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An Extension of the Kratzel Function and
Associated Inverse Gaussian Probability
Distribution Occurring in Reliability
Theory
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Abstract—In view of their importance and usefulness in  where

K, (¢t) is the Bessel function of the third kind or

reliability theory and probability distributions, several generalizations
of the inverse Gaussian distribution and the Kritzel function are
investigated in recent years. This has motivated the authors to
introduce and study a new generalization of the inverse Gaussian
distribution and the Kritzel function associated with a product of a
Bessel function of the third kind K, (z) and a @ - Fox-Wright

generalized hyper geometric function introduced in this paper. The
introduced function turns out to be a unified gamma-type function. Its
incomplete forms are also discussed. Several properties of this
gamma-type function are obtained. By means of this generalized
function, we introduce a generalization of inverse Gaussian
distribution, which is useful in reliability analysis, diffusion
processes, and radio techniques etc. The inverse Gaussian distribution
thus introduced also provides a generalization of the Kritzel function.
Some basic statistical functions associated with this probability
density function, such as moments, the Mellin transform, the moment
generating function, the hazard rate function, and the mean residue
life function are also obtained.

Keywords—Fox-Wright function, Inverse Gaussian distribution,
Kritzel function & Bessel function of the third kind.

I. INTRODUCTION
THE Kritzel function Zr, (x) is defined by
1
v _ v-l1 _ p_
Z,(x)= fu exp(—xu u)du,
p>0,vreC,x>0 (1)

In particular, when p=1 andx = t2 /4, then by virtue of [9],

2 v
7= :2(9 K, ()

it gives
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Macdonald function, as in [9].
Forp> 1 the function (1) was introduced by [20] as a

kernel of the integral transform
KE N = [ Zhenf @ (0)

which is called by his name as the Kritzel function, as in [19],
established asymptotic behavior of the function (1) for p>1

together with the composition with a special differential
operator. Reference [20] also defined a Bessel-type transform
and obtained its properties by using the Mellin transform. This
function is recently extended by [17] from x>0 to complex
z € C,and its representations in terms of the well-known H-
function are established. The results obtained being different
for p> 0 and p <0 are applied to derive explicit forms of

Kritzel function in terms of the Fox-Wright generalized
hypergeometric function.

Note 1: We note that the integral (1) occurs in the study of
astrophysical thermonuclear functions, which are derived on
the basis of Boltzmann- Gibbs statistical mechanics. This
integral has been evaluated by [21] by applying the statistical
techniques. Recently a short and straightforward analytic
proof of this integral is given by [26].

Definition of @— Fox-Wright generalized hypergeometric
function: We define the o—Fox-Wright generalized
hypergeometric function by means of the Mellin-Barnes type
integral in the form

R, (2)=,R, (a,a,,.,a,,b,..b;0;z)

9
[1re)

__ A

r@f [re) >

I'(—s)I'(a + s)ﬁ I'(a, + ws)

]i[l"(bj + ws)

2
larg(-z)|< 7 (i=(=1)""?) and the poles of the
integrand of (2) are assumed to be simple. The contour L is
one of the contours L= L_o,L = Lio and L= Ljy These

where

— ' (~2)" ds
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contours are explicitly defined in the monographs by [23], and
[16]. We give the conditions for the representation of @ —

Fox-Wright generalized hypergeometric function » R p (2) to

be represented by a Mellin — Barnes integral of the form (2).
It may be noted that different conditions are obtained for the
above three contours. Here we give conditions for the
contour L = L_,. For remaining contours the conditions of

representation of the function R ” (z) can be obtained from

the conditions given by [18]. The result is given below in the
form of a theorem.

