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An Application of Differential Subordination to
Analytic Functions

Sukhwinder Singh Billing, Sushma Gupta and Sukhjit Singh Dhaliwal

Abstract—In the present paper, using the technique of differential
subordination, we obtain certain results for analytic functions defined
by a multiplier transformation in the open unit disc E = {z : |z| <
1}. We claim that our results extend and generalize the existing
results in this particular direction.
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I. INTRODUCTION
I ET A, denote the class of functions of the form

oo

f2)=2+ Y az peN={123},
k=p+1

which are analytic in the open unit disc E = {z : |z] < 1}.
We write A4; = A.

A function f € A is said to be starlike of order (0 < <
1) if it satisfies the condition

%(ZZ(Z?) > ,zeLk.

Let 8*( ) denote the class of starlike functions of order
We write §*(0) = S*, therefore, S* is the class of starlike
functions (w.r.t. origin).

For I € A,, we define the multiplier transformation
Ip(n, ) as

lo(n )2 =2"+ ) (%)n az’, ( >0,ne).

k=p+1

The operator /,(n, ) has been recently studied by Aghalary
et al. [9]. Earlier, the operator /1(n, ) was investigated by Cho
and Srivastava [7] and Cho and Kim [8], whereas the oper-
ator /1(n, 1) was studied by Uralegaddi and Somanatha [1].
11(n,0) is the well-known Sildgean ([5]) derivative operator
D™, defined as:

D"[fl(z) = z+ i K"ay,z",

k=2

where n€ Ng =NU{0} and F € A.
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A function 7 € A is said to belong to the class S, ( ) if it
satisfies the condition

n—+1
ER<7D [ﬂ(z)) > ,zeR.
Dr(f(2)
In 1989, the class S, ( ) has been studied by Owa, Shen
and Obradovi¢ [10].
Uralgaddi [2] proved if f(2) = Z + ap 2™t +
1222 + ... € 85,(0) for some m, n € N, then

%(W>nil >%,Z€E.

V4

Recently, Li and Owa [6], proved the following results:
Theorem 1.1: Let F(2) = Z+ 812" + Qa2 22 +
.-+, be analytic in E and satisfy the condition

D”“[ﬂ(z))
R >
< Dr{f](2)

for some m € N and n € Ny. Then

%(Dnm(z)>il >%,Z€E.

z

2—-m(n+1)

,ZeE
2

Theorem 1.2: If f(2) = z4+8,112" P 1+ 802" 2+ €
Sn( ) forsome ,0< <1,n€Nyand me N, then for
any ,0< < 7 , the sharp estimate is

1-)
D [A(2)\" 2t
R (#> >2"m ,z€eE.

The main objective of the present paper is to generalize
certain existing results stated above using differential subor-
dination and find the corresponding generalized results for
multiplier transformation /,(n, ) in the subordination form.

II. PRELIMINARIES

We shall need the following definitions and lemmas to
prove our results.

Definition 2.1: Let f and g be analytic in E. We say that
f is subordinate to ¢ in E, written as 7(2) < g(2) in E, if g
is univalent in E, £(0) = g(0) and f(E) C g(E).

Definition 2.2: Let :C2 x E — C and let h be univalent
in E. If p is analytic in E and satisfies the differential
subordination

(0(2), 20/ (2); 2) < M(2),  (p(0),0;0) = h(0), (1)
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then p is called a solution of the differential subordination (1).
The univalent function ¢ is called a dominant of the differential
subordination (1) if p < ¢ for all p satisfying (1). A dominant
§ that satisfies § < ¢ for all dominants ¢ of (1), is said to be
the best dominant of (1).

Definition 2.3: A function L(z,t),z€ E and > 0 is said
to be a subordination chain if L(., {) is analytic and univalent
in E for all > 0, L(z, .) is continuously differentiable on
[0,00) forall ze Eand L(z, t;) < L(z, &) forall 0 < f; <
l.

Lemma 2.4: ([3, page 159]). The function L(z f) : E x
[0,00) — C, of the form L(z, 1) = a()z+--- with a(t) #

0 for all t > 0, and ¢ m |a1(t)] = oo, is said to be a
—

z L/ z

subordination chain if and only if {ﬁ
zeE and 1> 0.
Lemma 2.5: ([12]). Let F be analytic in E and let G be
anzlllytic and univalent in E except for points ( such that
"™ G(2) = oo, with F(0) = G(0). If F+« G in E,
Z— 0
then there is a point zp € E and o € E (boundary of
E) such that F(|2] < |z|) € GE), F(Z) = G( o) and

20F'(z0) = m ¢G/( o) for some m > 1.

] > ( for all

III. MAIN RESULTS

The following result is essentially due to Miller and Mocanu
[13,page 76]. For the completeness of our results, we also
prove it here with an alternative proof using subordination
chain.

Theorem 3.1: Let q, q(z) # 0,z € E, be a univalent
zq'(z
. 9(2) . N
function P, P(z) # 0,z € E, satisfies the differential
subordination

—

function such that is starlike in E. If an analytic

P 2D

< (2
P(z) 42
then :
P <qg=-exp /l:)dl‘ ,
0
and ¢ is the best dominant.
Proof: Let us define h as
2q9'(2)
h(z) = , z€E. 3)
D=

Since his starlike and hence univalent in E. The subordination

in (2) is, therefore, well-defined in E.

