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Almost periodic solution for an impulsive neural
networks with distributed delays

Lili Wang

Abstract—By using the estimation of the Cauchy matrix of linear
impulsive differential equations and Banach fixed point theorem as
well as Gronwall-Bellman’s inequality, some sufficient conditions are
obtained for the existence and exponential stability of almost periodic
solution for an impulsive neural networks with distributed delays. An
example is presented to illustrate the feasibility and effectiveness of
the results.
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[. INTRODUCTION

N the past few years, different types of recurrent neural

networks have been extensively studied due to their promis-
ing potential for applications in the areas of signal and image
processing, associative memories and pattern classification,
parallel computation and optimization problems. One of the
most popular models in the literature of recurrent neural
network is the following shunting inhibitory cellular neural
networks (SICNNs) with delays:

Tii(t) = —aii(t)zy;(t)
- Y CH®fij(xat)zy(t)
CHRLEN,(i,5)
+L;;(t),t >0,

xi;(t) = Q'Oij(t)yte[*ﬂo]v

1=1,2...,n,5=1,2...,m,

where C;;(t) denotes the cell at the (7, j) position of the lattice
at the t; the r-neighborhood N,.(i,j) of Cj;(t) is

N,.(i,7) = {C*(t) : max(|k —i|, |l — j|) <71 <k <n,
1 <1< m},

x;;(t) is the activity of the cell Cy;(t); L;;(t) is the external
inputs to C;(t); a;;(t) > 0 represents the passive decay rate
of the cell activity; ijl (t) > 0 is the connection or coupling
strength of postsynaptic activity of the cell transmitted to the
cell C;; the activity functions f;;(-) are continuous functions
representing the output or firing rate of the cell C*!(t), ¢;;(t)
are the initial functions.

Since Bouzerdout and Pinter in [1-3] described SICNNs as
a new cellular neural networks, SICNNs have been extensively
applied in psychophysics, speech, perception, robotics, adap-
tive pattern recognition, vision, and image processing. It is
well known that studies on neural dynamic systems not only
involve a discussion of stability properties, but also involve
many dynamic behaviors such as periodic oscillatory behavior,
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almost periodic oscillatory properties, chaos and bifurcation.
In applications, if the various constituent components of the
temporally nonuniform environment is with incommensurable
(nonintegral multiples) periods, then one has to consider the
environment to be almost periodic since there is no a priori
reason to expect the existence of periodic solutions. If we
consider the effects of the environmental factors, the assump-
tion of almost periodicity is more realistic, more important and
more general. Recently, a lot of sufficient conditions have been
given for almost periodic oscillation of SICNNs with constant
time delays or time-varying delays in the literature, see [4-10]
and the references cited therein.

On the other hand, impulsive effects widely exist in many
dynamical systems involving such areas as population dynam-
ics, automatic control, neural networks and so on. For example,
in implementation of electronic networks in which state is
subject to instantaneous perturbations and experiences abrupt
change at certain moments, which may be caused by switching
phenomenon, frequency change or other sudden noise, that is,
does exhibit impulsive effects. For significance of impulsive
effects, one can see [11-18].

Let R = (—00,00), RT = [0,00), @ C R, Q # 0 and
B={{n}eR:m < 741, k €2Z, lim 7, = oo}

k—do0
denote the set of all sequences that are unbounded and strictly
increasing.

To the best of our knowledge, the almost periodic oscillatory
behavior is seldom considered for Cohen-Grossberg SICNNs
with continuously distributed delays and impulses, which is
described by the following integro-differential equations:

z;(t) = *az‘j(%j(t)){bz’j(ﬂfu(t)

)
+ Y Yty ( Jo % K (s) %
CI'eN,(1,5)
6]
Tgl (t — S)dS) Lij (t) - Iij (t):| s
t 7& Tk ke Z,
Az (i) = ijr®ij (Ti) + Yijs
i=12....,n, 5j=1,2,....,m k€Z,
where a;;(z;;(t)) and b;;(z;;(t)) represent an amplification
function at time ¢ and an appropriately behaved function at
time ¢, respectively; w;; € C'(R,R") denote the normal and
the delayed activation functions; {7} € B, with the constants
ok ER, v €R, k€Z,1=1,2,...,n, j=1,2,...,m.
Let tp € R. Introduce the following notation:
PC(ty) is the space of all functions ¢ : [—o0,t] —
having points of discontinuity at 61,6, ... € (—oo,tg) of the
first kind and left continuous at these points.
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For J C R, PC(J,R) is the space of all piecewise
continuous functions from .J to R with points of discontinuity
of the first kind 75, at which it is left continuous.

Let z(t) = a:(t to, z0),z = (11, -, Tij, - - - s L) T
2o = (To11, - - , Tomn)® . The system (1) is supple-
mented with 1n1t1a1 values problem given by

I(to + O,t(],l’o) = Zq.

The rest of this paper is organized as follows: In Section
2, we will introduce some necessary notations, definitions
and lemmas which will be used in the paper. In Section 3,
some sufficient conditions are derived ensuring the existence
and exponential stability of the almost periodic solution. An
example is given to illustrate the effectiveness of our results
in section 4.

II. PRELIMINARIES

In this section, we shall first recall some basic definitions,
lemmas which will be used in what follows.

