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A Note on Toeplitz Matrices

Hsuan-Chu Li

Abstract—In this note, we demonstrate explicit LU
factorizations of Toeplitz matrices for some small sizes. Furthermore,
we obtain the inverse of referred Toeplitz matrices by appling the
above-mentioned results.

Keywords—Toeplitz matrices, LU factorization, inverse of a
matrix.

I. INTRODUCTION

LET T, be a Toeplitz matrix with size n, i.e.

T” = T{n;a,(n,l),a,(n,zj 82,801}
a, a, a, - .,
Y a, a, a, ,
=l a, q a, - Ay,
_an—l a,, a3 - a, |

where @_, 1y, 8, 5),""", 8,5, 8, are complex numbers [3,

p.1189]. In recent papers, many authors discussed some
properties of Toeplitz matrices. Trench[5] firstly established
the inversion of a Toeplitz matrix by a low number of its
columns and the entries of the original Toeplitz matrix.
Gohberg and Semencul [1], Gohberg and Krupnik [4] and
Heinig and Rost [2] expressed the inverse of a Toeplitz matrix
in diferent forms.

In this work, we try to obtain the explict LU factorization of a
Toeplitz matrix with size Nn=2,3,4,5 respectively. By
appling these results, we can easily calculated the determinants
of the referred Toeplitz matrix by multipling the main
diagonals of the corresponding upper triangular matrix. Finally,
we seek to establish the inverses of Toeplitz matrices by using
the following elementary fact :

For any nxn matrix A, let A; be the matrix obtained
from A by deleting the i-th row and the j-th column. Then
(1)) det(A, )

A~ =T ranspose of
det(A)
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Il. MAIN RESULT AND AN EXAMPLE
Now we are in a position to state the main theorem.

Theorem: For n=2345, T
T,=LU
matrix with unit main diagonal and U, =[U (i, j)]is an

upper triangular matrix, whose entries are defined as follows:
n=2:

, can be factored as

. where L =[L, (i, j)]is a lower triangular

2 a 1 0
T,=LU, where T, =| ° 1},Lzz & 4] and

_a1 a a,
a, a
U2 = 0 a, —a,a_,
a, |
n=3:
a, a, 4a,
T,=LU; where T, =|a, a, a,|;
a a g
1 0
a
L, =| % ;
&
2 48, —d,a, 1
2
_ao a —aa,
a, a, a_,
2
a, —a,a a,a_, —a,a
U3= 0 0 191 091 192 | and
& a
0 0 U,(33)
U (3 3) _ (ag _aia—l)(ag _aza-z) B (ailaO _aza-l)(aoa-l _aia-z)
3\ - .
2(a; —aa,)
n=4:
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1 0
Ll 1
aO
L= &8 —&3a, 1 0 | where
2
a, a, —aa,
a a,a, —a,a
& &% 788 | w3 1
a, a, —aa,

(@ -22.)68 -22,) (38 22,62, -8a,).
Lll (4!3) - 2 2 ’
) (ao _ala—l) (ao _aza-z) _(aiao _aza-l) (aoa-l _aia-z)_

ao a—l a,z a73
0 ag —aa,; 8a,-a&a, &a,-aa,
U4 = a, d, a,
0 0 U,33 U, (34)
- O 0 0 U 4 (4’4) N
2 2
U,(33= (@ —aa.)@ —&a,) —Z(a@0 ~2,,) @R, ~aa,).
(e —aay)
2 2
U,(34)= (@ —aa,)@ —aa,) _2(3130 -3,a,)@a, _aia_s);
a(a; —aa,)

U,(44={[6 —aa.)@ —a,a,) (a8 —aa,)@a, —aa,)]
X[(ag _aia—l)(ag —a3a73) _(azao _aaafl)(aoafz —a,a 4 )]
-5 -aa,)@a, —aa,) —(2,8,—aa,)@a, —aa,)]

x[(@ —aa )@, —8,2 ;) —(&a, —a,a,)@a , —aa )]}
Ha(@ -aa,)[6 -aa.)6 -aa,) (@3 -a2,)@a,—aa,)]}

n=>5:
a, a, a, a, a,

T =LU;, whereT,=|a, a a, a,; a,/|;

