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Application of He’s parameter-expansion method to
a coupled van der Pol oscillators with two Kinds of
time-delay coupling

Mohammad Taghi Darvishi and Samad Kheybari

Abstract—In this paper, the dynamics of a system of two van
der Pol oscillators with delayed position and velocity is studied. We
provide an approximate solution for this system using parameter-
expansion method. Also, we obtain approximate values for frequen-
cies of the system. The parameter-expansion method is more efficient
than the perturbation method for this system because the method is
independent of perturbation parameter assumption.

Keywords—Parameter-expansion method, Coupled van der Pol
oscillator, Time-delay system.

I. INTRODUCTION

HE van der Pol oscillator was originally discovered by
the Dutch electrical engineer and physicist Balthasar Van
der Pol. Van der Pol found stable oscillations, now known as
limit cycles, in electrical circuits employing vacuum tubes. To
solve nonlinear oscillators many effective methods have been
introduced, such as the
the variational iteration method [1], [2], [3], the Adomian
decomposition method [4], [5], the homotopy perturbation
method [6], [7], [8], [9], [10], spectral collocation method
[11], [12], [13], [14], [15], homotopy analysis method [16],
[17], [28], [19], [20], [21], [22], and the Exp-function method
[23], [24], [25], [26], [27], [28]. Consider the following
mathematical model of a coupled van der Pol oscillators

{ F4+wiz —e(l —2H)i = easfy(t — 7) + 9t — 1)), o)

§+wiy—e(l—y?)y=eonfz(t —7)+2(t — 1)),

where ¢ is a small positive parameter and w; and w-, are linear
undamped natural frequencies of x and y, respectively. Also
dot shows differentiation with respect to time, ¢. In (1) the time
delay 7 is a positive constant, and two oscillators are coupled
with two kinds of time-delay coupling. Li et al. [29] studied
the dynamics of (1) by the method of averaging together with
truncation of Taylor expansions. They determined the condi-
tion necessary for in-phase and out-phase modes, which is the
condition necessary for saddle-node and Hopf bifurcation for
symmetric modes.

Nonlinear oscillators with delay terms are very difficult to
be solved, even more difficult for coupled systems. This
paper suggests a universal method to the problem using a
new technology called the parameter-expansion method, which
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is very effective to the problem. We apply the parameter-
expansion method to obtain approximate solution of system
(1), also we provide numerical approximations for frequencies
of = and y.

Il. PARAMETER EXPANSION METHOD

Parameter-expansion method is an easy and straightfor-
ward approach to nonlinear oscillators. Anyone can apply
the method to find approximation of amplitude-frequency
relationship of a nonlinear oscillator only with basic knowl-
edge of advance calculus. The basic idea of the parameter-
expansion method was provided in [30] and one may find
several applications of the method over various areas in [31],
[32], [33], [34], [35], [36], [37], [38], [39], [40].

To apply parameter-expansion method on (1) we rewrite the
system as

/

2 + it =ex'(1 —22) +ean(y +y)(t —7), @)
Yy +wiy =ey' (1 —y?) +ear(z+2')(t— 7).

In this section we consider case of wy # wo, the case of w; =
wy is considered separately in the next section. According to
the parameter-expansion method, all variables x and y can be
expanded into a series of an artificial parameter p such as

x =z +pry + pPog+ -

3
Y =yo+py +p*y2+ - &)

where p is called a bookkeeping parameter [30]. We also
expand all coefficients of the system (1) into a series of p
in a similar way

wi = p? +ppr + pPus + - -

wi =v2+pu+pPuy -

eay = poyy +p2o12 + - 4)
gay = pay + p2022 + - - -
e=pe1+pieat- .

