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Analysis of Filtering in Stochastic Systems on
Continuous-Time Memory Observations in the
Presence of Anomalous Noises
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Abstract—For optimal unbiased filter as mean-square and in the
case of functioning anomalous noises in the observation memory
channel, we have proved insensitivity of filter to inaccurate
knowledge of the anomalous noise intensity matrix and its
equivalence to truncated filter plotted only by non anomalous
components of an observation vector.
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I. INTRODUCTION
HE article considers the topical estimations of

multidimensional dynamic systems, the behaviour of
which is described through stochastic differential equations. In
this paper some filter properties, the synthesis of which was
carried out in [1] are investigated. Problems of casual
processes estimation, as well as problems detecting anomalous
noises are of both theoretical and practical interest. To
measure channel models with memory unit, the multiplicity of
which is based on suggested algorithm synthesis, is optimal as
mean square does not exclude the filter - interpolation of the
performance analysis of estimated algorithm.

II. ANALYSIS OF SENSITIVITY

Filter sensitivity determined by theorem in [1], to inaccurate
knowledge of matrix of anomalous noise intensity is

investigated using the technique [2], [3]. Suppose G)*(t)is
correct, i.e. Q(t) - the noise intensity matrix used in the filter,
and 2i°(r,t) - a real estimation error /i, (r,t). The equation

for 7, (z,t)follows from [1]

A (e.0)= FO)g, .0+ Kz, () - HOg, (@0l ()

where z, (t) - real observations with real matrix of intensity

0" () for £(r)
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R(c)=R(:)+ co(r)CT, 3)

where I-Nlo(t) and I-NII (t) are determined by (9), (10) in [1].
Process f(r,t)z [x(t) i x(T)], as it follows from (1), (13), (15)

in [1], is determined by

X(z.1)= F(e)% (2, 1)+ a(r). )

As
z,(6)= H(t)%(r,0)+ 0(¢), %)

where
5()=vle)+ Cr () (6)

Then from (1), (4) it follows that an error z° (r,z) of real

estimate 7, (7, 7) is determined by

10 (z,1)=F,(0)z’ (z.,¢)+ a(r) - K(e)o(¢), (7

where 1'70 (t): F (t)— K (t)H (t) Then, similarly (29) in [1], the

solution (5) is written as

2 (z.0)=3(s

c‘—.~
—
Ez
7:1
Q
=
Q
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QU
q

Hence, taking independence into accountx, a)(t),

ol(t), £(¢)it follows that the matrix of second moment of real

estimation error ﬁ_ (r,t) =M {/.7? (2', t)(ﬁ,o (T,t))T} is expressed

by
lﬁ (t,0,)+

L (z,0)= (¢ zo)M{fz (.,
Ef(g)]dodg

Dl [M o) )M{
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According to [1]

Mia(o)s’ (€)}=0(o)(o - &) (10)

As u(t) and f (t) are independent in the problem formula

and correct value of intensity matrix f(t) is equal to ®*(t),

then according to [1]
MG’ )= R (@Wlo - &)+ 1, ()17 (), (1)

where R* (o) = R(o)+ CO" (o)C”. As K(r)=K(:)Y(¢) then
after substitution (10), (11) in (9) taking unbiasedness property
Y (t)C =0 and properties of & - Dirac function into account

we obtain:
(12)

where

0'(1)=0()+ K(o)R* ()K" (o) (13)

Differentiating (12) over # results in

T ()= RO (e.0) + T (e.0)F, (0)+

~ - (14)
+ KR (1)K () + Ole)
Let us introduce and consider the sensitivity function
a(r,e
¥, (t)= (15)

o0 036,
of second moment matrix I° P (r,t) of real estimation error to
(i, j )- matrix element of anomalous noise intensity. Then from
(12) and (13) the following equation for ‘¥, (t)is

¥, (t)=K (t)CI,C"K" (1), %, (0)=0, (6)

where p Boolean (r>< r) - matrix, which unit is situated at
(i, j) while other elements are null. As K (t)z K (t)? (t), and
taking unbiased property into account Y (t)C =0 we obtain

://,.j(t):O for all izl;_r, j=1;_r. Thus, we can state the

following:
Theorem 1. Optimal unbiased filter as the mean-square
synthesized in [1], is insensitive to the inaccurate knowledge
of matrix of anomalous noise intensity.