_a4 a3 a2 al a'0 n
1 0 0 0 0]
L.(21) 1 0 0 0
L.={LGBY LGB2 1 0 0
L.(41) L.(42) L,(43) 1 0
L.(5)) L(52 L(53) LG54 1
where i i

L2y="2,
a,
LB =22,
a,
L) =22,
a,
L(50) =2,
a,
a,a, —a,a
L5(3,2)= 120 271
a, —q,a,
a,a, —a,a
L5(4,2)= 220 37 -1
a, —a,a,
a.a, —aq,a
L5(5,2): ;20 a; 1
0~ 9%

L5(4,3) _ (ag _ala—l)(alao _aaafz)_(azao _asafl)(aoafl —813.72) .

(ag _ala—l) (ag _a'zafz)_(aiao _azafl)(aoafl _aiafz) ,
e e L B o e ) P GO
(ag - aia—l) (ag - aza-z) - (alao - aQa—l) (aoa-l - aia—z)

LG4 ={[& —aa,) @ -aa,) (a8 -a2.,)@a, -aa,)]
x[(ag —a,a,)(@; —a,a ;) —(a,3, —a,a,)(@a , —8,a ;)]
(@ -aa.) @8 -aa,)- (a8 -aa,)(@a, —aa,)]
x[(@ —aa,) @, —8, ;) —(aa, —a,a,)@a , —aa )]}
H{[6 -aa,)@ -aa,) (a3 —aa,)@a,; —aa,)]

X[(ag _aiafl)(ag _asafs) _(azao _asafl)(aoafz —a1a73)]
—[@ -aa.) @8 -aa,) (8,3 —aa,)@a, —aa,)]
x[(@ —a@ )@, —8,a ;) — (88 —2,a,) @8, —aa )]}

a0 a—l a—2 a—3 a—d
0 U (22) U.(23) U, (24) U.(25)
U,=|0 0 U.(33) U.(34) U.(35)[;
0 0 0 U, (4,4) U,(45)
0 0 0 0  Us(55)
where
2_
U5(2,2)=M;
a0
U5(2,3) — d,a, —a,a, ;
0

U5(2,4) — d,a_, —3,3 4 ;

0
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a;—aa, .

U.(25) =20

U5 (3’3) _ (ag _aia—l)(aé _aza—z) ;(aiao _aZa—l) (aOa—l _aia-z) ;
a(@ —aa,)

(a§ _ala—l) (aé _azafs) _(aiao _aZa—l) (aﬂa—Z _a1a73) .
8,(8 —aa,) '

U5 (35) _ (aé _aia—l) (808.72 —828%)2—(8180 _aZa—l) (aoafs _a1a41) ;

a(@ —aa,)

U5 (414) :{[@é _ala—l) (aé _azafz) - (3130 _a2a—l) (803.71 _aiafz)]

x[(a —a,a,)(@; —8,a.5) (8,8, —2,a,) (B8 , —aa ;)]

- —aa.)@a —aa,) (3,3 —aa,)@a, —aa,)]

x[(6; —aa,)@a, —3,a ) —(a8 —a,a,)[@a, —aa )}

a(@ -aa,)[6 -aa.) & -aa,)—(aa -aa,)@a; -aa,)]}

U5 (3,4) =

U5 (4a5) :{ [@é - aia—l) (ag - a2a72) - (3130 _aZa—l) (308.71 - aiafz)]
X [(ag —aa,)@a,; —aa,)— (a3, —a;a,)@a; —aa,)]
~[(@ -aa.)@a -aa,) — (@8 -aa,)@a, —aa,)]

{[& -aa,)@ —aa,)-(ag-aa,)@a;-aa,)]

x[(eg —a,a,)(a; —a,a ;) —(a,8, —a;a,)(@,a_, —a,a ;)]
[ -aa,)@a —aa,) (8,8 —aa,)@a, —aa,)]

x[(ag —a,a,)(@a, —8,8 ) (3,8, ~a,a,)@a , ~&a )1}

Proof. By direct calculations and are omitted.

