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Abstract—In image processing and visualization, comparing two
bitmapped images needs to be compared from their pixels by match-
ing pixel-by-pixel. Consequently, it takes a lot of computational time
while the comparison of two vector-based images is significantly
faster. Sometimes these raster graphics images can be approximately
converted into the vector-based images by various techniques. After
conversion, the problem of comparing two raster graphics images
can be reduced to the problem of comparing vector graphics images.
Hence, the problem of comparing pixel-by-pixel can be reduced to
the problem of polynomial comparisons. In computer aided geometric
design (CAGD), the vector graphics images are the composition of
curves and surfaces. Curves are defined by a sequence of control
points and their polynomials. In this paper, the control points will be
considerably used to compare curves. The same curves after relocated
or rotated are treated to be equivalent while two curves after different
scaled are considered to be similar curves. This paper proposed an
algorithm for comparing the polynomial curves by using the control
points for equivalence and similarity. In addition, the geometric
object-oriented database used to keep the curve information has also
been defined in XML format for further used in curve comparisons.

Keywords—Bézier curve, Said-Ball curve, Wang-Ball curve, DP
curve, CAGD, comparison, geometric object database.

I. INTRODUCTION

N Internet applications, there are many popular search

engines such as Google, Yahoo and MSN. These search
engines have provided efficient mechanisms in searching for
the relevant media or documents from a given set of keywords.
Nevertheless, textual comparisons can only be accomplished.
Although some pictures can be matched to the given keywords,
the comparisons are attained by matching from the information
provided in those pictures. However, there are several multi-
media depicted in the forms of pictures, figures or images.
Thus, it is interesting to introduce the algorithms for seeking
for these kinds of information.

Typically, images can be classified into two categories:
raster graphics and vector graphics images. A raster graphics
image is represented by a rectangular grid of pixels whereas
vector graphics image is defined by a set of mathematical
equations representing the geometric objects, e.g., points,
lines, polygons, curves, and surfaces.

The information contained in the raster graphics image
is a collection of pixel attributes: the coordinates and col-
ors. Comparing two images, one needs to compare pixel-by-
pixel, coordinate-by-coordinate or even color-by-color. Con-
sequently, comparing two large images, e.g., photographic
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images, will take a lot of time. Searching for a required
image in the Internet or in the image banks, it is inevitably
needed to compare a plenty of images. Moreover, seeking for
a simple geometric object composed in a bitmap image is
concerned as a complicated task. In vector-based images, each
element is represented in terms of the mathematic formula and
its attributes. There are many properties of those geometric
primitives that can make the image comparison easier. Using
the relevant properties instead of computing the whole image
can reduce the computational time. Fortunately in some partic-
ular applications, raster graphics images can be converted into
the vector-based images. It is reasonable to transform raster
graphics images into vector graphics images and compares
those vector graphics images.

In computer aided geometric design(CAGD), a vector
graphics image is an aggregation of curves and surfaces.
Curves and surfaces can be modeled in various techniques.
One of those methods that has been commonly used is the
polynomial curve and surface representation. There are several
kinds of polynomial curves in CAGD, e.g., Bézier, Said-Ball,
Wang-Ball, and DP curves. These curves have some common
and different properties. All of them are defined in terms of
the sum of product of their blending functions and control
points. They are just different in their own basis polynomials.
In order to compare these curves, we need to consider these
properties. The common properties of these curves are control
points, weights, and their number of degrees. Control points
are the points that affect to the shape of the curve. Weights can
be treated as the indicators to control how much each control
point influences to the curve. Number of degree determines
the maximum degree of polynomials. In different curves, these
properties are not computed by the same method. To compare
different kinds of curves we need to convert these curves into
an intermediate form.

A curve in CAGD can be considered as a geometric
object located within a coordinate system. Curves can be
relocated. The same curves that are relocated are considered
to be the same curves. Curves can be rotated within the
coordinate system. Rotated curves can be also treated as the
same curves. In some specific cases, curves that are scaled
will be considered to be similar curve because they have the
same shape but the extents of curves are not the same. Hence,
these transformations will be taken into account for the curve
comparisons.