We need to show that P < ¢. Suppose to the contrary that P~

¢ in E. Then by Lemma 2.5, there exist points 2z, € Eand ¢ €
E such that P(Z(J) = q( ()) and ZUID/(Z()) =m ()q/( 0), m>

1. Then
Z20P'(20) — moq( o)

= , Z€ E. 4
P@) a0 @

Consider a function
Lzt =0+0%0D ,cg )

9(2)

The function L(z, t) is analytic in E for all £ > 0 and is
continuously differentiable on [0, c0) for all z € E. Now,

_( Lzyy 700
= ( z >(0,t) e q(0)

As ¢ is univalent in E, so, q'(0) # 0. Therefore, it follows

1
that a; () # 0 and ¢ m |a1(f)| = 0. A simple calculation
—
yields >
z L/ z zQ'(2)
=1+t , Z€E,
7t U0y 2€
where Q(2) = Zg;(zj) Since Q is starlike in E and ¢ > 0.
Therefore, we obtain
z L/ z
g
R< % f) >0, ze E.

Hence, in view of Lemma 2.4, L(Z, f) is a subordination chain.
Therefore, L(z, t;) < L(z &) for 0 < f; < f,. From (5), we
have L(z,0) = h(z), thus we deduce that L( ¢, {) € h(E) for
| o] =1 and > 0. In view of (4) and (5), we can write

Z()P/(Z(])

W:L( 0,m—1) & h(E),

where Zy € E, | 9| = 1 and m > 1, which is a contradiction
to (2). Hence,

P <qg=exp /ﬂlf)dl‘ .
0

This completes the proof of the theorem. |
Theorem 3.2: Let h be starlike univalent in E with h(0) =
0. Let F € A, satisty

lp(n+1, )[f(2)

1,0 A —1=<h(2), z€E, (6)
then
,3 z
(D) <qa = | (+p) [ Al
0
for z€ E, > 0. The function ¢ is the best dominant.
Proof: Let us write
8
<7/p(n, Z;))m(Z)> =r(z), z€E. @)

Differentiate (7) logarithmetically, we obtain

200 )A@ 2
B E ®)

A little calculation yields the following equality

2l (n. )[A(2) = (p+ ) p(n+1, )[A(2) = 1p(n. )[F(2).

©
By making use of (9), from (6) and (8), we have
Iy(n+1, )[fl(2) 1 zr'(2)
- = h(z).
1,0 )@ (+p g "
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As pe N, >0 and by our assumption, > 0. Therefore,
we have ( + p) > 0. Now in view of Theorem 3.1, we
obtain

where g(z) = exp| ( +p) / itt)df , it completes the
0
proof. |

IV. APPLICATIONS TO ANALYTIC FUNCTIONS

2(1- )z
For h(z) = 2= )2
is easy to check that h is starlike in E. When we make this
selection of A in Theorem 3.2, we get the following result.
Corollary 4.1: If € A, satisfies
Iy(n+1, )[fl(2) B 1+(1-2 )z
Ip(n, )[f1(2) 1-z

, where = 1, is a real number. It

, Z€E,

then

(/()W))ﬂ L (1— 2D SR,
zp

where #1, >0, are real numbers.

If we put p =1, = 0 in Corollary 4.1, we have the
following result.

Corollary 4.2: If f € A satisfies

Dfl(z) 14+(1 -2 )z

D[A(2) < - , Z€E,

then 5
D™ fl(z
(7@( )) <(1-2%CD zcE,
where # 1, >0, are real numbers.

Remark 4.3: The result in Corollary 4.2, is a generalization
of the above stated Theorem 1.2, for m = 1, due to Li and
Owa [6].

Remark 4.4: For = 5 and = 15 in Corollary 4.2,
we obtain the above stated Theorem 1.1, for m =1, of Li and
Owa [6] in subordination form which is more general than its
existing form.

When we select =
following result.

Corollary 4.5: If € S,( ), then

1
n T -
(M) < (1 — Z) 2(n+11) ,z€E,

V4

-+, in Corollary 4.2, we obtain the

where # 1, is real number.

Remark 4.6: The result in Corollary 4.5, sharpens the result
of Uralegaddi [2] and generalizes the result of Li and Owa [6].
For =0, in Corollary 4.5, we obtain the Corollary 1, due
to Li and Owa [6] for m = 1, in subordination form which is
more general than its existing form.

If we select, 1 = 0 in Corollary 4.2, we have the following
result.

Corollary 4.7: If F € A satisfies

zf'(z 1 -
()< +{ 2)Z,Z€IE,
f(z) 1-2z
then s
f
(g) <(1=2%CD zcE,
where # 1, >0, are real numbers.

Remark 4.8: The result in Corollary 4.7, is more general
than the result due Miller and Mocanu [11], Golusin [4] and

Li and Owa [6], which can be obtained by selecting = 0
1

and = 3.
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