Corollary: The determinants of T,,T;,T,, T, are listed as
follows:

2
detT, =[JU,(i.i) =a; —aa;
i=1

deff, = l_s_IUs(i, )= ®-32,)@-aa,) —{(5:180 ~32,)@R3,-32.).

detT, = f[u4(i, i)
:{[@é _313:1) (ag _azafz) _(3130 _a2a:1) (aoa& _313:2)]

X[(ag _ala—l)(ag _asafs)_(azao _asafl)(aoafz _aia—3)]
[ -aa.) @3 —aa,) — (@8 —aa,)@a, —aa,)]

@ -2, )R 2.8, ~2,2,) @2, ~aa )} & ~a)@A, 88 -3 ~aa.)@A, ~ad )]}

+Ha,(@ —aa,)[6 —aa,) @ —aa,) (33 —aa,)@a, —aa )|}

U,69) ={{[§ -aa.)@ -a2a,)-(@s -a2a.)@a,-aa,)]
x[(ag —a,a,) (@ —a,a ;) —(a,8, —a,a ,)(@,a , —8,a ;)]
-6 -aa,)@a, —aa,) (3,8 —aa,)(@a, —aa,)]

x[(@ —aa,)@a; —aa ;) —(aa —a,a,)(@a, —aa )}
{[6& —aa,) @ -a2,) (a3 —2a,) @2, -aa,)]

x[(as —a,a,)(@; —a,a,) (8,3, —a,a,) (@2 ; —aa )]
—[@ -aa.) @ -aa,)- (@8 -aa,)(@a, —aa,)]

x[(eg —aa,)@a , —a,a,) (8,3, —8,a ) @2, —aa )]}
{6 -aa,)E -aa,) (a8 -aa,) @, —aa,)]

x[(ag —a,a,)(@,8, —a,a ;) —(a,8, —8,8,) (@2 , —8,8 ;)]
-6 -aa,) @8 -aa,) (a8 -aa,)@a; —aa,)]

><[(a§ _aiafl)(aoa—l —a2a73) _(aiao _azafl)(aoafz _aia—s)]}
{[6) -aa.,)@ —aa,) (a3 —aa,)@a, —aa,)]

x[(a5 —a,a,)(@,a; —a;a_,) —(2,8, —3;a,) (8,8 ; —3,a_,)]
—[@ -aa,) @8 -aa,) (8,3 —aa,)@a, —aa,)]

x[(@ —aa,) @R, —2,a )~ (a8 —aa,) @2 ; —aa ,)]}]
{6 a2, )€ -a2.) & -aa,) (a3 -aa,) @2, -aa,)]]

—{aj(aj _ala—l)};
detT, = ﬁUS(i,i)

={{[§ -aa,) @ -a2,)-(ag -aa,)@a; -aa,)]

x[(as —a,a,)(@ —a,a 3) —(8,8, —a,a.,)(@a , —8,a ;)]
@ —aa.)@a -aa,) - (23 -aa,)@a, —aa,)]

x[(@ —aa )@, —8,2 ;) — (83 —2,a,) @8, —aa )]}
{[6 -aa,)@ —aa,) (a3 ~aa,)@a, —aa,)]

x[(es —a,a,)(a; —a,a,) (3,8, —a,a,)(@,a ; —a,a,)]
& -aa,)@3-aa,) (&8 -aa,)@a, —aa,)]

x[(es —a,a,) @2, —8,a,)—(@a, —a,a,)@a s —aa )]}
{6 -aa.)@ -aa,) (a8 -aa.,)@a,-aa,)]

x[(@; —aa,)(@a, —a,a ;) — (a8, —a,a,)@a , —aa ;)]
& -aa,)@,3-aa,) (a8 -aa,)@a, —aa,)]