In this paper, a framework has been defined for collecting
the curve attributes and futher used in curve comparisons.
The approach provides an algorithm to compare for curve
equivalence, curve similarity and curve inequality. In practise,

352



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:1, No:8, 2007

this technique is faster than the algorithms for comparing
bitmapped pictures because it compares only significant prop-
erties.

II. DEFINITIONS

Bézier curves were firstly developed by de Casteljau in
1959[5] and publicized later by P. Bézier in 1962. In this work,
Bézier curves will be used as intermediate curves for compar-
ing two curves because Bézier curves use less computational
time and computational space in degree elevation.

Bézier curves of degree n with n+1 control points, {b;}?,
can be defined by:

n
B(t)=) biBI(#), 0<t<1, M
i=0

where B(t) are Bernstein polynomials defined by:
n . .
Br(t) = ()m—t)“ i @
i

A. Degree Elevation of Bézier Curves

The new control points of degree n+1,{b§1)}?:+01, from

an n'" Bézier curve can be defined in terms of its control
points,{bl(-l) m . by:

1

1) 4
b = — b, + (1 - ——)b; 3
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where i = 0,1,2,..,n+1.
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Fig. 1. Degree Elevation of Bézier curves.

B. Said-Ball Curves

In 1974, Ball [1][2][3] defined a set of basis functions for
cubic curves. In 1989, Said [9] generalized the Ball model to
higher degrees and developed the recursive algorithms for two
generalized Ball curves. Degree elevation and degree reduction
for Said-Ball curves were provided by Hu et al. [6] in 1996.

For n+1 control points, denoted by {V;}!,, a Said-Ball
curve of degree n can be expressed by:

S =) _ViSr®), 0<t<1, )
i=0
where S]*(t) are the Said-Ball basis functions defined as
following.

T - , for0<i<nsd

(=

(";1 +n—i)t"T+‘ 1- t)nfi

n—i

§1 (1) =

for ©Hl <i<n

&)

)

where n is odd.

(%;Li)ti(lft)%Jrl , for0<i< % -1

srty=14 (tEa-ns , fori=3
(%Zﬁ;z)f%jq(l . t)nfi, , for % +1<i<n
(6)

where n is even.

C. Wang-Ball Curves

Wang-Ball curves were implemented by Wang [11] in 1987
but publicized later in 1996 by Hu et al. [6] with degree
elevation and degree reduction.

Wang-Ball curves with n+1 control points, denoted by
{pi}} can be formulated by:

A() =) piAl(t), 0<t<1, (7)
=0

where A]'(t) are the Wang-Ball polynomials defined as fol-
lows:

(1 — t)2+i(2¢)" , foro<i<nss
Q-0=@Ey= , fori=nt

A(t) = :
-yt , fori=nfl
(1)) i for 283 <i<n

3
where n is odd.

(1 —t)2i(2t) , foro<i<Z-—1

AM) =4 (@A -1 , fori=12

(1 — t))nign—it2 for2+1<i<n

©))

)

where n is even.

D. DP Curves

DP curves were developed by Delgado and Pena in 2003[4].
They introduced a new curve representation with linear com-
putational complexity.

DP curve with n+1 control points, given by {d;}?_,, can
be expressed by:

C(t)y=>_dCl(t), 0<t<1, (10)
i=0
where C*(t) are the DP blending functions given by:

1-o" , fori=0

td - , fori<i<|2]—-1
ClMt) =< KMt +EKy(t) , fori=|3]

Kp@)+ Ky(t) , fori=[%]

Cpo(—1) , for [§]+1<i<
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where

K7 (t) = [31-13] (1- tL%J'H —a- t)L%J‘H),

3
Ky = (3] - [ —nlie,
Kyt = ([2] - [zl -,

E. Conversion Algorithm from Said-Ball into Bézier control
points

In 1996, Hu et al.[6] defined algorithms for converting
from Said-Ball and Wang-Ball control points into the Bézier
control points and vice versa without proof. Later 1997, Tien
[10] proved for the conversion by using polar form approach.
The Bézier control points, {b;}?” , of Said-Ball curve are
determined by:

bOO bOl bOn

bio bi1 .. bin
[Bobr b = Vo Vi Val | 80T

bpo bp1 o ban

12)
where {b;}"_, and {V,;}!_, are Bézier and Said-Ball control
points of a given Said-Ball curve.