Theorem1 :
Leta,ai,bj eC, A,',Bj eR(i=2,..,p;j=1,..,q) be such that

the conditions

Gtk (=2, pia, =a, 4 =LkveN,) @

i
and
(aj +k)Aj #(aj+v)4j, (i # jii,j=1....p,a1 =a,4 =1)
are satisfied. Let u=w(p—g+1)—1 and either of the
following conditions hold:
u>-1 z#0,u=1, 0<z|kpg;
u=-1|z= B,Re(5)>1/2
Then the @ —Fox-Wright generalized hypergeometric
function has the Mellin-Barnes integral representation given
by (2), where the path of integration L = L_,, separates all
the poles s =v(V € N,)) to the left and all the poles given
by

a; +v

s = where,
w

veNy,w#0,a =awith w=1i=1..,p to the

right.
The theorem readily follows from the result given in [18].
It is interesting to observe that for p =2 and g = 1, the function

, R, (2) defined by (2) reduces to Dotsenko function, as in
[7], and [8], 2 R| (a, b; c; w; z) , defined by
,R (a,b;c;w;z) =

I'(c) &T(a+kI(b+kw)z" “
I'(a)'(b) ; I'(c+ ko)(k)!

F(a)l'(b) (c,0)
_ Il 1 [w I'(=s)['(a+s)['(b+ws)(—z) ds
T'(a)['(b) 27 *+i» I'(c+ ws)

__T© z%[(“’”’(”’“’)|z}

&)

where |arg (-z)|<7z and the poles of the integrand of (5) are
assumed to be simple . Here ,/,(.) is a special case of the
Fox-Wright generalized hypergeometric function defined by

[22], [29], and [30]. It may be noted that the result (4) can be
obtained from (5) by calculating the residues at the poles of

['(—s) at the points given by § =V € N. Reference [8] also

obtained the inversion formula for the integral transform and
the exact solution of a Fredholm integral equation of the first
kind involving such a function in the kernel. It is interesting to
observe that for @ =1, (4) reduces to a Gauss hypergeometric

function , F(a, b;c;z). When z is replaced by z/a and a
tends to infinity, then (4) yields its confluent form as
wk
L T+ =)z
I'(c) Z H
wk
TO) T pe+ Py,
U

R(b;c; 0, 15 2) =

where b,ceC;

Re(c)>Re(b)>0, 0 R b+ e+ K 2012,

H H

A generalization of the Kritzel function is introduced and
studied by [3]. In the same paper, a generalized inverse
Gaussian distribution is also defined and its various statistical
properties are investigated. A generalization of Kratzel
function and associated probability distributions are studied by
[25]. In a recent paper, [24] has introduced a generalization of
the Kritzel function and inverse Gaussian distribution in the
form

1/2
_ 2
S;}i;;c,l,v,p (Z) — (pj f[/l—lKV (pt)dt
w

z
x ,R,(a,b,c; w;_t_")d
where z,m, 0> 0,Re(p) >0
Re(A+|v [+%2) > 0,Re(i+ v | +22) > ;0% 0
w w

The object of this paper is to consider a further
generalization of the Kritzel function and inverse Gaussian

distribution by using the product of @ -generalized Fox-
Wright hypergeometric function introduced in the next section
and the well known Bessel function of the third kind X, (x) in

[1]. This function turns out to be a generalized gamma-type
function. Corresponding incomplete functions are introduced
and some of their properties are investigated. These functions
are employed to define and study a new probability density
function. Special cases of the parameters in the result (14) give
rise to certain well-known densities. Some statistical
properties are also derived. A study of this new function
defined by (7) in the next section will give deeper, general and
useful results in the theory of special functions, integral
transforms and probability distributions, which are useful in
reliability theory and diffusion problems.

The following generalized inverse Gaussian distribution is due
to [11].
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() = A, a,b) %V exp(—at - é) ,a, b t>0, —o<a<o

(6)
b -1
where, A(a;a,b) = [ f t“ " exp(—at —?)dt}

The inverse Gaussian distribution arises as the density of
the first passage time of the Brownian motion with positive
drift. Such models are used in reliability theory, theory of
demographic rates, as in [13], [14]. Applications of the
distribution defined by (6) are discussed by [14] in several
applied problems, such as fractures of air-conditioning
equipment and traffic data etc. A comprehensive account of
the inverse Gaussian distribution with applications can be
found in [6].

