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A New class x° (M, A,) of the Double Difference
sequences of fuzzy numbers

N.Subramanian and U.K.Misra

Abstract—The aim of this paper is to introduce and study a new
concept of strong double x? (M, A, A) of fuzzy numbers and also
some properties of the resulting sequence spaces of fuzzy numbers
were examined.
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[. INTRODUCTION

HE concept of fuzzy sets and fuzzy set operations were

first introduced by Zadeh [30] and subsequently several
authors have discussed various aspects of the theory and
applications of fuzzy sets such as fuzzy topological spaces,
similarity relations of fuzzy orderings, fuzzy measures of fuzzy
events, fuzzy mathematical programming.

Let (zmn) be a double sequence of real or complex num-
bers. Then the series Z;omzl Tmnls called a double series.
The double series Z;’: n—1 Tmnis said to be convergent if and
only if the double seqflence (Smn)is convergent, where

Spn = Z:’;Zl zij(m,n =1,2,3,...) (see[l]).

We denote w? as the class of all complex double se-
quences (Tpn). A sequence & = (Zyy,)is said to be
double analytic if

1/m+n

SUPmn | Tmnl < 0.

The vector space of all prime sense double analytic
sequences are usually denoted by A2. The space A? is a
metric space with the metric

d(x7y) = SUPmn {|xmn — ymnll/m+n tm,n 1, 27 37 ......

forallz = {Zmn}andy = {ymn}inA% A sequence z =
(Zmn) is called double gai sequence if

((m +n)! | Tpp|) Y™™ — 0 as m,n — oo.

The vector space of all prime sense double
gai sequences are usually denoted by 2. The
space x? is a metric space with the metric d(x,y) =
SUPyn {((m + n)' |13mn _ ymn|)1/m+n
forallz = {Z,nn } andy = {Ypmn Fin x2.

m,n 1,23, ... ¢,

Let (2m,) be a double sequence of real or complex
numbers. Then the series Y, 1 Tmn is called a double

00
m,n=

N.Subramanian is with the Department of Mathematics, SASTRA Univer-
sity, Tanjore-613 401, India. e-mail:(nsmaths @yahoo.com).

U.K.Misra is with the Department of Mathematics, Berhampur University,
Berhampur-760 007,Orissa, India. e-mail: (umakanta_misra@yahoo.com).

Manuscript received Nov 10, 2009; revised Dec 3, 2009.

series. The double series Zf; n—1 Tmn 1s called convergent
if and only if the double sequeflce (Smn)is convergent, where
Sim = Z:"]il zij(m,n = 1,2,3,..) (see[1]). A sequence
x = (Tymp)is said to be double analytic if
SUPmn |xm”|l/ Mt < oo, The vector space of all
double analytic sequences is usually denoted by A2 A
sequence & = (Zy,,) is called double entire sequence if
|Z 1| /7™ — 0 as m, n — oo. The vector space of double
gai sequences is usually denoted by 2.

Consider a double sequence z = (w;;). The (m, n)"" section
almn] of the sequence is defined by z™" = 377" (2,S;
for all m,n € N )

0, 0, .0, 0,
0, 0, .0, 0,
%mn:
. 1
07 07 -..m’ 0’
0, 0, .0, O,

with m in the (m,n)! position and zero other

wise. An FK-space(or a metric space)X is said to
have AK property if (Sy,,) is a Schauder basis for X. Or
equivalently z[™" — 2. We need the following inequality in
the sequel of the paper:

Lemma 1: For a,b > 0 and 0 < p < 1, we have
(a+b)P <aP +bP

Some initial works on double sequence spaces is
found in Bromwich[4]. Later on it was investigated
by Hardy[9], Moricz[17], Moricz and Rhoades[18], Basarir
and Solankan[2], Tripathy[26], Colak and Turkmenoglu[6],
Turkmenoglu[28], and many others.
The notion of difference sequence spaces (for single se-
quences) was introduced by Kizmaz [14] as follows

Z(A)={z=(zg) ew: (Axg) € Z}

for Z = ¢,co and Lo, where Az = x — xp4q for
all £ € N. Here w,c,cg and /., denote the classes of
all, convergent,null and bounded sclar valued single sequences
respectively. The above spaces are Banach spaces normed by

llzll = [z1] + supi>1 |Azg]

Later on the notion was further investigated by many
others. We now introduce the following difference double
sequence spaces defined by
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Z(A) = {iC = (xmn) € 11]2 : (A{Emn) € Z}

where Z = A% and x2. respetively. Az, =

(xmn - -’L'anrl) - (merln - xm+1n+1) = Tmn —
Tmnt1l — Tmtln T Tmiing1 for all m,n € N. Further
generalized this notion and introduced the following notion.

