International Science Index Vol:3, No:7, 2009 waset.org/Publication/12569

International Journal of Engineering, Mathematical and Physical Sciences

Vol:3, No:/, 2009

A New Class I (M, ¢, A%, p)" of The Double
Difference Sequences of Fuzzy Numbers

N.Subramanian and C.Murugesan

Abstract—The double difference sequence space
I? (AL ®, Aﬁ7p)F of fuzzy numbers for both 1 < p < o
and 0 < p < 1, is introduced. Some general properties of this
sequence space are studied. Some inclusion relations involving this
sequence space are obtained.

Keywords—Orlicz function, solid space, metric space, complete-
ness.

I. INTRODUCTION

HE concept of fuzzy sets and fuzzy set operations were
first introduced by Zadeh [11] and subsequently several
authors have discussed various aspects of the theory and
applications of fuzzy sets such as fuzzy topological spaces,
similarity relations of fuzzy orderings, fuzzy measures of fuzzy
events, fuzzy mathematical programming.
Let (X,nn) be a double sequence of real or complex num-
bers. Then the series Z;’;n:l Xmnis called a double series.
The double series > > Xmnis said to be convergent if and

m,n=1
only if the double sequence (S, )is convergent, where

Smn = o002y Xij(m,n=1,2,3, ...) (see[1]).

We denote W2 as the class of all complex double sequences
(Xmn)- A sequence X = (X, )is said to be double analytic if

SUDmn [ Xomn | ™" < 0.
The vector space of all prime sense double analytic se-
quences are usually denoted by A2, A sequence X = (Xmn)
is called double entire sequence if

[ Xonn| /77 — 0 as m, n — oo.

The vector space of all prime sense double entire sequences
are usually denoted by I'2. The space A% as well as I'2 is a
metric space with the metric

d(X, y) = SUDmn {|xmn — Yo m 0 1,2,3, }
M

forall X = {X;un } and ¥ = {Vimn} in T2

Let (Xmn) be a double sequence of real or complex
numbers. Then the series ano,n=1 Xmnis called a double
series. The double series Zf:mzl Xmn 18 called convergent if
and only if the double sequence (S,,,) is convergent, where
Smn = szjzl X;;j(mn =1,2,3,..) (see[1]). A sequence
X = (Xumn) 18 said to be double analytic if
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SU,Dmn\an|1/ MM < oo, The vector space of all

double analytic sequences is usually denoted by A2 A
sequence X = (Xpy,) is called double entire sequence if
| Xpn| /™™ — 0 as m, N — co. The vector space of double
entire sequences is usually denoted by T'?.  Consider a
double sequence X = (x;;). The (m, n)t" section X"l of
the sequence is defined by xl"" = S iitoXij ij for all
m, n € X, where

0, 0, .0, 0,
0, 0, .0, 0,

o = | with 1 in the (m, n)t*
0, 0, .1, 0,
0, 0, .0, 0,

position and zero other wise. An FK-space(or a metric
space) X is said to have AK property if ( ,,5) is a Schauder
basis for X. Or equivalently xI™™ — x. We need the
following inequality in the sequel of the paper:

Lemma 1: For a,b,> 0 and 0 < p < 1, we have
(a+bP < a4+ b

Some initial works on double sequence spaces is found
in Bromwich[3]. Later on it was investigated by Hardy [5],
Moricz [7], Moricz and Rhoades [8], Basarir and Solankan
[2], Tripathy [9], Colak and Turkmenoglu [4], Turkmenoglu
[10], and many others.
The notion of difference sequence spaces (for single se-
quences) was introduced by Kizmaz [6] as follows

Z(A)={x=(xx) € W: (AXy) € Z}

for Z = ¢ ¢ and o, where AX; = X; — Xp41 for
all K € N, Here W, ¢ ¢y and ., denote the classes of all,
convergent,null and bounded sclar valued single sequences
respectively. The above spaces are Banach spaces, normed by,

x| = |x1| 4 Supk>1 | Axg]|

Later on the notion was further investigated by many others.
We now introduce the following difference double sequence
spaces defined by

Z(A) = {X=(Xmn) € W?: (AXmn) € Z}

where Z = A? and T2 respetively. AX,, =
(an - anJrl) - (Xerln - m+ln+l) = Xmn — Xmn+1 —
Xm+1n + Xm+1n+1 for all m, n € X, Further generalized this
notion and introduced the following notion. For m,n > 1,
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Z (A1) = {Xx= (Xmn: (AUXmn) € Z} for Z = A2
and T2 where AfXp, = AAE" X, = A" Xy, —
Agm 1an+1 - A'A—;m 1X’m+1n + Axm 1Xm+1n+1'

An Orlicz function is a function M : [0, 00) — [0, 00)
which is continuous, non-decreasing and convex with
M(@0) = 0, M(x) >0, for x > 0 and M(X) — oo as
X — oo. If convexity of Orlicz function M is replaced by
M(x+y) < M(x)+ M(y), then this function is called
modulus function.

Remark 1:An Orlicz function satisfies the inequality
M( x) < M(x) forall with0 < <1.