121



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:5, No:2, 2011

By substituting expansions (3) and (4) into system (2), we
have
(zg + paf +p21’2’ o)+ (B ppn PP e+ )
(w0 +pr1 +p*as+ -0 ) = (per +pPer + -+ )X

(g + pay + pPay + - )[1 = (20 + pr1 +p*w2 + -+ )]+
(pd21 + p?022 + -+ )[(yo + py1 + PPy2 + -+ )+
(Yo + pys + P2y + )t —7),
(yo +pyy +p2yé’+ : )+(V + p11 +p21/2+-~)x
(yo + py1 +p* yz o) = (pe1 +plea+ )X
(yo+py1+p Yy + )[1*(y0+py1+p Y2+ )+
(p(511 +p (512 + )[(SL‘O + pxy +p xTo + - )+
(zg + pai + pPxh 4+ )]t — 7).
5)
Equating in powers of p, yields
0 xg + pPro = 6
{ o ©
and
o + pPoy + iz =
pl . Elx{)(l*mg) +521(y0+y6)(t77-)7 (7)

Yl + vy + vy =
e1yh (1 — y2) + 611 (w0 + b)) (t — 7).

Solving Eqg. (6), we obtain

{ xg = Aj cos(ut) + Ag sin(ut)

yo = Bj cos(vt) + By sin(vt), ®)

where A, Az, By and B, are arbitrary constants. Substituting
(8) into (7), we obtain

o + plry =

sin(ut)[—,ulAz — /,L€1A1 + l/J,&lAlA% + i,uslA:ﬂ
+ cos(ut)[—p1 A1 + perAa — Z/,LQA% — ipslA%Aﬂ
+sin(3ut)[— 3 pe1 Ay A3 + Luei A3)
+ cos(3ut)[—3ue1 AT Ay + ;per A3
+sin(vt)[—d21 BT + 091 B1 7|
+ COS(Vt)[—(SlelT — (5211/B2T]
+t[((521B1 + 6211/32) COS(Vt)+

((52132 - (5211/31) sin(yt)]

yi + vy =

sin(vt)[—v1 By — ve1 By + tve1 B1B? + iuslBi‘]
+ cos(vt)[— 1/131 + ve1 By — jve1 By — tve BI By
+sin(3vt)[~3ve, B1 BZ + tve, BY)

+ cos(3vt)[—3ve1 Bi By + jve1 B3]
+sm( )[ (511A2T+(511/.LA17‘]
+C08(ut)[—6111417' — (511/11427’]
+t[(611 A1 + 011 A2) cos(put)+
((511142 — 511/1,141) sin(ut)].

9)
If the first-order approximation be enough, then setting p = 1
in equations (3) and (4), we have

eay = 011,
EQg = 521.

2 _ 2
wy = H + pa,
wy =12+,

T =20+ X1,
Y =Yo + Y1,

E=&

(10)

Now substituting (10) into (9) yields:

x/l/ + szl —

sin(pt)[—p Az — pedy + tpe A1 A% + 1peAj)

+ cos(ut)[— ,u1A1 + peAy — e A — Tpue A3 A
+sin(3ut)[— 3 pe Ay A3 + ue:A?’]

+ cos(3ut) %ueA As + %,uEAB]
+sin(vt)[—eag BaT + eaav B 7]

+ cos(vt)[—eaaB1T — eaiav BaT]

+t[(eaa By + easvBs) cos(vt)

+(eaa By — ey By) sin(vt)]

yi + vy =

sin(vt)[—v1 By — veBy + jveB1 B3 + tveBy)
+COS(I/t)[7lel + veBy — YveBS — 1veBi By
+sin(3vt) [~ 3ve B B2 + tveBj]

+ cos(3vt) [—éueBng + %VEBQ]
+sin(ut)[—eay AoT + e p A 7]

+ cos(ut)[—ear A1 T — ea LAaT]

+t[(ea1 A1 + eaappAs) cos(ut)

+(ea Az — eag ppAy) sin(ut)].