Definition 2.1([19]) Let x(¢) € C(R,R) be continuous in
t. x(t) is said to be almost periodic in the sense of Bohr on
R, if for any € > 0, the set T'(z,¢) = {7 : |[x(t +7) —z(t)| <
€,Vt € R} is relatively dense, i.e., for any € > 0, it is possible
to find a real number [ = [(e) > 0, for any interval with length
l(€), there exists a number 7 = 7(¢) in this interval such that
|zt +7) —2(t)] <e VEtER.

Definition 2.2([20]) A sequence x : Z — R is called an
almost periodic sequence if the e- translation set of x:

T{e,z} ={r7€Z:|x(n+7)—x(n)| <e forallneZ}

is a relatively dense set in Z for all € > 0, that is, for any given
€ > 0, there exists an integer [ > 0 such that each discrete
interval of length [ contains a integer 7 = 7(€) € T'{¢, x} such
that

lx(n+7) —xz(n)| <e forallnezZ,

7 is called the e- translation number of z(n).
Definition 2.3([21]) The set of sequences {7} }, 7} = T+, —
Tk, ky j € Z,{m} € B is said to be uniformly almost periodic
if for arbitrary € > 0 there exists a relatively dense set of
e-almost periods common for any sequences.
Definition 2.4([21]) The function z(t) € PC(R,R) is said
to be almost periodic, if the following hold:
(a) The set of sequences {Tg},T}z = Thy; — Th K, €
Z,{m} € B is uniformly almost periodic.
(b) For any € > 0 there exists a real number § > 0 such
that if the points t and t” belong to one and the same
interval of continuity of x(¢) and satisfy the inequality
[t —t"| <4, then |z(t') —z(t")] <e.
For any € > 0 there exists a relatively dense set 1" such
that if 7 € T, then |x(t + 7) — x(¢)| < e for all t € R
satisfying the condition |t — 7| > ¢, k € Z.
The elements of 7" are called e-almost periods.

()

Throughout this paper, we assume that
(H1) aij(-) € C(R,RT) and there exist positive constants a,;
and @;; such that 0 < g,;; < a;;(-) < @;; and a;; <
a;;e,1=1,2,..

y ,n, 7=12,....m

(H2) The set of sequences {le}, T]z =Thyj— Tk kK €Z,j €Z,
{7x} € B is uniformly almost periodic and there exists
6 > 0 such that én%ﬁi =60>0.
€

. . @
The sequence {c;;} is almost periodic and gi]’ -1

Qijk < %62—1, ke Z, i = 12,....n, j =
coym.

The sequence {v;;x} is almost periodic and v =
sup [k, k€Z,i=1,2,...,n, j=1,2,...,m

kez

(H3)

(Hy)

€

(Hs) bij(-) € Cl(R R) and b;;(0) = 0. There exist positive
—r

constants b, b” and Ly such that 0 < b}; < b} ;@) < by

i =1,2,...,n, 7 = 1,2,. mandforuve]R,

lggﬁi%ggm O

The functions Cigjl (t), I;;(t) are almost periodic in
the sense of Bohr and |I;;(t)] < oo, t € R, i =
1,2,....,n, j=12,....m

The functions w;; are almost periodic in the sense of
Bohr and w;;(0) =0,i=1,2,...,n, j=1,2,...,m
There exist positive constant L,, such that for v, v €
R, max |w¢j(u)7w1j(v)| < Ly|u —vl.

The delay}ernels k;; € C(R,R) and there exist positive
constants k;; such that

+oo
/ |kij(s)|ds < ki, i=1,2,...,
0

Now, we shall transform system (1) and state some nota-
tions, which will be used in later sections.

From (H,), the antiderivative of 1/a;;(z;;) exists. We
choose an antiderivative h;;(x;;) of 1/a;;(x;;) that satisfies
h”(()) = 0. Obv10usly, (d/dibm)h”(l”) = 1/&1](1'”) By
a;j(z;;) > 0, we obtain that h;;(z;;) is strictly monotone
increasing about z;;. In view of derivative theorem for in-
verse function, the inverse function hi_jl(xij) of hij(xsj) is
differentiable and (d/dx;;)h;; i) = aij(hul(f”)). By
(Hs), composition function b”(hz Jl( )) is differentiable. De-
note u;;j(t) = hij(zij(t)). It is easy to see that uj,;(t) =
wy;(t)/ai(zij(t)) and @5 (t) = h;jl(uij(t)). Substituting these
equalities into system (1), we get

ufy (8) = —bij(hyg" (ui (1))
— Z C;]]l (t)wij ( f0+oo kij (S)X

bij(U)| S Lb|u — U|.
(He)

(H7)

(Hs)

n, j=1,2,...

C9'eN,.(i,5)
(e ) ds 5 sy )
+IU( )a t# Tk
Aug( 1) = hij (14 i) i (uig (1)) + Yigee) — wij (i)
= 145 (uig (Th),
where t = 1,2,...,n, j=1,2,...,m, k € Z.

If ujj(t) #0forallt e R, i =1,2,...
from the definitions of h;;(z) and A '
mean-value theorem, we have

7n7 j = 1’27"'7m9
(2), using Lagrange

rij (wij (Tk))

hij (1 + %k)hml(uu (k) + i) — wij (Tk)
hig (1 aqgi)hi; (ugg () + vige)
(U agr)hy (g () + i

,m.