1L A UNIFIED GAMMA-TYPE (KRATZEL)
FUNCTION

Definition 1: A unified gamma-type function is defined
as

1/2
A s 3by b 034V, 2
Sa a, a by A p(Z) — p x
T

fz“KV (pt) R, (@,dy s by

z
w;——)dt
tp

@)
where, z,®, p > 0,Re(p) >0

Re(A+|v|+2P) >0,
w

Re(A+|v |+ 22y > 0(i = 2,.... p); # 0.
w

When p = 2 and ¢ = 1, the above result reduces to the
following one given by [25]

2 1/2
siper @)= 22)
T

ftiilKv (pt) 2R1 (a,b,C; a),_i)dt
tp

®)

where, z, w, p > 0,Re(p) > 0
Re(l+|v|+%)>0,Re(l+|V|+b—p)>O;a)¢0.When z is
1) @

replaced by z/a and a tends to infinity in (8), then we arrive at
the following result associated with @ -confluent
hypergeometric function

Sb,L‘;ﬂ,v,P _ 2p "
op (z2)=] — X
T

[k, (o0 (R cs o=y

€

where, z,w, 0 > 0,Re(p) > 0,0 #0 ;
b+ wk,c+ wk #0,—1,-2,....

If we further set v=1/2,4 is replaced by A+1/2,then by
virtue of the identity

. 1/2
Kil /2 (x)= [Zj exp(—x),

We obtain the generalized gamma-type function recently
studied by [3] in the following form:

b,c;A+1/2,1/2 bye;A+1/2 beid,
Sy TSP ()= sGGT SR ()= B P (242)

= [ e pin i bcion- . (10)
t
where z,m, p > 0,Re(p) >0,
Re(4 + b_p) > 0,0 # 0;c+ wk,b+ wk #0,—1,-2,...and
w

B 2;’6;;1”0 (.) is the notation for generalized gamma-type

function defined by [3].

Next, if we set b=c,w= p=1,then (10) reduces to the
Kritzel function in the notation 77(p,1+ A;z) for the Kritzel
function employed by [3] as:

ZH @) =n(pl+ A;2) = f 7 exp(—t — zt 7)dt
where, Re(p) > 0,Re(z) > 0.

Special cases of the generalized function (7):
A. If we set v=1/2, we obtain the generalized gamma

a,az,m,apbl,.“,bq;)v,l/Z,p (Z) —

function S,

i z

(11)
which for p =2 and g = 1 gives

. z
Sap 20 @)= [ 17 exp(=pt) oR (a,b,c; o)
’ t

12)
where Re(p)>0, Re(z)>0,
Re(A—-ap) >0,Re(1—-bp)>0,c#0,—1,-2,....
If wetake p=¢qg= p=1, a=b,b, =c in (11), then we
obtain the gamma-type function studied by [2] :

be;A+1/2,1/2,p
.l (Z):a)rz(b’cé/hp):

tl

fr“ exp(~pO1 Ri(b,ci 052t (13)

Note 2: The result (12) also gives the Laplace transform of
the Dotsenko function defined by (3).

B. When b or z tends to zero in (13), it reduces to a
well-known gamma function. Further, if we set
p=w=lLc=byv=1/2,1 is replaced by A+1/2then (9)
yields a known result given in [10], pp.146 (2):

s _ z
Sy (2) = [ exp(-pr) exp(-
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_ 2(i)/1/2KV(Z1/2p1/2)
4p

where Re(p)>0, Re(z)>0

DERIVATIVES OF THE S-FUNCTION: As a consequence
of the definition of the S-function defined by (7) and
differential properties of @ —Fox-Wright generalized
hypergeometric function defined by (2), the following results
are easily derived.

sl 5eees 5 ""7b ;i,V,
4 4 Sy P Dlobgidovep (z):|
dz K

a,a) ....d AV, P
~az07 sy 5P (2)

aHr(b Hr(a +a))
Hr(a )HF(b +a))

+1,a, +@,..., 7+a),b +@,...b,+0;A-p,v,
S” ay a, ! q P P(Z)

w.p
o~ a,a) A b1, bg ALV,
B. i{z USwpz pbl q p(z)
dz >

=—oz

aHF(b )Hr(a +a;)
Hr(a )HF(b +a))

a+l,a, +0,...,a, +a),h] +w,..., hq +w;A-pv,p
Sop (2)

=1 .8500 .., 3 AV, P
7 1S(op r (2)

d a,ay ,...,a 301,03 AV, p
C [Swp prmrq (2)