The conversion matrix from Said-Ball control point into
Bézier control point can be given by:

CGRIC! o
4—7§L—7 fori<j<2-1
3 ;. : n
GUH052) o
i i S>>0y
bij = @ , fori>ji>g5+1 . (13)
1 , fori=j=3%
0 , otherwise
where n is even.
ngl_'_l 'n,;l i
( i ()n() j—i ) , for i S J S ngl
bij = ’ , (14
»J (3712—1 4)(17 n;d)
n—i i—j P +1

where n is odd.

F. Conversion Algorithm from Wang-Ball into Bézier control
points

The Bézier control points {b;}!, of the Wang-Ball curve
are determined by:

apo Aol aon
_ aip ai1 ... G1n

[bo by ... by] = [P0 P1 - Pal ;
ano Qap1 ... Qpp

15)
where {b;}}_, and {p;}!" , are Bézier and Wang-Ball control
points of a given Wang-Ball curve.

The conversion matrix from Wang-Ball into Bézier control
point of the same curve of degree n can be expressed by:

2 (Z;Q) , fori<|%]
ZTH% , fori> [2]
Gk = % , fori=rk=|2] (16)
2(*)’“ , fori=k=12]
0 , otherwise.

G. Conversion Algorithm from DP into Bézier control points

In 2005 the relationships between DP and Bézier of Jiang
and Wang [8] were proposed with proof but they are not
correct in some degrees. In 2007, Itsariyawanich [7] rewrote
and proved the formula for the conversions between DP and
Bézier control points, and vice versa, by using the polar
form approach. The Bézier control points of a DP curve are
determined by:

Coo Co1 Con
c c ... Cln
[bobi..b,]=[dod;..d,] | *° " In
Cno Cn1 .- Cpn
a7

where {b;}?_, and {d;}?_, are Bézier and DP control points
of a given DP curve.

According to the work in [7], the relationship between DP and
Bézier control points can be defined in terms of the matrix by:

1 , fori=j=00ri=j=n
3G forl1 <;j<:¢,1<:i< |2 1

Cij = (o , Torl<j<., 7175J—
(=) ()

(n—3)(7)

if n is even then

(18)
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0 , Otherwise.

(19)
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if n is odd then
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0, otherwise.
(20)

III. THE EQUIVALENCE AND SIMILARITY OF THE CURVES

In order to compare two curves we need to define the
following definitions for the equivalence and similarity of the
curves.

Definition 3.1 Let C be a polynomial curve of degree n.
C = < P/F,t,n>, where P be a sequence of control
points {p;}I,, F be a set of blending functions,denoted by
{fl'@®)}, and t be a parametric variable defined by the
curve domain, e.g., t € [a,b] and a,b € R.

Definition 3.2 Two curves are said to be equivalent if they
are the same curves under translation and rotation.

Figure 2 shows that the same curves after relocating into
different positions are considered to be the same curves.
Similarly, the same curves after rotated are also treated to be
the same, illustrated in Figure 3.

10

1 H H 4 5

Fig. 2.
curves

The same curves that are translated are said to be the equivalent

Definition 3.3 Let C; and C3 be polynomial curves.
Cy and Cy are equivalent if Py; = Py, ny = ng, F} = Fb,
t1 Cty and to C ¢ where 1 =0,1,2,..,n

Definition 3.4 Let C; and C5 be polynomial curves. C; and
Cy are equivalent if Py; = Paj, n1 = ng, F1 = Fy, t1 C 1o

u

Fig. 3. The same curves that are rotated are said to be the equivalent curves

and to C ty where j =n—iand 1 =0,1,2,..,n

Definition 3.5 Two curves are said to be similar if they are
the same curves under scaling.