@
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[(1+ aiji)hi;' (wig (7)) + Yijk] — wij (k)
(14 i) hig (1 + i) by (i (k) + Yigi)

(1 + )byt (wi (1)) + i
hi;t (wij (1))
i \Wig\Tk)) N g
gty
hii((1+ azyk)h (u” (1)) + 'Yijk)ry
(1 + aiji)hy (uig(74)) + ik
(1 + O‘z]k)a'b] (m]k) Yijk
— -1 U; (Tk) 4+
ai; (&ijr) ! aij (Eij)
= ijki; (k) + Vijk,
where
(&) .
Aij\Sijk T e
e hi; (&ijr)
_ (1 + aiji)hy; Hui(Tr)) + Vi 3)
hag (1 + g )i (wig (7)) + Yige)
aij(mijk) = aij(hi; (Cir)) = (hi;") (Cijk)
Rt (wis (1)
] ( ]( k)) (4)
uij(Tk)
in which m;, = hy; (ngk) &iji is between 0 and (1 +
oz”k)h 1(ul](7k))+%]k, 74k s between 0 and h (U»L'j(Tk)),
and
(1 + ijk)aij (k)
! aij(ﬁijk)
Yijk
Vijk = —F7 (6)
YR ai(Gn)
where t =1,2,...,n, j=1,2,...,m, k € Z.
Then system (2) can be rewritten as
ui;(t) = —eij(uiz(t))ui;(t)
-3 ijl(t)wij( T ki (s)x
C9ILeN,(4,5)
hgl (ugi(t — ) ds) it (wij(t)) (N
+1i5(t), t # Th,
Augi( i) = pajettif(Tk) + Vijks
i=1.2,....,n, j=1,2,...,m, k €Z,
where e;;(ui;(t)) = bij(h; Y (1)) /uiy(t) for all t € R,
1=1,2,...,n, j 71727.“7

System (1) has an almost periodic solution which is globally
exponentially stable if and only if system (7) has an almost
periodic solution which is globally exponentially stable.

bij(hit (wij(t .
Let Ey(t) = eyluy(t) = 2lalw®) 5
. kY
1,2,....,n, j=12,....m
Together with the system (7) we consider the linear system
{ uj;(t) = —Eij(t)ui;(t), t# Tk,
Augj(h) = pijruig(te), k€ Z,
where te R, 1 =1,2,...,n, j=1,2,....,m
Now let us consider the equations
i (t) = —Eij(t)ui; (1),

1

@®)

Te—1 <t < 7g, {Tk}GB

and their solutions

uij(t) = uij(s) exp{ - /st Eij(0) dJ}

formp_1 <s<t<m,i=1,2,...,n, 7=1,2,....m

Then, recall [22], the Cauchy matrix of the linear system
(8) is

ex f Eij(o da},Tk_1<s<t<7‘k;

= _ k41
Wij(t,s) = [T (1 + wiz) exp{ f Eij(o do}
l=m

Tm—1 <s S Tm < T < t S Tk+1,
and the solutions of system (8) are in the form

wij(t; tos uij(to)) = Wit to)uis(to), to € R,

i=1,2,...,n, j=12,....m

Lemma 2.1 If the conditions (H;) — (Ha2), (Hs) and the
following condition:

(H) u;;(t) € PC(R,R) is almost periodic function satisfying

0 < M < inf |u;(t)| < sup jug(t)] < N,
teR teR

where M, N are positive constants, ¢ = 1,2, ...
1,2,...,m

] =

hold. Then E;;(t) = e;;(us(t)) is almost periodic, i =
1,2,....n, j=1,2,...,m
Proof: From the definition of e;;(u;;(t)), Ei;(t)

big (bt (us (1) . .
67;]'(u7;j(t)) = %, 1 = 1,2,...,71, ] =
1,2,...,m.

Case [: dE”’(t) de”(f:f(t)) = 0, then Ej;(t) = C;, where
Cij is a constant, i = 1,2, . n, j=12,....m

Hence Ezy( ) € C(R R) is almost periodic, i =

1,2,... , M.

Case I'dgjj(t) de”;"” (t)) 75 0, then E2 J (t) depends on
wi; (t ) and E”( ) € PCR,R),i=1,2,...,n, j=
1,2,.

We now check the three conditions given in Definition 2.4.

(a) With (Hy), it is trivially satisfied.

(b) For any € > 0, if ¢ and t” belong to one and the same
interval of continuity E;;(t) (¢" and ¢ also belong to one
and the same interval of continuity ;;(t)), by condition
(b) of Definition 2.4, there exists a positive numbers ;;,
such that |t/ —t"| < ¢; implies |u;;(t') — ui;(t")] <
% i=1,2,...,n, j=1,2,...,m We take § =

min  {d;;}, when [t'—t"| < §,for1 <i<n,1<
1<i<n, 1<j<m
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B bij(hi_jl(uij(t//)))'

ug;(t') ug;(t")

i (t7)big (higt (g (t))) — iy (£)big (b (wig (7)) ‘

i (¢ )uii (1)

i ()b (i (uig (1)) — iy (t)big (hiy (wig (1))
M2

N Jwag (8 )i (hiz (wig () = iy (t")bij (B (i (7))

M2
Lyl by (i (8)) i (8) — i (87)]
M2
+N‘bij(hi_jl(uij (")) — bij(hi; (wis (7))
M?
Lpaij Nui; (t') — ug ()]
M2
LyNhg (i (8)) = byt (uig (7))
+ e
Lyt Nluig(t') — ui; (t")]
M?
L@ Nui; (t') — ui (t7)]
+ e

luij (1) —uij(t")] <,

2Lb6ijN
M2
so condition (b) of Definition 2.4 is satisfied.
T2 : )
(¢) Let P = %—&—l,z:lﬂ,...,n, i=12,...,m.