+1,ay,..,a,5b),...,b, 4,V
g T (2) =

S a,ay,...d, by ,m,bq sAv.p (Z)

.p

d| :a2,ap; ;015 ,bq,/ivp
D. z—| S
Zdz{ @p @

f[r(b ; )f[ I'(a, + ®)

X
q
[Ire, +o) (14
j=1

by ,“.,bq A-pv,p (Z)

5,(1-%—1,112 sl

o.p

111 ASSOCIATED FAMILIES OF INCOMPLETE S-
FUNCTIONS

Definition 2: A generalized incomplete gamma function
corresponding to the S-function investigated here is defined by

Sx|:a ,a7 .. ,ap,bl, ,bq,ﬂvp( ,x):|

@,p
(2PJ [k, (pr)x
. . . Z
Rq (a,az ,...,ap,bl,...,bq,a),—t—p)dt
(15)

where, z, , p > 0,Re(p) >0,
Re(A+|v |+ >0,

@ and

Re(A+|v [+ %) > 0,0 % 0.c#0,-1,-2,.....

z2>0. When p = 2 and ¢ = 1, the (15) reduces to one
involving Dotsenko function defined by (5) as:

Cr[a,h,C,l,qu( x)] ( ) f[i lI< (pt)x
(16)
,R,(a,b,c; a);—tip)dt

where
z,0,p>0,Re(p)>0

Re(A+|v|+2P) > 0,
w

Re(A+|v | +b—’0) >0,0#0,c#0,-1,-2,.....; 220
w

Furthermore, a complement of the incomplete S-function is
defined analogously by

Sm la,az ,,,,, a, ;b ,...,bq;/l,v,p (Z, X)J

x Lo.p
2 1/2
= (—pj [ 7K, (p) %
T

17
z
R, (a,aZ ,...,ap;bl,...,bq;w;—t—p)dt
where z,m, p > 0,Re(p)>0
Re(a) > 0,Re(a;)>0(j=2,....,p ),Re(4)>1;
o#0,c#0,-1,-2,.....;220
which forp=2andg=1 gives
Dy st (2,x)) = ( ) [+K, (pn)x
LR (a,b,c; a);—tip)dt (18)
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where z,w, p > 0,Re(a)>0, Re(b)>0, Re(p)>0, B O'—ISx a,ay,.. ﬂp»bla ,bq,/i V,p
Re(1) > L,c #0,~1,-2,... x>0, and z>0 I @.p (z,%)

Then clearly, from (7), (15), and (17) we find that

a,a9 .., b s.sbg s AV, D al T, I a,+o
Sco,p p q (2) H ( )H ( )
_lea,al,“,, b AV, Z,x J+

(z%) Hr(a )Hr(b +a)) @
a,ay,. wbgsdv.p

S” [ (Z,x)]

x |atlayto...a,+0.b+o,..b,+0:A-p.v,
Remark 1: If in (16), we set p=p=1,v=1/2, replace z AW [a,p ’ 1 o p(Z,x)]
by z/a, replace A by b+1/2and take the limit as a tends to  Whenp =2 and g = 1, (21) gives
infinity, we obtain the following incomplete functions d { Cx|:g b, Av,p (z x)}}

0

introduced by [27] dz

lim ahcb+7—l z 0'1 a,b.c;Av,p

Cé{ 272 (_ x)} C, l (z,x)J
a —» © _ aF(c)F(b + (0) X [a+l,b+w,c+co;/1—p,v,p (Z x)]
x| b,c;b / 0 Lo, >
=C, [m+1/2121( x)] T(b)(c + o) o.p
= C[b <blz'?, x)]—w y.(b,c;x) where the incomplete function C())C(.) is defined in (16).
X p_1 z Next, we have
= [ ety b.con- D (19) .
t d| .o a,az,...,ap,bl,...,bq,/l,v,p

and A w,p (z,x)

lim

D a,b,c;b+1/2,1/2,1 X aaz, .a bl’ ,b ,ﬂVp
a—» o [ @ )] oz 15 P 1 (z,x)
=D* besh+1/2,1/2,1 Z,x . )
[ ( )] a[[T@)H]] T(a, + ®)
pbebil (221/2,){):0)1—2(1)’6;){) J=1 i=2
w,l » q
[IT@)[[T®, + o)
= J:O b1 exp(—t)lRl(b,c;a);—é)dt (20) - "
where, C[h bz x)] and D[Z’Cl;b’l (z, x)]are the Which forp=2and g=1yields
i d | ool a,b,c;A,v,p

incomplete functions discussed by [3] and 7, and I, P Dyl w,p (z,x)

are the incomplete functions studied by [27].
As z—>0 in (19), and (20), we arrive at the following
interesting results:

