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An Interval Type-2 Dual Fuzzy Polynomial Equations
and Ranking Method of Fuzzy Numbers
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Abstract—According to fuzzy arithmetic, dual fuzzy
polynomials cannot be replaced by fuzzy polynomials. Hence, the
concept of ranking method is used to find real roots of dual fuzzy
polynomial equations. Therefore, in this study we want to propose an
interval type-2 dual fuzzy polynomial equation (IT2 DFPE). Then,
the concept of ranking method also is used to find real roots of 1T2
DFPE (if exists). We transform 1T2 DFPE to system of crisp IT2
DFPE. This transformation performed with ranking method of fuzzy
numbers based on three parameters namely value, ambiguity and
fuzziness. At the end, we illustrate our approach by two numerical
examples.

Keywords—Dual fuzzy polynomial equations, Interval type-2,
Ranking method, Value.

I. INTRODUCTION

OLYNOMIALS play a major role in various areas such as
mathematics, engineering and social sciences [1]. Previous
studies by [2], [3], [6], [14], [15] showed that there are some
methods to find solution for fuzzy polynomials. They are
Newton-Raphson  method, ranking method, modified
Adomian decomposition method and fuzzy neural network.
The solution of fuzzy polynomials by ranking method is
investigated by [3], by finding real roots of polynomial

equation A x+Ax2 +..+ Ax"=A; for xeR where
Ay, Aq,....., A, are fuzzy numbers. The numerical solution of

fuzzy polynomial equations by fuzzy neural network is solved
in [6]. Also, the numerical solutions of dual fuzzy polynomial
equations by a fuzzy neural network are shown in [7] and
linear and nonlinear fuzzy equations are shown by [8]-[10].

Hence, we are interested to use the ranking method of
fuzzy numbers to achieve the aim of this study. The ranking
method was firstly introduced by [11], [12]. They introduced
three real indices called value, ambiguity, and fuzziness to
obtain simple fuzzy numbers that could be used to represent
more arbitrary fuzzy numbers. This ranking method provides
the canonical representation of the solution of fuzzy linear
systems [5]. In 2011, [4] have found real roots of dual
polynomial equation such as
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AX+ A 4+ AX™ = A+ ASXE 4+ AT A

for xe R where Ay, Aj,....., A}, Al,.....A; are fuzzy numbers,

also by using a ranking method of fuzzy numbers.

Therefore, in this study, we propose an interval type-2 dual
fuzzy polynomial equation (IT2 DFPE) and using ranking
method to find real roots of 1T2 DFPE (if exists). An IT2
DFPE is performed because there are no research attempts
about type-2 fuzzy polynomials so far. Hence, these value,
ambiguity, and fuzziness were used and IT2 DFPE is
transformed to system of crisp interval type-2 dual fuzzy
polynomial equation. Then by solving this system, real roots
of IT2 DFPE is found.

The structure of this paper is organized as follows. Section
Il gives an overview of the basic notation and definitions used
in this paper, including three of basic parameters which are
value, ambiguity, and fuzziness. Section Il presents an 1T2
DFPE, solving using ranking method of fuzzy numbers. Then,
two numerical applications including trapezoidal and
triangular of IT2 DFPE are considered in Section IV and
Conclusion comes in Section V.

I1.PRELIMINARIES

This section introduces the basic definitions relating to
triangular and trapezoidal fuzzy numbers, interval type-2
fuzzy sets, and three parameters which is value, ambiguity and
fuzziness.

A. Fuzzy Numbers

In this subsection, we briefly review definition of fuzzy
numbers, trapezoidal fuzzy numbers and triangular fuzzy
numbers.

Definition 1: Fuzzy number [3]
A fuzzy subset A of the real line R with membership
function A(x): R — [0,1] is called a fuzzy number if:
i. A is normal, there exist an element X, such that
Alxg)=1.
ii. A is fuzzy convex,
Ax; +@=2A)x, )= min{A(x, ), Ax, )}vx,, X, € R, V4 €[0]]
iii. A(x) is upper semi continuous
iv.Support A is bounded, where
sup port A=cl{x € R: A(x)> 0} and cl is the closure
operator.