For m,n > 1,
A (Aﬁ) ={z=(Tmn: (Ag‘xmn) € Z} for Z = A? and x?

An Orlicz function is a function M : [0, c0) — [0, 00)

which is continuous, non-decreasing and convex with

M(@©) =0, M(z) >0, forz > 0 and M (z) — oo as

x — oo. If convexity of Orlicz function M is replaced by

M(z+y) < M (z) + M (y), then this function is called
modulus function.

Remark 1:An Modulus function satisfies the inequality
M(Ax) < AM(z) for all A with 0 < A < 1.

In this article are introduce the space X2 (M,A,A)
of sequences of fuzzy numbers defined by Modulus function.

Throughout the article w?, A2 and x? represent the
classes of all, double analytic and double gai sequences of
fuzzy numbers respectively.

II. DEFINITIONS AND PRELIMINARIES
A. Definition

Let A denote a four dimensional summability method
that maps the complex double sequences = into the double
sequence. Az where the mn — th term to Ax is as follows

(Ax)k,lf =D et Lot Gt T

In [10] Hardy presented the notion of regularity of two
dimensional matrix transformations. The definition is as fol-
lows: a two dimensional matrix transformation is said to be
regular if it maps every convergent sequence into a convergent
sequence with the same limit. In addition, to the numerous
theorems characterizing regularity. Hardy also presented the
Silvermann-Toeplitz characterization of regularity following
this work Robison in 1926 presented a four dimensional analog
of regularity for double sequences in which he added an
additional assumption of boundedness. This assumption was
made because a double sequence which is P—convergent is
not necessarily bounded along these same lines, Robison and
Hamiltion presented a Silverman-Toeplitz type multidimen-
sional characterization of regularity in [11] and [25]. The defi-
nition of regularity for four dimensional matrices will be stated
next, followed by the Robison-Hamilton characterization of
the regularity of four dimensional matrices.

B. Definition

The four dimensional matrix A is said to be RH-regular
if it maps every bounded p—convergent sequence into a
P—convergent sequence with the same P—limit.

C. Theorem

The four dimensional matrix A is RH-regular if and only if
RH, : P — limy, nay,” = 0 for each m and n;
RHy : P —liMumpn > ey Dom g al = 1;
RH3 : P —limumn Y o_y |af®| = 0 for each n;
RHy : P —limpy,n > ooy |af?] = 0 for each m;
RH5 : P —limpn > ey >one |ai™| is P— convergent;
and
RHg : there exist positive numbers A and B such that

Zm,n>B |a@n| < A.

A fuzzy real number X is a fuzzy set on R, ie. a
mapping X : R — I (=10,1)), associating each real number
x with its grade of membership X (z).

A fuzzy real number X 1is said to be upper semi-
continuous if for each € > 0, X! ([0,a +¢€)), for all a € [
is open in the usual topology of R. If there exists x € R
such that X (x) = 1, then X is called normal.

A fuzzy number X is said to be convex if
X () > X (s) ANX (r)min (X (s),X (r)) where s <t < r.
The class of all upper semi-continuous, normal, convex fuzzy
normal is denoted by R (I).

The additive identity and multiplicative identity in
R (I) are denoted by 0 and 1 respectively.

Let C(R") = {A C R": Acompactandconvex}. The
space C' (R™) has linear structure induced by the operations
A+B={a+b:acAbec B}and AA = {la:a € A} for
A,B € C(R") and X € R. The Hausdorff distance between
A and B of C (R") is defined as

0o (A, B) =
max {supaeainfoep ||a — b|| , suppe pinfoca |la — bl|}

It is well known that (C (R™), o) is a complete metric space.
The fuzzy number is a function X from R"™ to [0,1] which
is normal, fuzzy convex, upper semi-continuous and the clo-
sure of {x € R™: X(x) > 0} is compact. These properties
imply that for each 0 < a < 1, the a—level set [X]* =
{r € R": X(z) > «a} is a nonempty compact convex subset
of R", with support X¢ = {z € R" : X(z) > 0}. Let L (R")
denote the set of all fuzzy numbers. The linear structure of
L (R™) induces the addition X + Y and scalar multiplication
AX,\ € R, in terms of a— level sets, by |X +Y|* =
| X +Y]*, ]AX|" = A|X]|* for each 0 < a < 1. Define,
for each 1 < ¢ < o0,

1/q
dy (X,Y) = ( i e (X, YY1 da) , andds =
SupOSaSldoc (Xav Ya) )
where 0o is the  Hausdorff  metric. Clearly

doo (X,Y) = limg_oody (X,Y) with d;, < d,, if ¢ < 7.
Throughout the paper, d will denote d, with 1 < ¢ < oo.