= F[ 40

al'(c)l' (b + w) ' e
x[ bc;A+1/2,1/2,1 A (v — — I pr|@threceione (g x
C [ (o,x)} = Lt exp(—t)dt = y(4,x) T(b)(c + o) x [a),p ( )]
and where the incomplete function D;O(.) is defined in (18).
Dy [Zc)ucl A+1/2 1/21 } J:O A 1exp( 1dt =T'(4,x) Considering
d
where y(4,x) and T(4,x) denote the well-known dt[ t"'K ,(pt) R (a,a,,...a,b,....b, s,—z/t7)]

incomplete gamma function and its complement respectively. s

It is interesting to note that the incomplete functions = A-Dt""K v (p?)

considered by [4], [5] follow as special cases of (19) and (20) P
X 5005000,0, 5 00,—

by giving suitable values to the parameters. P R" (@a,,... Aps bs--s b‘f s0,~z/17)

Derivatives of the Incomplete S-Functions: A i
We have +p _TKV(pt)_val(pt) t
d a,a2,...,a p3by,...bg AV, p
dz{sx{a)p P 1 (z,%) SR (a,a,,...a,5b,...b;0,-2/1") +
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q P
Hr(b ) (a+ 1)H [(a; + )
j=1 i=2

F— AP, (pr)
r(a)H r(a,-)H L(bj+o)
= j=l

prq(a+l,a2 +,..ap + w; by +a),...,bq +a);w,—z/tp),

and integrating from x to co and making certain adjustments,
it yields

all[ L, )ﬁ I'(a; + )
j=1 i=2 y
)4 q

Hr(al. )H I(b; + o)
L -

i=2
a+l,a,+o,...,a,+wb+w,....b,+w,A-p,v,
S;Olwp 2 P 1 g P P(Z,X)J_i_

a,0dn yed 3byob s A-1v,p
(/11)5;0[ 2 p g (z,x):l

w.p

w| @y, ;bl,...,b A-lv,p
/’Lpr [a),p p q (Z,x)

w{a,az seenslp bl ,...,bq A, v=1p

- pSy w,p (Zax):| +

2 1/2
(—pj 7K, (pt) x
Vs
R (a,ay,..a,:b,...b0:—2/17) =0

Iv. A CLASS OF PROBABILITY DENSITY
FUNCTIONS
In this section, we will discuss a generalized inverse
Gaussian distribution and employ for A the function

-1
1/2 p:
A 2p S a,ay,...a, 3y ,.“,bq ;;,v,p
- /Ll P (Z)

V4 ,~
H

where p and z denote the scalar parameters, whereas A,p

represent the shape parameters.
Definition 3: A unified form of the inverse Gaussian
distribution is defined by

AxlflKV (px*)x
R (a,a,,.0a,5b ,...,bq;a);—z/xp),

for x>0
0, elsewhere

J(x)= (22)

where

a .
liyv+p—>O,/1i,uv+&>0(i=2,...,p);
@ @

u,o,p,p>0,z>0,b, #0,-1,-2,..(j =1,...,q)

The parameters and variable appearing in (22) are so restricted
that f'(x) remains positive for x>0.
It readily follows that

f f(x)dx =1.
o0
Further from the definition (22), we infer that
lim
f(0)=0 and f(x)=0.
X —>
Differentiation of the expression (22) gives
S'(x)
A=l ppK,\(px") |
X K, (px*)

azpK , (px* )F(c)f[ (b, )ﬁ I'(a, + )
_| 4 j-1 i-2

; z S ()
"' T[T@)] TG, + o)

SR, (a+la, +o,..a,+0b +0,..,b,

+w:—z/t")