Definition 2: Fuzzy number [3]
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A fuzzy set A on R isa fuzzy number, provided:
i.Its membership function is upper semi-continuous.
ii. There exists three intervals [a,b] [b,c] [c,d] such that x is

increasing on [a,b], equal to 1 on [b,c], decreasing on [c,d],
and equal to O elsewhere.
Definition 3: Trapezoidal fuzzy numbers [14]

A popular fuzzy number is the trapezoidal fuzzy number
u =Xy, Yo, B) with interval defuzzifier [x,,y,] and left

fuzziness « and right fuzziness S where the membership
function is

X—Xo +a&
———— Xg—a<x< X
(04
,u(X)z 1 XG[XOvYO]
- X+
YooX+5 YoSX<Yo+p
s
0 otherwise

Its parametric form is:

u(r)=xg—a+ar , u(r)=yo+B-pr

Let v =(x,,Yo,a, /), be a trapezoidal fuzzy number and
Xo = Yo, then v is called a triangular fuzzy number and is
denoted by v =(x,,8, )

Definition 4: Triangular fuzzy numbers [15]
The triangular fuzzy number U =(m,@,pB) for
a >0, # >0 with membership function

X—m
+1 Mm—-a<x<m

a

1y (x)= m/;X+1

m<x<m+pf

0 otherwise

Its parametric form is

uh)=m+a(h-1) u(h)=m+ph-1)

B. Interval Type-2 Fuzzy Set

Let A be a trapezoidal  fuzzy  set,

type-1
A:(al,az,a3,a4;H1(A),H2( A)) where H( J denotes the

membership value of the element a,, H [ J denotes the

membership value of the element aj, H If

a, =ag, then the type-1 fuzzy set A becomes a triangular
type-1 fuzzy set.

Definition 5: Type-2 fuzzy sets [13]

A type-2 fuzzy set, denoted :A is characterized by a type-2
membership ~ function  x_(x,u) where xeX and
A

nelycfol]

A=1l(xu)u-(xu)|vxe X,vued, c[01]
{(oeona o) |

Inwhich 0 < z_(x,u)<1. A can also be expressed as
A

A= . (xu)/(u) 3, <fod]

xeX Juel,

where “. denotes union over all admissible x and u. For

discrete universes of discourse .[ is replaced by z .

In Definition 5, the first restriction that Yu e J, < [0,1]
consistent with the type-1 constraint that 0 < - (x,u)<1.
A

When uncertainties disappear a type-2 membership function
must reduce to a type-1 membership function, in which case
the variable u equals z,(x) and 0< u,(x)<1. The second

restriction that 0 < x (x,u)<1 is consistent with the fact that
A

the amplitudes of a membership function should lie between
or be equal to 0 and 1.

Definition 6: Interval type-2 fuzzy sets [13]

When all #_(x,u)=1, then A is an interval type-2 fuzzy
A

set (IT2 FS).

C.Ranking Method and Its Parameters

References [11], [12] introduced three parameters, value,
ambiguity and fuzziness for a fuzzy number in order to
capture the relevant information about the fuzzy number’s ill-
defined magnitude. These parameters are defined as follows:

A function s:[0,1]— [0,1] is said to be a reducing function,
if S is increasing, s(0)=0 and s(1)=1. The simplest and

most natural reducing function is the uniforms(r) =

1) Value and Ambiguity

The value notion is given to associate a real value with any
fuzzy number. This value essentially assesses a fuzzy number
by assigning a number to the ill-defined magnitude
represented by the fuzzy number. On the other hand,
ambiguity measures how much vagueness is present in the ill-
defined magnitude of the fuzzy number.

Definition 7: Value of fuzzy number [11]

Let x be a fuzzy number with r-cut representation
L,()R,() andlet s:[01] -
Then the value of

[0,1] be a reducing function.
4 (with respect to S) is

V()= J.(l) s(r)[Lﬂ (r)+R, (r)]dr
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Let s(r)=r ,then

V()= L)+ R @

Definition 8: Ambiguity of fuzzy numbers [11], [12]

Let x be a fuzzy number with r-cut representation
L,()R,() and let s be a reducing function. Then the
ambiguity of x with respectto s is:

A, (:U) = J‘(l) r[R# (r)_ L# (r)] dr

which, under our assumption S(r): r becomes

Alw)= [ FIR(F)-L(r] ar @

Again, for simplicity, the reference to the reducing function is
removed.
Hence, it follows from the above definitions that

V)= A ()= 2 slr)Lr)or

1
= ZJ.O s(r)R(r)dr
and therefore

=2 j (r)dr + A, (u 2_[ r)dr — A (u)
V (/1) may be seen as a central value that from a global

point of view is the value of the (ill-defined) magnitude that
the fuzzy number represents. Observe also that R(r)—L(r) is

the length of the r-cut interval [L(r),R(r)] and thus A (x)

may be seen as the global spread of the membership function
of u (weighted through s(r)). This is obviously a measure of

the vagueness of .

