzeix _ eix)
3ie® | 3ikxZe®™  ie®*  3kxe® 7ike* 3ike™
e =2 (2 e et et _
4m? ~8m? 8m3 2m? 4m? 2m
3ikx%e™ | 3iel®  ik3x%e*  i3k2x*e™® el 4 3kxe™ n Bik?x*e™
2m 2m 8 4 8m
7ik?x2e™ | 3k2x3eX 3kaze‘x)
4m 2m 2

Therefore, the solution ¥ (x, t)is given by:

. i i 2
w(x, t)=1110+1111+1112+-~-11'(xt)=e”‘[1+(—%—”‘%t—
1 —it ikx?t . . p , t? ikx it ikx*t . .3
it) +3 Gy =S 0P S (et 5 (G-
3kx 7ik 3ik 3kx 7ik*x 3k“x
S Iy Zm)+'“] (13)

Fig. 1 shows the absolute approximate solution of the wave
function only tends to wards ¥(x) = 0 in one direction of
x and increasing exponentially in the other one. Fig. 2 presents
the real and imaginary approximate solution, therefore the
graphs illustrates wave’s reflection. We use k = m = 1, t=0.1
in all calculation.
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Fig. 1 Absolute approximate solution of the one- dimensional wave
function by EDM
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Fig. 2 The real and imaginary approximate solution of the one-
dimensional wave function by EDM
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IV.TwWO DIMENSIONAL NON-LINEAR SCHRODINGER
EQUATIONS WITH HARMONIC OSCILLATOR

The nonlinear Schrodinger equation with harmonic

oscillator when a particle moves in two dimensions with the
initial condition can be written as [10]-[12]:

w_ L (2w, o%w 2 PR =
= (GE+5) + Ry P =0 (14)

¥(x,y,0) = e+
First, applying Elzaki Transform to (14), we have:

i

5]~ £ 35 (G + 50| + B[22 + y2w ] + ELwPw) = 0
(15)

By using the differentiation property of Elzaki transform
and inserting the initial conditions, we get

v 01062 20 5[
Y|+ EL[2%] = 0 (16)

E[W(x,y,t)] = v2el™*¥) 4 yE L(—"‘ ayz)] —VE [i;k(xz +

ax?

Y| - vE[iv2¥] (17)

In the next step, we replace the wave function ¥ by an
infinite series given by

¥=Yamo ¥ (y, ) (18)

Then, we replace the Non-Linear terms N¥ = |¥|?¥ by the
series

|1p|21p =Yn=0An (Wo, 1, .. W) (19)

Substituting (18) and (19) into (17) we have:

E[Z‘;.lo=0 l‘Un (x, Y, t)] =
Zei(x+y) +

vE [ﬁ <;—; (oo (r,y,0) + ;—;z (Zr=o ¥ (., t)))]

—VE [T (% + y?) Do W (0, )| = vEL Biig An] - (20)

From matching the both sides and taking inverse Elzaki
transform to (20), we have

ETE[Wo(x,y, O] = E[v2e!™*) ] 21

R L (W (xyt) | Py )\]] _
Vil y, ) =E [VE[Zm( a2 T oy? )]]

— E7Y[vE[iA,]] (22)

E~ [vE [% (2 +y2)¥(x,y, t)”

The general reclusion relation is:

i 2 2
¥, (x,y,t) = B [vE | (Pt 2 "'";;ﬁx'y'”)]] -

o vB [ 62 + v sy, 0| - B A ] ] @23)

The first four Adomain polynomials are calculated in (5) to
obtain:

Ag= ¥, A=Y, A, =Y, Az=Y¥; .. A, =¥, (24
The solution reads:
Wo(x,y,t) = e'&*) (25)
W, (x,y,t) = = et(x+y)) M( 2 4 y2) — jteilc+y)
_t20i(x+Y)  pp2ei(x+y) 2 2 2t2pi(x+y)
#2060y, t) = @ym?z  (@2hm G +y%) - Tehm
kt2eilx+y) iktzei("+y)(x+y) _ kzei("+y)(x2+yz)2t2 _ t20i(x+y) _
2hm 2hm 4(21) 2n
kei(x+y)t2(x2+y2)
ST e— (26)
ielO+Y) 3k(x+y)el@ty)  5ikellty)
[113(x yrt)__< m3 m2 - m2
3k(x+y)el+y) " 32 (x2+y2) (x+y)el+y) " 3ik(x2+y?)elx+y) _
m 2m 2m?
5ik?(x?+y?)el*x+) n ik (2 +y?)2elFHY) | 2iel®+))  3ikeil+y)

2m 4m m2 m
3ik(x2+y2)ei(x+y) " 3ieilx+y) n ik3(x2+y2)3ei("+3’)
8

+ iei("+3’)) (27)

m m
3ik(x2+y2)ei(x+3’) + 3ik2(x2+y2)zei(x+y)
2 4

The approximate solution can be written as:

V=W, +¥ + ¥, + ¥+ W=+
(_;”—”‘—t( Z4y?) —it) + 2 (o - ”“(x +y?) —it): +

- (lk(icn+y) + )+ 1 (—lt ikt (xz +y2) _ Lt)3 +
f(3k(x+y) 5ik i 3k(x+y) 3k2(x +y2)(x+y) _ 5ik%(x2+y?) _
3! m2 m2 m 2m 2m

3ik
) 4] 28)

Fig. 3 Absolute approximate solution of the wave function in three-
dimensional by EDM

Fig. 3 shows the surface absolute approximate solutions in
three-dimensional with t = 0.1, k =m = 1, while, in Fig. 4,
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it represents the surface real and imaginary approximate
solution witht = 0.1, k=m = 1.

2
wley,
=20

0

(®)

Fig. 4 (a) Real approximate solution of the three- dimensional wave

function. (b) Imaginary approximate solution of the three-
dimensional wave function

V. CONCLUSION

In this paper, we applied nonlinear Schrodinger equation

with harmonic oscillator by EDM, and the EDM is more
reliable and useful tool for obtaining the analytical solution
and it presented the behavior of real, imaginary and absolute
wave function in one and two dimensions.
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