(1)
No secular term in x; and y; requires that

{ —p1 Az — peAy + Fue Ay A3 + FueA$ =0, (12)

—p Ay + peAs — peA3 — tpe A3 Ay =0,
and

{ —v1By —veBy + jveB 1B} + fveB} =0, (13)

—11 By +veBy — %VEBS’ — JveBiB; =0,
using (12), (13) and (10), we have
{ = w1
V= wsy.
The frequencies of equations are

T, =2"
x w1
{Ty:h~

w2

(14)

(15)

Furthermore, (11) can be simplified as

o)+ plry =
sin(3ut)[—2pue Ay A3 + e A3
+ cos(3ut)[—3uc A3 Ay + S peA3)
+sin(vt)[—eaa BaT + eaav B 7]
+ cos(vt)[—eaaB1T — eqav BaT]
+t[(eaa By + easvBs) cos(vt)
+(eaa By — eagrBy) sin(vt))
(16)
yi + vy =
sin(3vt)[—3veBy B} + jveB;]
+ cos(3vt)[—2ve BB, + Lve B3
+sin(pt)[—ea1 Ao + ey pA1 7]
+ cos(ut)[—ea1 A1T — ea LA T]
+t[(ear1 Ay + eay nAs) cos(pt)
+(eay Ay — ey ppAy) sin(ut)].
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Solving (16) yields

T =
(343 — A2)sin(3ut) + 552 (343 — A2) cos(3ut)
e
wiov?
aazr(;iz—VZ)(V?L;fjg;kaz”(”BﬁBl)] sin(vt)
e
—casT(ui—v )(VgtgztﬁéngEQQV(VBl—Bz)] cos(vt),
y1 =
81 (3B2 — BY)sin(3vt) + 522 (3B% — B3) cos(3vt)
H[eallampdu)y
e
soqr(u2—uz)(MA;;:“ZQ;QWU‘(“AQ*'Al)] sin(ut)
el
—canT(v2—p “”(‘;éfﬁé%f”l”wm%”] cos(pt).

a7
Now using (17), (8) and (10) we obtain the first order solution
for z and y

T = X +x =
Aj cos(ut) + Ag sin(ut)
+EAL(343 — A3) sin(3ut) + 42 (343 — A3) cos(3ut)

32
+eealBep By

> —1v?)(vB1—B2)+2 By+B :
eaaT(p—v?) (v 12732;; easv(vBa+ 1)]51n(1/t)

+[eeelButyBelyy

750&27’(}1,27U2)(VBQ+Bl)+2EO(2V(VBl732)
Rk

| cos(vt),

Y=Y +y1 =

By cos(vt) + Basin(vt)

+551(3B3 — B?)sin(3vt) + 552 (3B} — B3) cos(3ut)
+[wt+

V212
50417'(1/27#2)(;“41 7A2)+25a1;1,(pA2+A1)}
7 2)2

sin(ut)
H[Enltpde)y

_EalT(V2_uQ)(Hﬁéti§;;2EalM#Al_AZ)} COS(ut).

(18)

I1l. CASE w; = wo

In this section we suppose that w; = ws = w and provide
approximate solution of system (1) using parameter-expansion
method. In this case system (1) is rewritten as

2 +wr = e’ (1 — 2 +eaa(y + )t —7),

Yy +wty =y’ (1 —y?) +ear(z+2")(t - 7). (19)

As usual we expand all variables and parameters into a series
of the artificial parameter p as

T = xo+ pry +pirg + -
Y=1yo+py1+p*y2+ -
w? = p? + ppy + pPus + - -

2 (20)
ey = pdy1 +p 012+ ---
EQig :p521 +p2622+-“
e=pe1+pieat-- .

Substituting expansions (20) into system (19), and equating in
powers of p, yields

o, [ xf+pPro=0 21
P '{y3+u2yo:0 &)

and

o) + plr + pzo =
1. e124(1 — ) + 621 (yo + o) (t — 7),
) Y+ P+ e =
e1yh(1 — y3) + d11(wo + ) (t — 7).