The same curves that are scaled are considered to be similar
curves because their angles of inner control points are equal
but their lengths between the control points are different
(Figure 4).
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Fig. 4. The same curves that are scaled are considered to be similar curves

IV. ALGORITHM FOR COMPARING THE EQUIVALENCE OF
CURVES

In this section, we proposed an algorithm for comparing
between two curves. The algorithm is used to compare whether
two curves are equivalent, similar or different curves. The
algorithm uses Bézier curves as an intermediate form because
the Bézier curves use less computational time and computa-
tional space in computing the degree elevation and they are
the best curve approximation from their control points. The
steps of comparing two curves can be enumerated as follows:

Algorithm

1. Convert the given curves into the Bézier curves.

2. Apply degree elevation of Bézier curves to raise the different
degree of two curves to be the same degree.

3. Measure the lengths between the pair of two con-
secutive control points, denoted by p; and p;y;. Let
Pi = (i, Yi, 2i), Pi+1 = (Tit1,Yi+1, 2i+1), and L; be lengths
between the control points.

Li =piPir1 = V@it — ) + (i1 — vi)? + (zip1 — 2)%

4. Measure the ratios of lengths between the control points.
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Let R; be the ratios of lengths between the control points.
L;
Z?:o L
5. Measure the angles of inner control points. Let a; be an
angle between each inner control points, U; be vector from
P,y and P;, and V; be vector from P; and P, .
UiVi = U] |V | cos(a).
U;.V; )
vy~

Ri:

a; = cos™1(

6. Measure the angles of normal vector between each inner
control points. Let 3; be angles of each normal vector, U; be
vector from p;_; and p;, V; be vector from p; and p;1,and
N; be normal vector between U; and V.

1, Ni.N;tq
B3; = cos 1(#)
' |Ni| [Niy1]

7. Reverse the sequence order of the control points and repeat
the steps from 3 to 5 by setting p; = pp—;-

8. If all measurements in 3, 4, 5, 6 are equal then two curves
are said to be equivalent. If only measurement of lenghts
between the control points in step 3 is not equal then two
curves are similar, otherwise, two curves are different.

V. XML DESCRIPTION FOR CRUVES INFORMATION

In order to search for curves, the XML description for
collecting the curve information is defined.

A. DTD Modeling

XML Document Type Definitions(DTDs) is used to define
an XML document structure. It defines the document structure
by the list of attributes and elements. Hence, XML DTD is
defined in order to keep the curve information as follows:

Let ])T])={do7 dl, oy dn}

do : < 'ELEMENT Non-Rational_Curves (Curve+)>

d; : < !ELEMENT Curve (Blending_Function,
Sequence_of_Control_Points, Sequence_of_Lengths,
Sequence_of_Length_Ratios, Sequence_of_Inner_Angles,
Sequence_of_Angles_of_Normal_Vector, Number_Of_Degree) >
ds : <!ATTLIST Curve Curve_ID NMTOKEN #IMPLIED
Curve_Name CDATA #IMPLIED >

d3 : <!ELEMENT Blending_Function (#PCDATA)>

d4 : <!ELEMENT Sequence_of_Control_Points (Control_Point+)>
ds : <!ELEMENT Control_Point (Px, Py, Pz)>

de : <!ATTLIST Control_Point ID NMTOKEN #IMPLIED>

d7 : <!ELEMENT Px (#PCDATA) >

dg : <!ELEMENT Py (#PCDATA) >

dg : <!ELEMENT Pz (#PCDATA) >

dip : <!ELEMENT Sequence_of_Lengths (Length+)>

dy1 : <!ELEMENT Length (Value)>

di2 : <!ATTLIST Length ID NMTOKEN #IMPLIED>

di3 : <!ELEMENT Value (#PCDATA)>

dy4 : <!ELEMENT Sequence_of_Length_Ratios (Length_Ratios+)>
di5 : <!ELEMENT Length_Ratios (Value)>

die : <!ATTLIST Length_Ratios ID NMTOKEN #IMPLIED>

di7 : <!ELEMENT Sequence_of_Inner_Angles (Inner_Angle+)>
dig : <!ELEMENT Inner_Angle (Value)>

dig : <!ATTLIST Inner_Angle ID NMTOKEN #IMPLIED>

dso : <!ELEMENT Sequence_of_Angles_of_ Normal_Vector
(Angle_of_Normal_Vector+)>

d21 : <!ELEMENT Angle_of_Normal_Vector (Value)>

da2 : <!ATTLIST Angle_of_Normal_Vector ID NMTOKEN
#IMPLIED>

d23 : <!ELEMENT Number_Of_Degree (#PCDATA) >

B. An Example of XML representation for geometric object-
oriented database

This is an example of XML database for a curve. It contains
the neccessary information for comparing and searching the
curve.