It is obvious that % < 1. For any ¢ > O,
with the almost periodicity of w;;(t), by Definition
2.4, there exists a relatively dense set 7' such that if

2
T € T, then|u;;(t + 7) — wy;(t)] < Z?ngj[ﬁ for
all t € R satisfying |t — 73| > 5724 k € Z,

: ‘ 2Lya; NP’

1=12,...,n, j=1,2,...,m.

Then for all ¢ € R satisfying the condition |t — 7| > € >
M2e :

Sya, NP, Ve obtain

|Eij(t+7) — Eij (1)

- bij(hi;' (uij(t + 7)) B bij(hijl(uij(t)))‘
ui (t+7) u;; (1)
wig (£)bi (P (g (t + 7))
- i ()t + 1)
~wi(t 4 1)bi(hiy (uig (1)) ‘
uij(t)u(t +7)

IN

%'uij (£)bij (his' (uij (t + 7))
—ui(t + 7)bij (hi;' (i (t +7)))]

ij
s (4 )b (i g ¢ )
—ugj (t 4+ 7)bij (b (i (1)))]
L@ Nuij (t + 1) — wij (¢)]
M?
+N|bij(hi_jl(uij (t+7))—
M2

IN

bij (hi;' (ui (1))

2517-9934
No:3, 2013

< L@ Nui; (t + 1) — wi;(t)]
LyN |k (wij(t+7)) = hi;' (ui; (1))
+ 2
< Lyai;N|uij(t + 1) — ug(1)]
Ly@ij Nuij(t + 1) — wis(t)]
+ e

i (t + 7) — wiz(t)]

QLbﬁv;jN
VCE

< < €,

€
P;;
where ¢« = 1,2,...,n, 7 = 1,2,...,m, hence the condition
(¢) of Definition 2.4 is satisfied.

From Definition 2.4, E;;(t) € PC(R, R) is almost periodic,
1=1,2,...,n, 7=1,2,...,m. This completes the proof. W

Now from [21], we have

Lemma 2.2 If the conditions (H;) — (H7) and (H) hold,
then for each € > 0, there exist €1, 0 < €; < ¢, relatively
dense sets T of real numbers and @ of whole numbers, such
that the following relations are fulfilled:
(a) |Eijt+7)—Ej(t)<e, teR, 7eT,|t—m| >

keZ,i=12....,n, 5=1,2,...,m;

) [Cft+r)—CHB)|<e teR TET, [t—T >
keZ i=1,2,...,n, j=1,2,...,m;
(¢) |Lijt+71)—Lijt) <e, teR 7T, |t—1 >¢€

keZ,i=1,2,....n, j=1,2,...

N

(d) Jwij(t+71)—wij(t)) <e, teR, TeT,|t—T >c¢
keZ,i=1,2,....,n, j=1,2,...,m;

(€) lovijhtrq) — el < 6 q¢ € Q, k € Z, i =
1,2,....n, 5=1,2,...,m;

() Mijoeray — vigel < & q € Q k € Z, i =

1,2,...,n, j=1,2,...,m;
|T]3—T|<61, qeQ,TeT, kel
Lemma 2.3 If the conditions (H;) — (H4) and (H) hold,
then the sequences {5} and {v;;;} is almost periodic, k €
Z,i=1,2,...,n, j=1,2,...,m.
Proof: For convenience, let

2a;; N (@;; + 29”-) (@ij + Qij)N
F;; = max g?j]Vp ) Q?jMQ )
Ei]‘ (EijN2 + Qisz + Eij]bfz)
g?jJWQ ’
L. — max { 2a; Ny(@ij + a;;) @i N*v(@ij + ;)
ij = 3 172 ) 3 )
Qi VL5 Qz‘jM2
Ez‘jN’Y + QijN’y + Eijgij]\/fz
Q?jMz ’
where ¢ = 1,2,...,n, 7 = 1,2,....m, F =
19&?%91{3.7}, L= 1§igrrrll,&1u§(j§m{L”} and M=
max{F, L}.

For any € > 0, since u;;(t) € PC(R,R) is almost periodic
function, by Definition 2.4, there exists 6 > 0 such that if
the points t and ¢’ belong to one and the same interval of
continuity of u,;(t) and satisfy the inequality |t'—t"| < 6, then

|uij(t/)—ui]-(t”)\ < ﬁ,lz 1,2,...,n, j=1,2,...,m.
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With the left continuousness of 7y, take numbers €g, 77, < 7
such that 7/, and 7 belong to one and the same interval of
continuity of u;;(t), and 0 < €9 < 7, — 74, < min{é, &, =5},
i=1,2,...,n, j=1,2,....m, k € Z.