A fuzzy double sequence is a double infinite array
of fuzzy real numbers. We denote a fuzzy real-valued double
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sequence by (X, ), where X,,,, are fuzzy real numbers for
each m,n € N. Let s denote the set of all double sequences
of fuzzy numbers.

We give the following definitions for fuzzy double
sequences.

D. Definition

A double sequence X = (X,,,) of fuzzy numbers is said to
be gai in the Pringsheim’s sense or P—convergent to a fuzzy
number 0, such that

d (((m+ n)! |an\)1/m+" ,6) =0asm,n — oo,

and we denote by P — limX = 0. The number 0 is called
the Pringsheim limit to X,,,,.

Let x2 (F) denote the set of all double gai sequences of
fuzzy numbers.

E. Definition

A double sequence X = (X,,,) of fuzzy numbers is
analytic if there exists a positive number M such that
d (\an|1/m+",xo) < M for all m and n,

d(X,Y) =
SUDm,n {|an _ Ymn|1/m+n ‘m..mn=1,2,3,-- } —

SUPmnd (\an|1/m+" ,XO) < 00.

We will denote the set of all analytic double sequences by
A2 (F).

In this paper we introduce and study the concept of
strong double X2 (M, A,A)— summable and also some
properties of this sequence space is examined.

Before we can state our main results, first we shall
present the following definition by combining a four
dimensional matrix transformation A and modulus function.

E. Definition
Let M be an modulus function and A = (a}}") be a

non-negative RH-regular summability matrix method. We

now present the following double sequence spaces:

X2 (M, A, A, p) (F) =

XES : —llmwzmn 0.0 Og"

[M (d<<m+n>'\Anxm\)”’"*" ﬁ)r’" " =0, forsomep >0,

p

mn

A2(M7A7A7p)(F):X€9 Supk,[,mnzmn OOake
LM (d<|Auxm|)“m+",xo)}”"’ " < oo,

orsome p > Op
where Ay; = SUPr,s=1and\ or 0 {d (Xm,n> mer,nfs)}
0(z)=1,ifz=(0,0,--- =0),= 0, otherwise.
Let us consider the few special cases of the above definition:

(1) M (X) = X then we have

Xes'

X (A, A p) (F) = t P —limge Zif,’fiio,o apg”
man =\ Pm.n

( m+n |A11an|)1/ * 70) :07

A2 (M, A A p)(F)=X € s SUPK £,m,n Z(::,?:0,0 ap

Pm,n

(d(|A11X’an1/nL+n 7X0) < 0.
(2) If ppy, =1 for all (m,n) we have
X2 (M, A D) (F)=X €5t P—limgyY oty gapy

[0 (Al 5] ) i,

A2 (M, A A) (F) =X €5 ¢ suprtmm Ym0 04y
1/ m+n
[M (d(lAuXm,,g) [ ,xo)} < o0, forsomep > 0.

(3) If we take M (X) =
we have

X and py,, =1 for all (m,n) then

mn

X (AA)(F)=X e s’ P— limy ¢ Z;o,’siooake
( m + TL |A11an|)1/m+n 76> = Oa
A2

(A A) ( ) X e ‘5 L SUPE L,mn Znoj::;o:0,0 azzn
( |A11an /m+n 7X0) < 0.

(4) If we take A = (C,1,1) we have

X2 (M, A p) (F) =X €5+ P—limy s b 000

[M (d((m+”)!‘A11p)(7""‘)l/ i ’0)} =0, forsomep > 0,

" k—1,4—1
A2 (Ma Aap) (F) = X €s : Supk,f,m,né Zm,n:0,0

1/m+n Pm,n
[0 (A0 "0V L o forsomep 0,

(5) If we take A = (C,1,1) and pp, = 1 for all
(m,n) then we have

X2 (M,A)(F) =X €5« P—limpofs b 000

[M (d<<m+n>!mupxm\>1/m+"76)} =0, forsomep >0,

A2(M,A)(F)=Xes": supk,gym_,nﬁ an_nl:zgé

1/m+n
[M (d(lA“X"‘"ﬂl) ’XD)] < o0, forsomep > 0.

(6) If we take A = (C,1,1) M (X) =
all (m,n) then we have
k—1,6—1

X (A) (F) X € S limklﬁ Zm,n:0,0
(d m+n) |A11an|)1/’”+” ,6) —0,

X and p,,, = 1 for

" k—1,0—
AN (A (F)=X€s Supk,é,m,nkig Zm,/,lbzo,(l)

(d (|A11an\)1/m+n ,XO) < 00.