Special cases of the generalized inverse Gaussian
distribution: For p = 2 and g = 1, the probability density
model (22) reduces to one studied by [25]

AxK (px*)

S(x)= ,R (a,b;c;w;—z/x"), for x> 0.
0, elsewhere

(23)

where

b
}H_r,qurﬂ>O,/1iyv+’0—>0;/¢,a),p,p>0,z>0.
w w

c#0,-1,-2,... and
1/2 p2 -
2 a,b;e;—v,p
A, =u(—”j )
T 0,
i

If v=1/2,the density defined by (23) reduces to the

Gaussian density function associated with Dotsenko function
(5) in the interesting form

f) = Ayx" T exp(-px*), Ry (a, byc;0,-2/ x) , x>0
=0, elsewhere

1

-1

V7 1
b.es(A+5) w),—.
a,b,ci(( 2)#)21?

where
o,p/

Ay =4S )

Replacing z by z/a in the above expression and taking the limit
as a — o, we arrive at the density function recently studied
by [31, /() = Asx”™ exp(-px’) Ry (bic; 0.2/ x7) , x>0

=0, elsewhere 24)
where

z20,p>0,u>0;z,0,p>0, Re(1) >1,,c #0,~1,-2,...and
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bty |
N ©
If we take p = pin (24) it reduces to the inverse Gaussian
density discussed by [2] in the form
F(x) = Agx* " exp(—=px* ), R, (b;c; 0,—z | x*) , x>0

=0, elsewhere (25)
where z>0, p>0;z,0, 4 >0,
Re(1) > 1,Re(b) > 0,c #0,—1,-2,... and
-1
bt/
Ag=pS, 220

B -1
:ﬂ{wrz(b;c;—;P)}
Y7

We note that the notation given on the right of the above
equation is due to [2].
For ¢ =b=w= p=1in (25), we obtain
2
por* T exp(—xt )
o 4x”
- o
Sb,b;((i+2)/y),2,l[ZJ

1,1 4

o exp(xt -2y
_ 4xP

(p/ud * 4
where Z ;)1 (x) is the Kritzel function defined by (1).
For u=p=1 p=2,9=1,(22) becomes
f(x)=A5x’HKV (px) LR (a,b;c;w;—z/ x), x>0
=0, elsewhere (26)

o) 1/2 .
where , A5 = (_pJ [S a,b,c;A,v,p (Z)],
T

w,1

If we further take v =1/2 and replace z by z/a and take the
limit as a— oo, then (26) gives the following density
function

J®=Aex" " exp(-px) R (brc;o-z/x) (27)
. -1
where, A, = [Sf)ﬁ’mlu’lu’p (Z)] which for b = ¢, w=1
yields

A exp(—pr—5)
X

f=—— (28)
{frieim

where K (z) is the modified Bessel function of the third

kind or Macdonald function. The density represented by (28)
is the inverse Gaussian density studied by [11].

V. A SET OF STATISTICAL FUNCTIONS

For the statistical density defined by (22), the following
statistical functions are derived.

The kth -moment:

'
The kth —moment g about the origin of a continuous real

random variable x with density function f(x) is defined by
[21]

= [ 5 peoax
o0
Theorem 2: For the density function f(x) defined by (22),

the k™ moment is given by

a,ay,...dp ;b1 ,...,bq ;M,V,p
7

N (2)
1 a)’B
p=—+ - 29)
a,ay,...,dp ;b1 ,...,bq )
N N EY
P
U

which for p =2 and g = 1 reduces to the following result given
by [24]

On takingp=2,g=1and v=1/2 in (29), replacing z by
z/a and taking the limit as a tends to infinity, we obtain the
following result obtained by [3] as:

ik
bye;—2 N Tk
S 4 a @) b
w,— H
ﬂ}cz U =Bw,p/ﬂ @)
ikt b p
b,c; PR Bw’p'fl'u eNB)
N (2)
w2
Y7

If we further take u = p and replace z by z,k =22 /4, then
it gives the following result in the notation obtained in [2]:
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A+k
|:a)rz*(b§0;/lép):|

A
|:a)rz*(b;6;;l7):|
Y7

Theorem -2 easily follows from the definition (29) on using
the special cases of the S-function discussed in the preceding
section of the paper.