From Lemma 2.2, for ¢ < ﬁ, because the sequences
{TZ}, keZ,je€Z, {r} € B is uniformly almost periodic,
for ¢ € @ (without loss of generality, assuming ¢ > 0), let
T = ]icreu;{T,?}, implying 7 € T and 7, + 7 < Tj44, Where
the sets 7" and () are determined in Lemma 2.2 such that
0 <7 =7 =Tpyqg— T — 7 < € < min{ﬁ,d,g}.
Then 74 4+ 7 and Tj44, 7, + 7 and 7, + 7 belong to one
and the same interval of continuity of wu;;(t), respectively,
i=1,2,....n, j=12,....,m k€ Z.

By (H) and Lemma 2.2, we have

|wij (Thtq) — i (Ti)|
< g (i) = wig (T + 7))+ |wig (T + 7) = wig (Thq)|
< i (73) = wig ()| + iz (7) — wij (74 4 7))
Huij (Ti + T) = Uij (Titq)|
wij (h) — wij(Th)| + |wij (7h, + 7) — iz (73)]
g (T +7) = wi (1 + 7)]|
i (Th + 7) = i (Th4q)|

€ € € € 5e
Y AT Y Y
where i = 1,2, . nj—12 ,m, k € Z.

Let GZ]]C = (1 =4 Oz”k)h (u”(Tk)) + Vijks then Gijk
‘TU(Tk) = h (uzj(Tk )) M < ‘hu( Z]k)‘ = |uij(7_}j)|

‘ka‘ |h (uw(le_))‘ < a“|u”(7',j')\ < N, i
12 njf12...,m,keZ.Then

IN

< ©)]

Al

Gij(k+q) — Gijnl
= |[a+ av‘j<k+q>)hz§l(“z‘f(T(mq))) +Yij(k+a)]
—[(1+ cign) byt (wig (1)) + in] |
< ’hjl(uw(T(lH-q))) i (i (i)
ey hit (i (Thtg))) — Qugihi (uig (1))

+Yij(ktq) — Vijkl

< @i Ty q)) — wig ()| + |y higt (Wi (Tiret)))
alj(k+q)hu i (Tk )’
by (i (1)) = aigrhyt (ui ()|
+Vij(ktq) — Vigh]
< 2a55{wij (T(h1q)) — i (Tk)]
IRt (wig () ketq) — @ighl + igrra) — Vil
< 255w (T(retq)) — i (Ti)]
a5 wii (Te) | Qe +q) — gkl + Vige+a) — Vigwl
< 245w (T(htq)) — i (Ti)| + @i N ij(hrq) — gkl

Vi thrqy — Vigkls (10)

where t =1,2,...,n, j=1,2,...,m, k € Z.
By (3), (4) and (10), we obtain

laij (§ijrrq)) — @ig(Sijk)]
Gijhte)  Gijk

hij(Gijerq) i (Giji)

_ [hii(Gij) Gijrra) — Gisnhis (Gijgira))|
|5 (G hev) i (Gigie) |
< 1Mi(Giit)Gistrva) = his(Gisnra)) Giginra)|
< VE
|25 (Gt 4)) Gisrra) = Giikhis (Giga))|
M2

+

IN

1
272 | CGiitera)l |hij (Gigrra)) = hij(Gige)|
1
+W|hij(Gij(k+q))HGij(k+q) = Gijil

a;; N
o Gijtera) = Gigkl + N|Gijrrq) = Gigil
M2

IN

((aij +a,;;)N
QijMZ
2a;5(a; + @zj)N

Qi'MQ
aij(am +Q2]
a;; M?
(@i + a;; )N
+JW|Vz](k+q) — Yijikl (1)

*U

IN

|Gijkrq) — Gijil

IN

|wij (T(k+q)) — i (Tk)]

)N?
|ij(htg) — il

and
laij (Mijk+q)) — @iz (Miji)l
hzgl(uw(Tlﬂ—q)) B hul(u”(Tk))
Ui (Thtq) uij(7r)
|hiyt (i (Thg) g (Th) — i (Thaq) B (uig (72) |
i (Th+q) i (T1)|
izt (g (Thrq)uas (Th) = hizt (wig (Thrq) g (Thg) |
M2
’}1]1(7%] (Thotq)) iz (Thtq) —
+ e
< (it (i (Thg)) [t (Thq) — i ()|
< e
N i (T | i (i (Thg)) —
M?

IN

1(um (Tk))‘

Uij (Tk+q)}

hi;t (i (1))

2a;; N
< VR [wij (Thtq) — wig(Th)], (12)

where it =1,2,...,n, j=1,2,...,m, k € Z.
Finally, with (5), (6) and (9) — (12), for each ¢ € @,
|Hij(hrq) — Higkl
((1 + Qi hrq)) i (Mij(k+q) 1)

Qij (fz‘j(k+q))
_( (L + aiji)ai;(mige) 3
Qi (ft]k)
< 2 ‘1 + Qi k+q)Ham (Mij (k) aij (Eije)

aj;
— i (i (krq)) @i (Mijn)|
N |aij (& rra)) ais (migie) || g ) — tigin
2

az;

i (i k-0 @i (Eik) — @i (i a0 (Eij ()|

aij@ij

IN
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n @i (15 (k) ) ig (Eietra)) — @i (Eij(etq)) @i (Mg )|