(7)Let us consider the following notations and definition. The
double sequence 0, s = {(m,,ns)} is called double lacunary
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if there exists two increasing of integers se quences such that
mo =0,h, =m, —m,_1 — 00 as r — 00,
ng=0,hs =ns —Ng_1 — 00 as § — 00,

and let h,., = hyhs, 0, is determine by I, =
{(4,7) 1 kre1 <i <k, & mg_1 <j<mng}.If we take

1 : .
mn _ ) T if (m,n) € L;
0, otherwise

We are granted

X2 (0,M,A,p)(F)=X € D D

1/m+n g Pm,n
[ (A X8V [P 0 forsome > 0,

—lzmrg}

A2(07M7A7p)(F):XGS Suprskéh Z(mn)e[,s

1/m+n Pm,n
[M (d“A“X"“}P ’XO)} < 00, forsomep > 0.

m,n

(8) As a final illustration let a,’ =
- 1fme[—[z—/\ +1z]
andn € I; = [j — \j + 1,7];
0, otherwise

where A;; by Ajuj. Let A = (\;) and p = (p;) be two
non-decreasing sequences of positive real numbers such
that each tending to oo and A\;11 < A, + 1, A = 0 and
ti+1 < p; + 1,41 = 0. The our definitions reduce to the
following

X2 ()‘7M7Aap) (F) =Xes P_limV,JA Z(mn)el
1/m+n 7 Pm,n
[0 (A S P

p
A? ()\,M,A,p) (F) =Xe s Suplﬂké)\ Z(m n)el; ;

1/m+n Pm,n
[M (d“A“X"‘"I) ’XO)} < o0, forsomep > 0.

p

The following inequalities will be used throughout
the paper. Let p = (py,n) be a double sequence of positive
real numbers with 0 < pnn < SUPMWPm,n = H and let
c=maz {1,287}

III. MAIN RESULTS
A. Theorem

If M be an modulus function then x2 (M, A, A, p) (F) C
A2 (M7 AaAyp) (F) :
Proof: Let us choose X in x? (M, A, A,p)(F) then there

exists some positive number p; such that
mn

P —limpg,e >0 000 a7
[M (d((m+n)!\A11an\)1/m+",ﬁ>}pm’"'

P
=0.
Let define p = 2p;. Since M is non-decreasing and convex,
we obtain the following

00,00 A(| A1 Xonp )Y/ ™+ 0\ 1P
ST CENES P
ZOO ,00 1 g

m,n=0,0 2Pm,n ké :
|:]\/[ (d(<m+n)!‘A11an‘)1/7"'+H’XO) + ]\/j <d(X0’O)):| |

p p

50,00 d((m+n)!|A Xm\)1/m+" X0\ P
S C Zm,n:O 0 aké |:M ( H +

d N
szn OOakE [< (:

m+4n Pm,n
e e L e e

p

d(Xo,0) H
Cma:v{l, [M (%)} Zfrffooaﬁ"}-
Since A is RH-regular we are granted that
X € A?2(M,A,A,p) (F). and thus completes the proof.

B. Theorem

M 1 0 < nfpmn < Pma < 1 then
X* (M, A, A,p) (F) € X* (M, A, A) (F)
QIf 1 < prn < suppmn < oo then x2 (M, A, A) (F) C

X2 (M, A, A p) (F)

00,00 d((m+n)! A1 Xma )/ ™™ 0
Zm n=0,0 ak( M p S
ZOO 0o amn M d((m+’ﬂ)!|Auan|)1/m+",6 Pm,n
m,n=0,0 “k{ »

and hence X € x2 (M, A, A,p) (F).

(2) Let py, , > 1 for each (m,n) and Supy, npmn < 00. Let
X € x2(M, A, A) (F). Then for each 0 < € < 1 there exists
a positive integer /N such that

e 1 (Ao <

for all m,n > N. This implies that

1/m+n Pm,n
D omine0,0 Gt | M (d((m+n)!|A“f”‘"l) 0 <
00,00 d((m4+n)!|A11 Xmn 1/'"+”,6
Zmn OOG‘IM M((( E p s )
Thus X € x%2(M,A,A,p)(F). This completes the
proof.

The following corollary follows immediately from the
above theorem

C. Corollary

Let A = (C,1,1) double Cesaro matrix and let M be an
modulus function.

() If 0 < infpmn < Pmn < 1 then
xX* (M, A,p) (F) C x* (M, A)(F).

2 I 1 < Pm,n < SUPPm,n < oo then

IV. CONCLUSION

Classical ideas of double gai sequences connected with
difference sequence of fuzzy numbers.
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