(22)

Solving (21), we obtain

{ xg = Ap cos(ut) + Ag sin(ut) 23)

Yo = By cos(ut) + Ba sin(ut),

where Ay, As, By and B, are arbitrary constants. Substituting
(23) into (22), yields

i+ s =
sin(put)[—p1As — per Ay + 5#51A1A§+
%ualAif — 021 BoT + 021 uB1 7]
+ cos(put)[—p A1 + per Ay — fuer A3—
%N&A%Az — 021 B17 — 6211 BaT|
+sin(3ut)[ - per A1 A3 + e A)
+cos(3put)[—jue1 AT Az + %uelAg]
+t[(d21B1 + 21 4B2) cos(put)+
(091 B2 — 21 1B ) sin(pt)]

yi + 1y =
sin(pt)[—p1 Bz — pe1 By + tpe1 BiB3+

Tpe1 B — 611 Aot + 811 p AL 7]
+ cos(ut)[—p1B1 + perBa—

%M&BS — %/,LElB%BQ — 5111417' — (511/11427’]
+sin(3ut)[— 2 pue1 B1 B3 + %MQB?]
+ cos(3ut)[— 3 pe1 B By + g1 B3]
+t[(611A1 + 511#142) COS(Mt)+

((511A2 — 511,&141) Sin(ﬂt)].

(24)
If the first-order approximation be enough, then setting p = 1
in equations (20), we have

r=xo+x1, w=p®+p, eoq=0d, (25)
Y ="Yo + Y1, £=¢€q, cag = 091.

Now substituting (25) into (24) yields:
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mll/ + MQII —
sin(pt)[—p Az — pedy + tpe A A+
i,usAif — cagBaT + eqau B 7]
+ cos(pt)[—p1 Ay + peds — tueA3—
i,ueA Ay — eagBlr — a1 BaT]
+ sin(3ut)[— %usAlAQ + Lue A3l
+ cos(3ut)[—Sue AT Ay + ;peAj]
+t[(eaa By + 5a2uBg) cos(ut)+
(ean By — eapuBy) sin(ut)]
(26)
y + Py =
sin(pt)[—p1Be — peBy + %/AEBlB§+
THeB} — eay AsT + ey Ay 7]
+ cos(pt)[—p1 By + peBy — fpeBi—
i,ueBl By — €a1A17' — ey AT
+sin(3ut)[—3pueB1 B3 + +pue B3
+ cos(3put) [—%,usBQBg + %ueBS]
+t[(ea1 Ay + e pAs) cos(ut)+
(ea1 Az — eag ppAy) sin(pt)].

No secular term in x; requires that
—p Az — pedy + tue Ay A3 + FueAl—
eaaBoT + eaauBiT =0,
—p Ay + peds — Lpe A3 — LpueA3A,—
eaaB1T —caguBoT =0

@7)

then
eq
H1 = Wﬁ‘% (’U,(AQBl — AlBQ> - (A232 + AlBl). (28)
Now using w? = pu? 4 py into (28) yields:
W2 = 2 EO&QT(AgBl — AlBg) _ EOZQT(AQBQ + AlBl)
a AT+ A3 AT ¥ A2
(29)
solving equation (29) with respect to p yields
o 5(127'(14.132 — A2B1) + K (30)
- 2(A7 + A3)?
where K = VEKi+ K, for K, = (EO{QT(AQBl — AlBg))2

and Ky = deas7(A1 By + Ay Bo)(A2 + A2). No secular term
in y; requires that
—p1 By — peBy + i,usBlBg +
ey AaT + eapAiT =0,
—p1 By + peBs — iung — %ueB%Bg—
e AT — ey puAaT =0

pheBl—
(1)

then
EQT

W(N(BzAl—Blz‘b) (B2Az+ B1Ap). (32)

H1 =

Now using w? = p2 + p; into (32) yields

w2 _ 2 EO{lT(BzAl — BlAg) . 80{1T(BQA2 + B1A1)
K BY + A3 B + A3
(33)
solving equation (33) with respect to y yields
E+F
(34)

M= BT+ BY)?