Example

<Non-Rational_Curves>

<Curve Curve_ID="0" Curve_Name="Cubic_Curve">
<Blending_Function>Bézier</Blending_Function>
<Sequence_of_Control_Points>

<Control_Point ID="0">

<Px>0</Px>

<Py>0</Py>

<Pz>0</Pz>

</Control_Point>

<Control_Point ID="1">
<Px>5</Px>

<Py>5</Py>

<Pz>2</Pz>

</Control_Point>

<Control_Point ID="2">
<Px>5</Px>

<Py>0</Py>

<pPz>0</Pz>

<Control_Point ID="3">

<Px>10</Px>

<Py>5</Py>

<Pz>4</Pz>

</Control_Point>

</Sequence_of_Control_Points>
<Sequence_of_Lengths>
<Length ID="0">
<Value>7.34847</Value>
</Length>

<Length ID="1">

<Value>5.38516</Value>

</Length>

<Length ID="2">

<Value>8.12404</Value>

</Length>
</Sequence_of_Lengths>
<Sequence_of_Length_Ratios>
<Length_Ratios ID="0">
<Value>0.577091</Value>
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</Length_Ratios>
<Length_Ratios ID="1">
<Value>0.422909</Value>
</Length_Ratios>
<Length_Ratios ID="2">
<Value>0.389499</Value>
</Length_Ratios>
</Sequence_of_Length_Ratios>
<Sequence_of_Inner_Angles>
<Inner_Angle ID="0">
<Value>0.748327</Value>
</Inner_Angle>
<Inner_Angle ID="1">
<Value>0.716212</Value>
</Inner_Angle>
</Sequence_of_Inner_Angles>
<Sequence_of_Angles_of_Normal Vector>
<Angle_of Normal Vector ID="0">
<Value>2.78599</Value>
</Angle_of_Normal_ Vector>
</Sequence_of_Angles_of_Normal_Vector>
<Number_Of_Degree>3</Number_Of_Degree>
</Curve>

< /Non-Rational_Curves>

VI. EXPERIMENTS AND RESULTS

A. Comparing the equivalent of the different curves with
different degrees.

Given the control points of a cubic Said-Ball curve {(0, 0,
0), (1.5, 0, 4.5), (1.5, 0, 7), (3, 0, 1)} and the control points
of a quartic Wang-Ball curve {(0, 1, 0), (0, 2.5, 4.5), (0, 2.5,
5.75),0, 2.5, 7), (0, 4, 1)}.

Fig. 5. The same curves are in different locations. Above curve is Said-Ball
curve degree 3 and below curve is Wang-Ball curve degree 4.

To compare the Said-Ball curve of degree 3 and Wang-
Ball curve of degree 4, one needs to convert their control
points into the Bézier control points of the same degree. The
Bézier control points of Said-Ball curve computed from the
conversion matrix (12) are readily obtained by {(0, 0, 0), (0,
0, 3), (2, 0, 5), (3, 0, 1)} and the Bézier control points of
Wang-Ball curve getting from the conversion matrix (15) are
{(0, 1, 0), (0, 1.75, 2.25), (0, 2.5, 4), (0, 3.25, 4), (0, 4, 1)}.
Because the Bézier control points converted from Wang-Ball
and Said-Ball control points are not expressed in the same
degree. The Bézier control points of Wang-Ball curves have

degree 4 that is the maximum degree. Thus, we use the degree
elevation (3) to raise the degree of Bézier control points of
Said-Ball into degree 4. The Bézier controls points of Said-
Ball degree 4 are:{(0, 0, 0), (0.75, 0, 2.25), (1.5, 0, 4), (2.25,
0,4), (3,0, D}