Let us investigate the Bayesian unbiased filter with memory
in terms of the sensitivity property relative to inaccurate

knowledge of matrix of anomalous noise intensity. The filter
is determined by the equation in [1]

le.0)= F)a(e.t) + KO0~ OG0 - ) (17)

Then the real estimation for it is x, (r,t) and the error

22°(z,1) will be determined by
ale.0)= Fo)g, (e.0)+ K@)z, ()~ HOE, (.0-¢, 0L (18)
A2 ()= FOR .0+ ) - KO () + 70 (9)

obtained

F)=F()- KOHE) 70)= £6)- 1,()

similarly to (1), (7). In the case of introducing a transfer

where

matrix 5(t,o-), corresponding to matrix results in the

following equation for r . (T, t) Bayesian filter with memory

T (e,))=F()T (c.0)+ T, (f,t)ﬁr(m

(20)
+ KR (K )+ 0le)

The derivation of this equation is similar to the derivation of
(14). The equation for a sensitivity function (15) according to
(20) is written as

¥, (t)=K()cr,c"K " (e) ¥, (0)=0. @21

Thus,
W, ()= 1K (r)C1,C K (o), (22)
=1 «

i.e. Bayesian filter with memory is insensitive to inaccurate
knowledge of matrix of anomalous noise intensity.

III. FILTER STRUCTURE

Suppose i,,i,,...,i, - component numbers of the vector of

observation z(¢), where the components f, () o) 1. (2)
of anomalous noises function f (t) Suppose E(t) - is a vector
of size (l - r), which is obtained from observation vector z(t)
z; (t), z; (t),. wZ (t)
Suppose 170(1), H, (t) are matrices of size [(l - r)>< n], and
R(z) is a matrix of size [(l —r)>< (l —r)], which can be obtained
H,(t), H,(t)excluding rows and

excluding anomalous components

from matrices

correspondingly excluding rows and columns with numbers
iy,iyrnni, . Thus the observed process is of Z(t) size of (I —r)
form

z(t)=

()x(t)+H,(¢)x(r)+0(¢) = H (1) %(z,t)+0 (1), (23)

o
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where E(t)z[ﬁo(t) : El(t)l andU(t) is vector of size (l—r),
which is obtained from vector of regular noises excluding
components with numbers i,,i,,...,i,, and will be free from
anomalous noises. Process E(t) will be called the truncated
vector of observations, and Bayesian optimal filter as mean-
square, plotted by E(t) , will be called the truncated filter.

Statement. The truncated filter is determined by

(26)
To(et)==H] ()R (08, ) @7)
T (e,)= F () (m.0)~ HY (R (0, (0) (28)
where

2()=20)~ A, ()r )+ B ()m(r. o)) = 29)

= 2(0)-H(t)ulz. 1),
ﬁo(t):ﬁ()(t)F(t)"'ﬁl(t)forl(fat)a (30)
ﬁl(’)zﬁo(t)F01(77t)+ﬁl(t)flll(fat) GD

This follows from the statement [1].

Theorem 2. The filter determined by the theorem in [1], and
the truncated filter are equivalent.