2) A Fuzziness Measure

The fuzziness has been described and assessed in several
ways. It mostly involves a comparison between the fuzzy set
and its complement [16]. Notice that the ‘most fuzzy’ subset is
the one with a constant membership function equal to half and
coincides with its complement. A natural way of expressing
fuzziness is in terms of the lack of distinction between the
fuzzy set and its complement.

Definition 9: Complement of a fuzzy number [12]

Suppose # is a fuzzy number with Supp(z)=[p,q]. Let
L,()R,() be the r-cut representation of 4 and let 4 be the
complement of x with r-cut representation Lp(-), Rﬂ(-) .
We define the fuzziness of x (with respect to a reducing
function s), F (y) by the global difference between x and
M., can be assessed by:

Fo(u)= j';s(r)(q _p)dr—

{Ezs(r)[Lc( r)-p] dr+j o S(N[R(r)= L(r)] dr +
EZS(r)[q ~Re(r)]dr+[ Y2 S fL(r)- p] dr +
J-l/zs(r)[Rc(l’) ()] dl’+f s(r)fa—R(r)] dr}

A routine calculation shows that for s(r)=r this
expression reduces to

- [[r@)-

where, as usual the suffix S is removed for s(r)=r
Note that for any two trapezoidal fuzzy numbers, A, and A,

L(r)]dr + I;Z[L(r)— R(r)]dr ©)

and any real number k we have
V(kAy +A)=kv(A)+V(A,) @
AlkA + 7o) = [K[A(A)+ AR, ®)

F(kA1+A2):|k|F(A1)+ F(Az) (6)

Algorithm 1: [3], [4], [17]
As a ranking method, we compare two fuzzy numbers, A, and
A, to the following steps:
1. Compare V(A;) and V(A,). If they are equal, then go to

the next step. Otherwise ranking A and A, is according
to the relative position of V(A ) and V(A,).

2. Compare A(A;) and A(A,). If they are equal, then go to
the next step. Otherwise ranking A and A, is according
to the relative position of A(A;) and A(A,).

3. Compare F(A;) and F(A,). If they are equal, then go to
the next step. Otherwise ranking A, and A, is according
to the relative position of F(A,) and F(A,).

Note that, A, = A, if and only if:

A(A)= A(A,) )

I1l.  THE PROPOSED RANKING METHOD FOR INTERVAL TYPE-2
DUAL Fuzzy POLYNOMIAL EQUATIONS

In this section, we propose an IT2 DFPE and perform
solution for the proposed equations using the ranking method
of fuzzy numbers. In 2011, [4] had described the dual fuzzy
polynomial equations clearly. However, in this study we
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present interval type-2 dual fuzzy numbers in dual fuzzy
polynomial equations. Hence, an IT2 DFPE is defined as
below.

Definition 10:
equations [4], [7]

’ ! ’ " ”

Interval type-2 dual fuzzy polynomial

Arx+A2X2 4 +AnX"=A1x+A2x2+ ®)

et An X"+ Ao

14

where x e R, the coefficient 21; n,Z\ 1,...,A n and Ao

are interval type-2 fuzzy numbers.