The Said-Ball and the Wang-Ball curves can be compared by
using the proposed algorithm. The lengths between the control
points of Said-Ball curve are (2.372, 1.904, 0.7500, 3.092) and
the lengths between the control points of Wang-Ball curve are
(2.372, 1.904, 0.7500, 3.092). The ratios of lengths between
the control points of Said-Ball curve are (0.292155, 0.234534,
0.0923875, 0.380923) and the ratios of lengths between the
control points of Wang-Ball curve are (0.292155, 0.234534,
0.0923875, 0.380923). The inner angles between the control
points of Said-Ball curve are(3.058, 1.976, 1.816) and the
inner angles between the control points of Wang-Ball curve
are (3.058, 1.976, 1.816). The inner angles of normal vectors
between the control points of Said-Ball curve are (0, 0) and the
inner angles of normal vectors between the control points of
Wang-Ball curve are (0, 0). Because the measurments between
the control points of the Said-Ball and the Wang-Ball curves
are all equal, these Said-Ball and the Wang-Ball curves are
said to be equivalent.

B. Comparing the similarity of the different curves with dif-
ferent degrees.

Given the control points of a cubic DP curve {(4, 1, 0),
4.5, 0, 0.5), (0., 3, 3.5), (4, 2.5, 0.5)} and the control points
of a quartic Bézier curve {(0, 0, 0), (0, 1.5, 2.25), (1, 3.5, 4),
(2.25,3.75,4), (3, 0, 1)}.

Fig. 6. The same curves are in different locations. Above curve is DP curve
degree 3 and below curve is Bézier curve degree 4.

To compare DP curve of degree 3 and Bézier curve of degree
4, one needs to convert DP to Bézier curve by using the
conversion matrix (17).The Bézier control points of DP curve
are {(4, 1, 0), (3, 1, 1.5), (1.5, 2, 2.5), (4., 2.5, 0.5)}. Because
the Bézier control points of DP curve and the Bézier control
points of Bézier curve are not expressed in the same degree,
the degree elevation (3) can be used to raise the degree of the
Bézier controls points of DP curve into degree 4. The Bézier
controls points of DP curve degree 4 are {(4, 1, 0), (3.25, 1,
1.125), (2.25, 1.5, 2), (2.125, 2.125, 2), (4, 2.5, 0.5)}.

DP and Bézier curves can be compared by using the proposed
algorithm. The lengths between the control points of DP curve
are (1.352, 1.420, 0.6374, 2.430) and the lengths between
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the control points of Bézier curve are(2.704, 2.839, 1.275,
4.861). The ratios of lengths between the control points of
DP curve are (0.231542, 0.243126, 0.10915, 0.416182) and
the ratios of lengths between the control points of Bézier
curve are (0.231542, 0.243126, 0.10915, 0.416182). The inner
angles between the control points of DP curve are(2.699,
2.075, 1.571) and the inner angles between the control points
of Bézier curve are (2.699, 2.075, 1.571). The inner angles
of normal vectors between the control points of DP curve
are (0.5065, 0.1159) and the inner angles of normal vectors
between the control points of Bézier curve are (0.5065,
0.1159). Because only the measurment of lengths between the
control points of the DP and the Bézier curves are not equal,
the DP and the Bézier curves are not equivalent but they are
similar.

VII. CONCLUSIONS

According to the algorithm, it has been found that com-
paring two curves by using their control points can reduce the
number of comparisons because the problem was reduced from
comparing pixel-by-pixel into the problem of control point
comparisons. The proposed algorithm can compare two curves
either represented in different coordinates or after geometric
transformations, e.g., translation, rotation, mirror reflection
about an axis, scaling, or their combination. In addition, using
the XML for keeping the curve information can be used as an
intermediate format in searching for the curves. In the future,
there may be several formats for vector graphics images.
Those formats can be readily converted into XML files. In
the Internet applications, the search engine can add on this
ability to search for the vector based images. This work will
be applied in searching for the vector graphics images in the
web documents.
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