Proof. It is evident that the truncated filter and the filter,
determined in [1] are written as

df‘ﬂ(; 1) _ Feie.)+ RO 32)
@:F(z)f(r,t)m(f DF7 (1) )
~T(e. )T (R (H () (z.1),
df‘g(; ) F o)+ ROE) (34)
dar (r, l)

= FN(e.0)+ F(e. )P ()- (35)

e )i (R (T O)H ()T (e.0)+ 0,

where

K(t)=T(z,0)H()R'(t), (36)

K(e)=T(c,0)H" ()R (z). (37

K(e)=K()Y (¢)

From (32)-(35) it follows that, the proof of this theorem can
be reduced to proving relations

K(0)z()= K@) (38)
H' ()R ()H()=H" ()R ()Y (¢)H(z). (39)

We first prove (39). Let us derive and consider Boolean
[(l —r)xl] - matrix E, which is obtained from the identity

matrix of size (l ><l) excluding the rows with numbers
i\siysoni,. As H(t)= EH(t), R(:)=ER()E",the proof of
(39) can be reduced to

E[EROET ] E=R ()7 (c). (40)
AsR(t)=R(t)+ CO(t)CT [1], then [4]

R'()=R")-R()clo )+ "R ()] 'R () (41)
Multiplying both sides of (42) by C” on the left and by C

on the right, and then removing the right side according (41),
we have

C'R(1)C = [@(z)+ [c7r ()] r. 42)
From (42) it follows
o()=[c"& ()| -[cTr ()] (43)

Multiplying both sides of (41) by C” on the left and by C
on the right and taking R(r)= R(¢)+ CO()C into account the
result is

R(c)=R(c)+ C[CTE*‘(t)cTCT —ccrRe)c] . @4
Let us rewrite (44) as

R(o)-clcr R ()] ™ =r()-clc™r ()] e, @5)

From (45), with regard to R(1)R™'(¢)=1,, R(t)R™'(c)=1, it
follows
ﬁ(t)[ﬁ-l ()-R ()l R ()] e R (t)}ﬁ(t):
~ RO~ R O R ()] e R O)R()

(46)
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Suppose ‘?‘(t) - left side of (44). Using for R (t), as factors

in a square bracket on the left and on the right in (46), (11)
from [1], we have

‘T‘(t):R(t{ﬁ’l (O)-R ()’ ()] TR (t)}R(t), (47)
Thus, from (46) it follows that
)-Re)cle R o] TR @)
R()-R()clc™ R ()] TR (1)

Using (48) in (40), taking into account (46),
}7(1?):[1, —CY(t)] from [1], we get the proof of (39) which

can be reduced to the proof of identity

=N

(48)

ROE" [ERQ)ET [ E+ ™R ()] CTR (1) =1,. (49)
Let us denote,

RO)E[ER()ET|'E = 4,

50
e r el v ()= 4, e

According to the plotting of matrices C and E we get that
EC = 0. using this property shows that for matrices 4, and

A, follows
A]Az = 0, A2A1 = O (51)

For the ranks of arbitrary matrices A and B the properties
are valid [4]

rk[AB)=rk[4" 4B)= rk[4BB" ] (52)

Taking into account that invertible matrix are D* =D,

we have a consistent application (52) to 4,and 4, .

rk[4,]= rk[ET [ER()E ]! EEl (53)
rk{4,]= rle*C[CTR" ()]’ CTJ (54)
Since by construction E - matrix is with linearly

independent rows and C - matrixis with linearly independent
columns, then [5]

EE*=1,_,, C'C=I,. (55)
Using (55) and (52) in (53) and (54), we have

rk[Al]: rk[ET]:l—r,

rk[AZ]:rk[CT]zr. 6)

Hence
rk[A, ]+ rk[4,]=1. (57)

From (48) we get that 4] = A4,, 4 = A,, i.e. matrices 4,
and A4, which are projection matrices [6]. Since the projection
matrices fulfil the conditions of (51) and (56) have the
property 4, + A4, =1,, then taking into account (50) it proves
(49), and also (39).

Let us prove (38). Since having proved (39), we have

proved the equality 1:"(1, t) = f(r, t) .From (36)-(38) it follows

that, the proof of (38) is equivalent to the proof of the
following relation

HT (R (1)z()=H" (R (O () (58)

Z(t)= EZ(¢t), H(t)= EH(¢), R(1)= ER()E" (). (59)

From (57) it follows that, the proof of (38) can be reduced to
the proof of (40), which completes the proof of the Theorem.
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