Let
Ai= AiU,AiL] and A i :[A Y A iL}
where
5 (ailulaizuvaisuvamU;H (AI , ]
Ai =
([ailLvaiZLlaBLraML;Hl( , ]]

Therefore, (8) can also be written as follows:

[AlU,AlL]X-F(AZU,AZ ]x +.. +[An ]
[A 1U,7A IL}H[A zU,A z"]x +....+[A n /7-\ n Jx
{AOU,AoLj

Let (

be a real solution for (8). Then we have:

>_<
o Juo L
A1 A1 X+ Az A2 X +.on4| An,An X"
g myoom
A1 X+ Az Ao X +.. +An,Anx+[Ao AOJ

>
>

_lu 2 v
1,A1 X+ Az Az | X2 4.+ An,An
VT U L
y X+ Az Az X+ W+ An A X"+(A0,AOJ
_'u i v
1,A1 X+ Az Az Xt ot| An,An X"
o o U oL
, Az Az X+ +An,AnX+[AO,AO]

which implies for

>l
=

U _:L L
Vv AL AL fxs. +(\/v AnAn [

nJ uL J uL U L
(\7,\1 A1, A1 X+ .. +(\/\L An,AnX + V\[Ao Ao]
UL

(Z,/_A A1, A1 X +.. +AA An An [0

X

)

nJ uL //U rrL U _L
(AAl AL AL [+t (AA] AR AR i AA[Ao Ao}

[V
(FF A1, A1 X +.. +FF An,An =

. _U _L
n +(F,E Ao, Ao

Hence, for finding the real solution for (8), it is enough to
solve the above system of crisp interval type-2 dual
polynomial equations with crisp methods. Of course, though
we have a system of crisp interval type-2 dual polynomial
equations, it is only enough to solve one equation for (8) and
finding its real roots. Then the real roots of that equation that
satisfies both other equations are real solutions of system (9).
Thus, for solving (9) we can consider two states:

The first, suppose that X > 0, then we obtain positive real
roots. The second, suppose that X <O then we obtain
negative real roots.

As fuzzy polynomials have trapezoidal and triangular fuzzy
numbers, hence according to [4], we are giving the following
formula to obtain value, ambiguity and fuzziness for interval
type-2 dual trapezoidal fuzzy numbers.

Let
. (-U _L
Ai:[Ai ,Ai}
u U
=|af,a},aj3,a; H, [A. ].Hz[Ai J
L L
a1, i3, a3, A ; Hl[Ai J Hz[Ai ]

be an interval type-2 trapezoidal fuzzy number. Hence, the
value, ambiguity and fuzziness for IT2 DFPE can be obtain as
follows.

W ol wJo oL

(FF A1, A1 [%|+.. +(FF An, An X
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_ Qi +aj7 | aig —oig

2 6

1<

Lol Lol
_di7-ar | iz tai3
2 6

1>

A | aifrail

4

|

~ J

A
_ a1

J
+af iy —af
12 %4 —a3
2 6

<l

PO . -
2 6

>|

- U
_aig +aig

4

il

<l

2 6

>|

2 6

- u_.u
_ 804 *3p3
4

|

U, .U U .U
_801%3 80433

u_.Uu U LU
_202 201 204 * %3

- U, U U U
VA _ 8 ;aiz at] ;“ia
U
Uu_ U U, U
|~ a, —al ai; +a;
Ai:|22|1+|46|3
u
o |t
FlAi |= 2
(10)
aL
- R R TS
VA _8 ;aiz iat g“is
Wl
- oL anl el il
AAi _8p zail L Bia ;ai3
L
2 ai”4L+ai”3L
E A :T
(11)
L L, .L L .L
~ Aang + 3, an, —a
v| Ao |- 012 02 046 03
L L L L .L
-~ an, —Q, an, +a
LA Ao |- oz2 o1, 046 03
L L. .L
-~ an, +a
Ao |- 044 03
(12)

Now, let considering triangular fuzzy number of 1T2 DFPE.

Let

u u

U
u. . L.L
ail'aiZ’ai3‘H1[A' ] a1 8z,

_L
ai'é;Hl Aj

Hence, the value, ambiguity and fuzziness for triangular
fuzzy number of IT2 DFPE can be obtained as follows.