Hf =

Expected Value: Let W (x) be a function of a continuous

real random variable x with density f (x), then the expected
value of W(x) is defined as [21]

E(¥)= [ W(x)/(x)d
The existence of the expected value E(W) depends upon the
behavior of f'(x) and W(x). It is interesting to observe that for
a positive real random variable x with density f(x), where f'(x)
= 0 for x<0, the expected value of xs_l is the Mellin

transform of f'(x).
Remark 2: It may be mentioned here that for £=1,the result

(59) yields the result for the mean E_= f x f(x)dx, and

for £ = s-1 , it yields the result for the expected value of

xs_l and the density function f'(x) with x>0 ,defined by (22).
The hazard rate function (failure rate) is defined as
X
h(x) = {f )
ST (x)

where S *) (x) is the survivor function of x
SO (x)=1-F@x)>0 for x>0
and F(x) being the cumulative density function (c.d.f) namely

F(x)= fo(u)du

This function S *) (x) has its origin in reliability theory.
Theorem 3: For the density function defined by (22), we
have:

a,a2,...,ap;b1 ,...,bq ;%,v,p

7
sy (z.%)
0,
F()= .
a7a23 5ap’b1’ 3bq9 avrp
S (2)
0
y7i

a,az,...,ap;bl,...,bq ;%,v,p

S (z,x)
X‘u Q)’B
s = a
A
a,az,...,ap,bl,...,bq;—,v,p
s AN E)
L
U
and
212
(lj K, (pt*)
V4
z
qu(a,az,...,ap;bl,...,bq;a);——p)
ht) = L
a,uz,m,ap;bl,..4,bq;i,v,p
N A (z,x
| 0 (z,%)
V%

where the incomplete S-functions S())C ()and SY are defined

in (15) and (17) respectively.

Proof:  The Theorem -3 follows from the following
equations:
1
2p\2 .
<P ul 7K, (pt")
VA
. . . Z
R, (a,a2,...,ap,bl,...,bq,w,—t—p)dt
F(x)=
A
a,az,4..,aﬂ;b1«,.4,bq;;,v4p
Sw,p/;z (Z)
S(x) =1-F(x) =
A A
a,az,m,a‘,,,bl ,..4,bq;;,vAp ] a,a ,A..,ap,bl,.“,b ;;,v.p
S(u,p/y (Z,X) _SO w,plp (Z,X)
a,az,...,ap;bl ,...,hqgi,v.p
Sw,p/,u “ (Za X)

The Mean Residue Life Function: The mean residue life
function is defined as

1
. (t - x)f(t)dt.
S (x) Jj

Separating the variables, we obtain

[raa=o] K (pr")

qu(a,az,...,a

K(x)=

by,...,b 0=z /t”)dt
(30)

I
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a,az,..,,ap;b, ,...,bq ;E,v.p
o0
x*| a.plu # (Za )C)
= (31
A
a,a, ,..4,ap;b, ,4..,bq ;;,up
S(u,p/ 1% (Z)

As, S*L(x) ff(l‘) dt = x so that from (30) and (31), we

have

A+
a,ay,....d, by ,A.A,bq i ——V.p

oz, x) ~

x* o,plp

K(x)= X

a,az,m,ap;b] ,.“,bq ;i,vAp
S w,plu “ (Z )
The Moment Generating Function:
The moment generating function of a continuous and random
variable x, denoted by M ,(¢), is defined by

E@™)=My(t)= | ™ f(x)dx

with certain restrictions on the parameters in the density
function f'(x). It can be easily seen that for the density defined
by (27), namely

f@)=Agx* " exp(-px) R, (b;c; 05—z x)

the moment generating function can be derived in a simplified

as given in the paper by [2].

b,c;A+——p
Sw 1 22 (Z)
VI CONCLUSION

For various suitable choices of the parameters involved in
our results in the preceding sections, we can easily deduce
several special cases which were considered in some of the
earlier works cited in the abstract .The details involved in
these specializations are being left as an exercise for the
interested reader.

In conclusion, it is expected that the research workers in the
fields of applied statistics, generalized special functions and
reliability theory may find this work wuseful in their
applications.
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