X[(aé _a1a_1)(aoa-1 _aZa—3)_(a1a0 _aZa—l)(aOa‘—Z _a13_3)]}
{[6 —aa,) @ -aa,) (a3 —aa,) @2, —-aa,)]

x[(ag —a,a,) (@8, —a;a ;) —(2,8, —3;a,) (3,8 ; —3,a ;)]
- -aa.) @8 -aa,) (8,8 —aa,)@a, —aa,)]
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x [(ag —aa,)@a,-aa,)—(@a-aa,)@a;—aa,)l}]

Corollary: The inverses of T,,T,,T,, T, are listed as
follows:

(=1)" det((T,), )

Tzfl: T ranspose of >
a8y —a,

Ta_1 =T ranspose of

(D)™ det(T,);) .

(ag - aiafl)(ag - azafz) - (alaO B azafl)(aoafl - aiafz) ’
aO
()™ det(T,);)
det(T4) ; Where

defl, ={[6) -a2a,)@ —aa,) (83 —2a,)@a,—aa,)]
x[(@5 —a,a,)(@ 8,8 5) (2,8, —8,a,)(@a , —8,8 4)]
-[@ —aa,) @8 —aa,) - (a3 -aa,)@a, —aa,)]
x[(@5 —aa,)@a, —8,a ;) — (@@ —a,a,)(@a, —aa )}
g5 (& —aa,)};

T4_l: T ranspose of

(-D"™ det(Ts),)
—det('l's) ; Where

defl, ={{[6; -aa.,) @ -aa,)—(ad -aa,)@a, -aa.)]
X[(ag _aia—l)(ag —a5a4) (8,8, —a,a,) (@3, —aa )]
[l -aa,)@a -aa,) - (@3 -aa,)@a, -aa,)]
X[(ag —aa,)@a, —aa,) (a3 —aa,)(@a, —aa )]}
X{[éé —aa,) (aé —3a,) (a8 —aa,)@a,—aa,)]

X[(ag _aia—l)(ag —a,a,)— (3,3, —a,a)(@,a; —a,a,)]
(& -aa,)@3 -aa,) (@ -aa,)@a; —aa,)]

T5_l =T ranspose of

><[(ag —aa,)@a,-a,a,)—(2a,—a,a,)(@a; -aa )]}

_{ [@é _31a-1) (35 _aza-z) - (3130 _a2a—1) (303-1 _313-2)]

X[(ag _aia—l)(aiao _a4a73)_(a3ao _a4a71)(a0a72 _a‘la—B)]

—[(& —aa,) (3,8 —3a,2,) (a8 —a,a,)@a, —aa )]

><[(a§ —aa,)(@a, —a,a ;) (4,3, —a,a,)@a, —aa )]}

<{[& —aa,) @6 —aa,) (a8 —2a,) @, —aa,)]
><[(ag _aia—l)(aoa—l _asaA)_(azao _asafl)(aoafs _aiaut)]
—[(& —aa,) (@8 —aa,) (a3 —aa ) @a, —aa,)]

x [(ag —aa,)@a,-aa,)—(@a-aa,)@a;—aa,)l}]
—{83(85 —aiafl)z[(ag _313:1) (aé _aza:z) —(8180 _823:1) (aoafl _313-72)]} —{83 (ag _31‘11)2[@5 _81311) (Bg _azafz) _(3130 _323:1) (303-71 _313:2)]}

Example:

Let a, =2,a,=7,a, =4,a, =15,a, =6,

a,=2la,=8a,=28a, =10, then T, = LU,
where
6 21 8 28 10]
14 6 21 8 28
T,=14 14 6 21 8|
7 4 14 6 21
_2 7 4 14 6_
10 0 0]
Z 1 00
3
2
— 0 1 0 0
L5 =3 ;
T
6 86 258
1 0 2 01
L3 J
(6 21 8 28 10 |
0 —43 [ _1r2 14
3 3 3
U,=|0 0 2 ! 4 :
3 3 3
0o o o _593 917
774 387
0 0 0 O 0 |
and
5
detT, = [TV (i)
i=1
2 5903
=6x(—43)x=x(——)x0
< )X3X( 774)><
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