ija;;
+az2j‘04ij(k+q) - @zjk|
a2.
a3
< |aij (Sijrra) — @i Sigi)| + |ais (igcerq)) — aig(mign)|
B a;;
a2 o — |
+ ij1%ij(k+q) ijk
a2.
a;;
2a;; N (@i; + 2a;;)
< ——mp () — ()
a;;
aij (@i N? + a;;N? + a;; M?)
+ a2 M2 |0tk +q) — Ctij
a;;
(aij + Qij)N
Whij(kﬂ) — Yijkl
az;
5e € €
H—+H H =
<Her T T er To
and
Yij(k+q) Yijk
\l/i'/c+ *l/i'k|: -
st ! aiEijthrq)  @ij(Eijr)
_ Vi (k) @i (i) — Vijris (Eij o))
|aij (€ij(h+a)) iz (Eijn) |
1
< o @i (€r) = Vigra) @i (Ejhra)|
az;
1
+ﬁ|%j(k+q)aij (Ejrra)) = ignais (Eijihra))|
a3
< V] aij (&jeta)) — @i (Eagr)| + TislVijeray — Vijil
- a2
az;
2a;; N~(ai; + a;;)
< (M) — i ()]
a?;
@i N*(a@ij + a;;)
T B itk — ikl
al;
+(aijN7+QijN’y+a¢jQij]\/fz)l’y ( —y k|
: ij(k-+q) — Yij
Q?JMZ ) q J
5e € €
H—+H H =
R 7 A ) R Ty
where ¢ = 1,2,...,n, j = 1,2,...,m, k € Z. Since

Q@ is relatively dense set of whole numbers, hence the se-
quences {p;;r} and {v;;;} is almost periodic, k& € Z,
1=1,2,...,n, j = 1,2,...,m. This completes the proof.
|
Lemma 2.4([21]) Let {7} € B and the condition (Hs)
hold. Then for [ > 0 there exists a positive integer A such
that on each interval of length I, we have no more than A
elements of the sequence {7}, i.e.,

i(s,t) < A(t—s)+ A,

where i(s,t) is the number of the points 7 in the interval
(s,t).

Lemma 2.5 If the conditions (H;) — (H3), (Hs), (H) and
the following condition:

(Hy) oy = gijbgj — 2A > 0, where constant A is
determined in Lemma 2.4, i = 1,2,...,n, j =
1,2,...,m.

hold, then:

(i) For the Cauchy matrix W;;(t, s) of system (8), there exist
positive numbers o;; and 3;; such that

efﬁij(tfs) < le(t,s) < 621467(1“@75)7

where BZJ = Eijggj» t>s, t,seR i=1,2,...
1,2,...,m.

Forany e > 0,t> s, t,s €ER, [t —Tx| > ¢, |s — k| > €,
k € Z there exists a relatively dense set 7" of the function
E;;(t) and a positive constant T' such that for 7 € T it
follows that

’n7-]:

a

|Wij(t+T,8+T)*Wij(t,S)| <ele™ Qij (tis),
t>s, t,seRi=1,2,...,n, j=1,2,...,m.

Proof: Because the proof of the second part of this lemma
is similar to Lemma 3 in [23], hence we will only prove the
first part of the lemma.

From the definition of F;;(t), using Lagrange mean-value
theorem, one gets

bij(hi; (ui; (1)) _ by (0i)hi;" (uij(t))
iz (t) ug;(t)
= b;;(0ij)ai;(pij),

E;(t) =

where o; is between 0 and h{jl(uij (t)), pij is between 0 and
wi(t),i=1,2,...,n, j=1,2,...,m.
Thus

ably < Eij(t) = b;(05)aij (pij) < Gijby; = Bij,
i=1,2,...,n, j=1,2,....m. (13
Since the sequence {u;;} is almost periodic, then it is
bounded. From (H3) and (5) it follows that 1 < 14 ;5 < e?
fort=1,2,...,n, 7=1,2,...,m, k € Z.
With the presentation of W;;(t,s), the last inequality and
(13) it follows that

e Piilt=s) < Wij(t,s) < (1+ uijk)“s’t)e_g”bif(t_s)
< (L g Aty )
— 24(2A—a;;b;)(t—s)
_ eer—aij(t—s)7
where t > s, t, s € R,k € Z,i = 1,2,...,n, j =
1,2,...,m. This completes the proof. |

For convenience, we introduce the notation:

f=sup|f(t)],

teR

£ = it £
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III. MAIN RESULTS Then, it follows Lemma 2.5 that
et Wt )L (s) d
o, e ool = mx Ssup| [ Wit o)z () ds
M= 1<'<mi12'< {6 - ﬁ}’
sism1gjsm | Bij — e + Z Wi (t, T )vij }
— g\ Tk )Vijk
B Iij@zA ,.yeQA et
Tasidnisism | a0 1- e { [ Wt )l d
< max sup / ii (L, 8)||1i;(s)] ds
1<i<n,1<j5<m Qjj .
C9LeN,.(i,5) +4 Z ‘Wij(thk)HVijk‘:l }
A= inf Qi <t
1<i<n,1<j<m ‘
. oo <  max {sup [/ 62A6704”'(t75)7i]' ds
where ©;; = gnﬂg{ -2 G?j(t)ww<fo kij (o) x tsismisism {ter | /-0
€ C9LEN,(i,7)
1 -1 i t Z 62A6_a”(t—m)yijk} }
hiy (et — o)) do | hiz (wi(t) + Li(t) ¢ <t
T24 24
Theorem 3.1 Assume}(that (Hy) — (Ho) and (H) hold. If < max I;je L e L _k as
M > 0, r < 1 and i < 1, then there exists a unique 1<i<n,1<j<m Qi 1 — e i

nonzero almost periodic solution of (1).
Proof: Set X = {pt) € PCR,R") : i) =
(e11(t)s -5 (1), ..., onm(t))T, where ¢;;(t) is a almost rK K
Co . A ) < < [
periodic function satisfying 0 < M < t111ﬂf@|<pij(t)| < lell < e = eoll + ol +K 1_r
€

sup |p;;(t)] < N = %, i =1,2,...,n, 5 =1,2,....m
teR

Then for arbitrary ¢ € X*, from (14) and (15) we have

Now we prove that @ is self-mapping from X* to X*.