— ~,U a.'U _a.’U
VIAi |=a) +2 T2 5 2
VU
~ U U
— als +al
A AI — i3 6 i2
U
~ U U
— aly +al
F Ai — i3 4 i2
and
nJ
U #U
|~ a’y —a!
V| A :ai"lu + i3 o i2
nJ
U U
— -~ a’> +a’
AAi |= i3 5 i2
nU
U »U
— = ai, ta;
Flai |= i3 7 i2
and
U U U
—| = an, — &,
V| Ao |=aY 036 02
U U U
— = Adn, +a
A Ao |= 03 5 02 ,
U U U
— = an, + 3
Fl Ao |= 034 02

A. llustrative Example

'L
~ L L
Ai |=alt + iz — &
v i 6
'L
~ rL rL
AA; |=2is 3
] 6
'L
~ 'L 'L
Fla; |28 T3
- 4
(13)
nL
~ nL nlL
vIA :a!/lL+ai3 ~ai
V] i 6
nlL
~ 2N nlL
A A [=Bis tai
] 6
nL
~ nL nL
Fla, |23 Ta2
] 4
(14)
L L L
~ an, —a
L 03 02
V| Ap |=a
L 01 6
_L
A Ag =208 "2
| 6
_L
Fl ag =203 %0
I 4
(15)

In order to illustrate our approach, the following interval
type-2 fuzzy polynomial equation is considered.

Example 1

This example is taken from [4] and we present the original
equation into the form of interval type-2 fuzzy numbers where
we have upper and lower equations.

{(2,4,62)1351)x+{(0,2,42)0L31)}x? +{(3,6,8:1)4,571)}x>
+{(-3,0,22)-1,012)x* = {(1,2,32)0,1,2:1)}x + {(0,1,2;1)(0,11:1)}x?
+{12:31)0.1.22)1x3 +{(-2,042)(-1.0,L1)}x* + {(2,7.112)4,5,6:1)}

According to (13)-(15), the following value, ambiguity and
fuzziness are obtained. For upper side, we have:
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\7( ~'j:2.333 \7[ ~§j=0.333 \7[ —gj:3.333
Z{ ] -1667, A }] ~1.000, Z{ i;,] - 2.333,
E[A1 — 2,500 E[Aéj ~1.500 E[ Ng] — 3,500

\7(/10] — 2667 , Z(Aoj ~3.000 , E[Ao] — 4500

For lower side, we have:

\1(/\0] — 4.167 , A(Z\o] -1833, E[Aoj = 2.750

For the upper membership systems, we have the system of
crisp 1T2 DFPE, as follows.

+1.167x% —1.833x* +2.667

0.833|x3| + 0.167|x4| +3.000

1.250|x3|+0.250|x4|+4.500

and for the lower membership systems, the system of crisp
IT2 DFPE, obtained is as follows.

0.167x° —0.833x* + 4.167

O.333|x2|+ o.5oo|x3| + 0.167|x4|+1.833

0.750|x3| + 0.250|x4|+ 2.750

After solving the upper and lower systems, the exact
solution obtained is

This result shows that the exact solution obtained for
triangular IT2 DFPE is similar to the exact solution for the
triangular dual fuzzy polynomial equations, which were
produced by [4].

Example 2

This example is taken from [7] and we present the original
equation into the form of interval type-2 fuzzy numbers where
we have upper and lower equations.

{(-2,0,32)-112:)}x + {(- 2,0,31)-11,22)}x? =
{(=1,0,22)0L21)}x + {(-1,0,22)0,111)}x? +

{2,0.21)0,01)}

According to (13)-(15), the following value, ambiguity and
fuzziness are obtained.

For upper side, we have:

2.333x+0.333x2 +3.333x% - 2.667x* =1.167x+0.167x°

1.667)x|+[x?| +2.333x%| +0.333[x"| = 0833« + 0.5x | +

2.500[|+1.500/x? |+ 3.500[x° | + 0.5[x*| =1.250[]+ 0.750[°| +

1.333x+0.333x2 +4.333x°% —0.833x* = 0.167x +

1.333)x]+ 0.667]x? |+ 2.000/x* |+ 0.167]x* | = 0.500[ +

2.000[|+ x| +3.000/x%|+0.250[| = 0.750/x|+ 0.5[x°| +
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\7[ ~'):—1.50 \7[ }]
7{7}0.50 7{}}:05
E[ \ |=0.75 E( }j ~07

v [ j — 0.667
Z{AlJ -0.333
E[Al] =050

=[-11]
=[-11]

IV. THE PROPOSED IT2 DFPE AND ITS SOLUTIONS
In this section, we illustrate our approach of 1T2 DFPE by

giving two numerical examples.