where
FE = 6&17’(31142 — BQAl)

and F = G+ H for G = (ea17(B2A; — B1A5))? and
H = 4ea17(B1 Ay + BaAs)(B? + B2). The frequencies of
equations are
T — 4m(AT+A2)?
T Xi:VXs
(35)
T — An(Bi+B3)?
Y ovitVY:
where
Xl = EO{QT(AlBQ — AQBl),
XQ = (EO{QT(AQBl — A1B2))2
+4EOZ27'(AlBl + AQB2)(A% + A%),
Yl = 6(117'(31142 — BQAl)
and )
)/2 = (salr(BgAl — BlAg))
+4€O¢17’(31A1 + BQAQ)(B% + B%)
Furthermore, (26) can be simplified as
o + play =
sin(SHt)[—%,usAlAg + sueA3]
+cos(Bput)[—3ue A3 Ag + Lpe A3
+t[(eaa By + eaopBs) cos(ut)+
(eaaBy — easpuBy) sin(pt)]

(36)
yi + 1y = ‘
sin(3ut)[— 2 pe By B + ;peB]

+ cos(3ut)[— 3 ue B By + e B3]
+t[(ea1 Ay + e nAs) cos(ut)+
(ea1Ag — eaq puAy) sin(ut)].

Solving (36) yields

T =
;’24; (342 — A%)sin(3ut)
+52(By + pB2)t? + (

+52 (1B — Ba)t* + (5}

u(3A2 A2) cos(3put)
= Byt sin(ut)
+ Ba)t] cos(pt)

\%\S+

vy =
554(3B3 — B)sin(3ut) + 552 (3Bf — B3) cos(3ut)
+E[(Ay + pAg)t? + (42 — Ay sin(ut)

FE (AL — A2)E2 + (A2 4 Ag)t] cos(pat).

37
Now using (37), (23) and (25) we obtain the first order solugtiorz
of z and y
x =z + w1 = Ay cos(ut) + Ag sin(ut)
+551(343 - AY) bln(3ut) + 552 (3A7 — 43) cos(3ut)
+€4%[(B1 + uBy)t? + (B2 Bl) ] sin(ut)
+52[(uB1 — B2)t* + (7 + Ba)t] cos(ut)

Yy = yo + y1 = By cos(ut) + Ba sin(ut)

+§]23; (3B2 — B?) 51n(3,ut) + ?235 (3B} — B3) cos(3pt)
HEL[(Ar + pAg)t? + (42 — At sin(ut)

+E (AL — Ag)E? + (52 + Ag)t] cos(pt).

(38)
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00, % 1y, 0y €, X(0), X(0). ¥(0) ¥ (O)=[1.35,1,1,0.13.0,1.0]
R

Fig. 1. Plots of 2 = a9 + 21 and y = wyo + w1 for
(w1, w2, T, a1, a2,¢,2(0),(0),y(0),y(0)] = [1,3,5,1,1,0.1,3,0,1,0].

T T T T T T T
[0.,01,a2,7,x0),%(0),¥(0),y(O)] =[1,0.1,04,02,3,1,0,1,0]
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Fig. 2. Plots of 2 = xp + 1 and y = wyo + y1 for
[w, e, a1, a2, ,2(0),2(0),y(0),y(0)] = [1,0.1,0.1,0.2,3,1,0, 1, 0].

Figures 1-3 show the plots of approximate values for = and y
for different values of parameters of system (1) and different
initial values of = and y.

1V. CONCLUSIONS

In this paper, we studied the dynamics of a system of two
van der Pol oscillators with delayed position and velocity. We
obtained approximate values for frequencies of the system. On
account of, He’s parameter-expansion method is an efficient

[m €, al,02,1,x0),x(0),y0),y(0)]=[1,001,04,05,5,01,026,01,026]
= 1l

_ L
(] 50 100
time t

Fig. 3. Plots of =z = zo + x1 and y
vo + w1 for e 01,a,7,2(0),2(0),y(0),5(0)]
[1,0.01,0.4,0.5,5,0.1,0.26,0.1,0.26].
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method to solve such systems. The procedure of looking for
a solution is also very simple and straightforward.
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