} with the norm Firstly, we shall show that for arbitrary ¢ € X*, then ¢ €

X*. In fact
Il =, mas_{sup s (0]
19 — ol
then (X, | -||) is a Banach space. ¢ z
_ - — g:
Define an operator ® on X by = 1§i§1'};1,%)§(j§7n { ilelﬂg /_Oo Wi;(t,s) { Z Cii(s)

C9ILEN, (i)

(Q)@)(t) = (((I)HQO)(t): ) ((bijw)(t)v cey ((I)n’rn(p)(t))T7 te Rv +oo
X Wi (/0 kij (J)h;j1 (pgi(s — o)) da) X

where
D450)(1) oo s |
gl t
/ W'L] t S |: Z CZ] (S) X S max {Sup |:/ €2A67047;j(t75) %
C9'€N,(i,5) 1<i<n,1<j<m | ter oo
+oo
_ _ —gl . — _ _
wig( [ hsloh ot = o )b (o) X Chnmlel|alel o }
0 CIEN, (i,9)
+I,-j(s)} ds + Z Wi (¢, Ti)Vijk, < max e Z C’qlL kij lloll
TE<t T 1<i<n,1<j<m Qi l w
i=1,2,...,n, j=1,2,...,m. (14) COTEN,(i,])
= rllell < . (16)
Set X* be a subset of X defined by
Moreover, we get
X' ={peX:fe—¢ol < },
Sup\ Pi50)(t)]
where
_ gl
©0 = (9011, --» P0ijs --r POnm) " SUp{‘/ Wi;(t, s { Z i (s) x
C9'eN,(i,5)
and )
: s ([ Ko ot — o) o g ()
Poij :/ Wi (t, 8)135(s) ds + Z Wi (t, T )Vijk, 0
o Te<t +Il-j(s)} ds + Z Wi (¢, Ti)Vijk }
1=1,2,...,n, j=1,2,....m o<t
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62A —gl
< ..
< (] T clnmall)
C9I'eN,(i,5)
aijnwu}w
K K

<L K= =N a7

1- 1—7r
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inf [(@i50)(1)]

uellf th@[
()

hijl(@w(s)) + Lij(s } ds + Z Wij (8, T )viji

vV
=)
=8

/N

V

— sup

v

T <t
Bij(t—s) e
—Biit=5)Q.. dg \ — iy

OOC 1% S} i1612|fy”k|17€_a”

O, 2A

>  min A - =M,
1<ig<n | Bi;  1—e %

n, j=1,2,...,m. (18)

i=1,2,...,

Now, we shall prove that ®¢ is almost periodic. In fact, let
T €T, q € Q, where the sets T" and () are determined in

> Cfis) x

C9'eN,.(i,5)

(gogl(s —0)) do) X

|

TR <t

‘/_OoWij(t,s){—c > Ci(s) x

IEN, (i.])

wij /O+OO kij(0)hi;' (@g(s — o)) dd) X
S0+ 1) s
> pe{ )
tE]RJCEZ{
w{ [

Z WZJ t Tk;)]/zjk)

TR <t

}

|

Wij (t, é)@w ds}

Z Wi (b, T ) Vijk

Lemma 2.3. By Lemma 2.5, we have

[(®ijeo)(t+7) — (Pi0) (2)]
t+7

‘ W,;j(t+T,8)|:— Z Cigjl(s)x
> C9ILEN, (4,5)

wij(/0+oo kij(0)hi;t (pgi(s — o)) dd) X

o)+ Do) st 3 Wttt

—/;Wij(t,s){— >

“+oo
Wi ( /
0

+Iij(8)}

T <t+T7
gl
Gy (s) x
CI'eN,(1,5)

kij (U)h;jl(wl(s —0)) da) hfjl(tpij(s))

ds — Z Wij(t,Tk)Vijk

TE<t

t
S / ‘Wij(t-‘rT,S-‘rT)—Wij(t,S)‘

‘* ) Ci’}'l(t"’*ﬂwia‘(/oﬁo kij(o) x

C9I'EN,(4,5)

hij' (pa(s + 7 = o)) dff) hij' (@is (s 7))

t
+Iij(5+T) d8+/ \Wij(t,s)|

“+o0o
_ Z CZ%.Z(S + T)w;; </ kij(o) x
CIEN, (i.) 0
hi_jl(Spgl(S +7—0)) da) hi_jl(%j(s +7))
1 oo
+ Z Clgj (S)MU(/ ki]'(O') X
CILEN,(i,5) 0

B (omi(s — o)) do) B (i (s)