We propose two numerical

\L( 7]:—0.833 y(&;):—o.sw \L( ~”):0.167
5[ j ~0.50 A(A;j: 05 A(Al) ~0.500
E[ ] ~0.75 E( kg) ~0.75 E(Al] ~0.750

\i(ixoj ~0.167 ,

/_{Aoj:o.m?
E[Aoj:o.zs

For the upper membership systems, we have the system of
crisp 1T2 DFPE, as follows:

E[Ag):o.mo

—1.5x—1.5x? = —0.667 — 0.667x? —1.667

0.5+ 0.5x?| = 0.333)x| + 0.333x| + 0.333

0.75[]+ 0.75[x| = 0.5+ 0.5x*| + 0.5
and for the lower membership systems, the system of crisp
IT2 DFPE, obtained is as follows:

—0.833x —0.833x% = 0.167x + 0.167

0.5x|+ 0.5[x°| = 0.5[] + 0.333x°| +0.167

0.75[x|+ 0.75/x?| = 0.78]| + 0.5x*| + 0.25

After solving the upper and lower systems, the exact
solution obtained is

examples to illustrate the solutions for each type of fuzzy

polynomials. Trapezoidal fuzzy numbers and triangular fuzzy

numbers are used to define each type of fuzzy polynomials.
Example 1

In this example, we consider the trapezoidal fuzzy numbers
of 1T2 DFPE:

{(24,6,811)1,35,7;11)}x = {(1,2,3,4:1,1)(0,21,41,1)}x +
{L2,34:11)11,4,311)}

According to (10)-(12), the following value, ambiguity and
fuzziness are obtained. For upper side, we have:

V[A{J:&%s \7[&5):1.667 \7[/10):1_667

7\[/;1’}3.333, Z{/—(QJ:L%?, Z(A'ojzl.%?

F[/il'jzs.soo E[Ag):ms E[A'oj:us
For lower side, we have:

\L(Al ~2333 \L(Aij —1.500

J \L(/io
e

~3.000 E(A{jzl.ZSO E(A;,le.750

]: 0.833

For the upper membership systems, we have the system of
crisp 1T2 DFPE, as follows:

3.333x =1.667x+1.667
3.333|x| =1.667|x| +1.667
3.5)X| =1.75x|+1.75

For the lower membership systems, we have the system of
crisp 1T2 DFPE, as follows:

2.333x =1.5x+0.833
3.0/x| =1.833|x| +1.167
3.0x|=1.25/x|+1.75
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After solving the upper and lower systems, the exact
solution obtained is:

Example 2

In this example, we consider the triangular fuzzy numbers
of IT2 DFPE:

{(35,7:1)1,4,61)}x = {1,3,42)- 1,2 L)Ix + {(2,2,31)2,2,52)}

According to (13)- (15), the following value, ambiguity and
fuzziness are obtained. For upper side, we have:

\7[A1J ~3333 V(Ag] ~1.167 V{Aoj 2167

A(Ai] 2,000, Z[A}'J 1167, 7{/&'0] ~0.833

E[A{j —3.000 E(Ag] —1.75 E[A'OJ ~1.25

For lower side, we have:

\L[AlJ ~1.333 \L(All —_1.167 \L[AOJ —~ 2,500

A(A{le.ﬁﬁ? , 5(&1"]:0.500 , /_{A})J:Lm?

E[Al'j =2.500 E(A{'J =0.750 E[A_Oj =1.750

For the upper membership systems, we have the system of
crisp 1T2 DFPE, as follows:

3.333x =1.167x + 2.167
2.000]x| =1.167|x| +0.833
3.0x| =1.75|x| +1.25

For the lower membership systems, we have the system of
crisp 1T2 DFPE, as follows:

1.333x=-1.167x + 2.500
1.667|x|=0.5[x| +1.167
2.5x|=0.75x +1.75

After solving the upper and lower systems, the exact
solution obtained is:

1]
1]

=[-
=[-

I X1

V.CONCLUSION

As mentioned in the beginning of this study, to the best of
our knowledge there has been no research carried out to date
on the IT2 DFPE. Hence, we have introduced an 1T2 DFPE
and it has been solved using the ranking method of fuzzy
numbers that is transformed to a system of crisp 1T2 DFPE.
Based on two numerical examples given, it shows that the
solutions for the 1T2 DFPE exist and an exact solution has
been produced.
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