+1(s+ 1) —1;;(s)| ds

+ D Wit + 7, Tierg) = Wi (7)1 (et |
T <t

> Wi (470 Vi) — Vil
T <t

<Ce¢i=12,....,n, j=12,....,m, (19)

where

1 —gl -
°= a2, PO

Q5 C9'eN,.(i,5)
€2A —+ QFTU

Oéij

+Lykije*)az, N +

7«]

€2A

—gl - _o
—1—06” CijL’wkijaij
Y celeN, (i,5)

~T e24 }

R s

It follows from (16) — (19) that ®p € X*.
For arbitrary ¢ € X*, ¢» € X*, we can get

[®p — 29|
t
= i - g!
o 1§z‘§I7£l,&1D§(j§m { i’gkl‘? [W Wij(t,s) { Z C” (s)

C9teN,(4,5)

< [ " ks (ol — ) i )15 iy s
—/_; Wij(t,s)[— S oths) x

C9'eN,(4,5)

wi]-( /0 k(e ¢gl(sfa))da>

s

Z Aol 7
max Cij Lw kijafj
1<i<n, 1<j<m Qg ’

CIEN(i,])

IN
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<o Lswlog(0) - vs(0)l}

= rlle =9l <lle =l (20)
Then from (20), it follows that ® is a contraction operator
in X*. So, ® has exactly a unique nonzero fixed point ¢* in
X* such that ®¢* = ¢*. It is easy to verify that ¢* satisfies
(7). Thus, system (1) has exactly one nonzero almost periodic
solution. This completes the proof. ]

Theorem 3.2 Assume that the conditions in Theorem 3.1
hold. If » < A, then the unique nonzero almost periodic
solution of (1) is exponentially stable.

Proof: Let z(t) be arbitrary solution of (7) with the
initial condition x(ty + 0,t9,20) = zo, and y(t) =
(Y11 (8)s -, yi;(#)y - Ymn (t))T be the unique almost peri-
odic solution of (7) with the initial condition y(to+0, tg,y0) =
yo. Then from (14), we have

z(t) — y(t)
= Wi(t,to)(wo — yo)
/ W(t { S Cdi(s) x
CIEN,(i,5)

wij( /0 k”(a)hwl(mgl(s—a))da>h (zij(s)) ds
+ > CZ'Z(S)wij</(;+OO kij(o) x

C9'EN,(4,5)
h;jl (ygi(s — o)) d0> h;jl (vii(s)) da} ds. 21

It follows from Lemma 2.5, (20) and (21) that

[z —yll
62A67>\(t7t0)”x0 o yOH

e24
+ max
1<i<n,1<j<m ( Qyj;

IA

CILEN,(,5)

/ e M) ||z (5) — y(s)||ds

to
e2Ae A0 |z — |

t
b [N Nats) < yo)ds,

to

IN

that is

e24eMo|lzo — o

—H‘/ e x(s) — y(s)||ds.

to

lz = ylle* <

By Gronwall-Bellman’s Lemma, we have

lz = yll < e** |z — yollet V1),
So, the almost periodic solution y(¢) is exponentially stable
since 7 — A < 0. Thus the unique almost periodic solution of

(1) is exponentially stable. This completes the proof. |

IV. AN EXAMPLE
Consider the following CGSICNNs:

2,(0) = —aij(xij(t)){bij(wij(t))+ >

l
cf(t)
C9LeN,.(i,5)
X’wi]‘ ( [0

)z gt — 5) ds) ()

7Iij(t)]7 t # Tk,
17(34—4e4
Azyj( T ) = @ijraii(me) + g,
i=1,2,...,n, j=1,2,...,m, k€ Z,
where
(a") _ 3+sinu 3+ cosu
19/2X2 7 1 3 _ginu 3—cosu |’
[ 0.5¢*u  e*u
(bijhw T 1.hetu 2etu |’
0.5 1.5
(Cig)axa = { 1.5 05 } ,
(i )axa = [ 0.45+0.05sint  0.45 — 0.05sint
1922 = 10,45 4 0.05cost 0.45 — 0.05 cos
1
Wij = — |ul, K;;(t) = 6764757 i,j=1,2,

32

and (H>) holds with A = 2. Obviously,
=2, 4,5 =1,2; bfy, =bj; =0.5¢",
b, = b, = 1.5¢*,

1./
12*1712*6

/22 = 9/22 = 264,
—ql
Scoten (i.5) 0 = Scnen .50 = Scoen .50
o 1
= ECQleNl(i,j)CgQ =4, Ly =2¢" L, =

3727
111 = 112 = 121 22 — 0-57 111 2112 :l21 = 122

2
—041<a”k< 5

1, ke Z, a1l = Qllb/ll —2A
=et - 4,012 = ngblg — 24 =2¢* — 4, an = Q21Q/21
—2A = 3e* — 4, g = Agyblhy — 2A = de* — 4,

— —
Bi1 = @11by; = 2¢*, Bra = G12by, = 4e,

—r —
Ba1 = G21by; = 6, Bay = Taobyy = 8e™.

By a direct calculation, we get

2
min Oz] =04-—
1<4,5<2
0 4— =5 et 1 — etde’
I >0,
864 T 1 etde 30e8
0.5e* 1 2
K= = <1
A4 73008 T Ay ’

then % <landr < oyj,i,j =12

Now, we can see that all conditions are hold, according
to Theorem 3.1 and Theorem 3.2, system (22) has one unique
nonzero almost periodic solution which is exponentially stable.
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