In this article are introduce the space I'? (M, , A#, p) of
sequences of fuzzy numbers defined by Orlicz function.

Throughout the article (W?)¥, (A%)F and (I'?)F represent
the classes of all, double analytic and double entire sequences
of fuzzy numbers respectively.

II. DEFINITIONS AND PRELIMINARIES

Let D be the set of all bounded intervals A = [A, A|
on the real line R. For A, B € D, define A < B if and only
if A<Band A< B, d(A B) =max{A—- B A—B}.

Then it can be easily see that d defines a metric on D and
(D, d) is complete metric space.

A fuzzy number is fuzzy subset of the real line R which
is bounded, convex and normal. Let L(R) denote the set of
all fuzzy numbers which are upper semi continuous and have
compact support, i.e if X € L(R) then forany € [0,1], X¢
is compact where

s _ [ XM= if0< <1,
Ut X(t) >0, if =0

Foreach0 < < 1,the — level set X“ is a nonempty
compact subset of R. The linear structure of L(R) includes
addition X + Y and scalar multiplication X, ( a scalar)in
terms of — level sets, by [X + Y]* = [X]* 4+ [V]® and
[ X]= [X]* . foreach0< <1,

The additive identity andmultiplicative identity of L(R)
are denoted by 0 and 1 respectively. The zero sequence of
fuzzy numbers is denoted by .

Define a map d L(R) x LRy —

d(X, Y) = SUpOSO,Sld(Xa, Ya) .

For X, Y € L(R) define X < Y if and only if X* < Y
for any € [0,1]. It is known that (L(R), d) is a complete
metric space.

A sequence X = (X,,) of fuzzy numbers is a function
X from the set R of natural numbers into L(R). The fuzzy
number X,,, denotes the value of the function at m, n € N
and is called the (m, n)** term of the sequence.

A sequence E is said to be solid if (¥,,) € E, whenever
(Xmn) € E and |Yimn| < [Xmn|, for all m,ne X,

A sequence E is said to be monotone if E contains the
canonical pre-images of all its step spaces.

Lemma 2: A sequence space £ is monotone whenever it is
solid.

R by

Let 4y be the class of all subsets of N those do not
contain more than (Sg) number of elements. Throughout
{ sq} is a non-decreasing sequence of positive real numbers
such that MmN 41001 < (M+1)(N+1) p for all
m, n € X. The space

FQ( ) = (Xmn) € W 5Upsq21,0€¢sq¢%q Zmne(; | Xnn
0asmn— oo

Lindenstrauss and Tzafriri [12] used the idea of Orlicz
function to construct Orlicz sequence space

M= {xe W:Ziozlm("”%') < oo, forsome >0},

where W denotes all real or complex sequences.

The space j; with the norm

HxH:/nf{ >0:Z:°:1M("‘/—f‘)§1},

becomes a Banach space which is called an Orlicz
sequence space. For M () = # (1 < p <o), the spaces
M coincide with the classical sequence space 5. In this
article we introduce the following difference sequence space
2 (M, anp)" =

_ . . _ p/m+n
(A" X — AL Y0.0) } _

X= (an) : i ZmnEo’ M ( P

0asm,n— oo, for some >0for0 <p < oc.

III. MAIN RESULTS
A. Proposition

If d is a translation invariant metric on L(R) then
Hd(X+Y,0) < d(X0) 4+ d(Y,0) ()d( X0 <
| 1d(X,0),] | >1

B. Proposition

The sequence space I'2 (/\/l A p)F is a complete metric
space under the metric d(X, Y) = foﬁzl Ad(Xonn, Yin) +
inf( >0: SUps7q21gggsq¢%q

A(AL Xy —AE Y0
(Zmnéa M ( ( . P . )
for X, Y € I’ (M, ,Aﬁ,p)F, >L,u>land1<p<oo
are the sequence of sequence of fuzzy numbers.

pimen < 1)

Proof:Let  {X®¥} be a cauchy
2 (/\//, ,Ag”,p)F. Then given any > 0 there exists a
positive integer N depending on  such that d (X, X(@)) <
for all p > N and for all ¢ > N. Hence
Sty @ (XS0, X0 +
inf( >0: SUp57q21gggsq¢%q

d(ALX5, —ALYE) 0) \ \p/mtn
Zm’I’LGG'M< . P . )p/ + S 1)
< forall /i, j >N ‘ ‘
which implies that, Y23, d(X{h, X5h) < for al

i,j > RN, and finally we get E’(X,(,QZLX,(,{,)L) < for all

sequence  in

1/m+n N
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i,j > N. Consequently {Xr(é)n} is a Cauchy sequence in the
metric space L(R). But L(FR) is complete. So, X9, = Xon
as / — oo. Hence there exists a positive integer iy such that
inf( >0: sups,qzlaegsqﬁsq

d(arx () _Ary (@ G
Zmne(’M (d( ’“{Xm,np EY0n 0)))p/m+n <1< for all

i > ly. Now

S 3 X6 +
inf( >0: Sflps,qzlvgegsqi )
5 g M (AEEEZE00)
That is (Xp,) € T2 (M, ,A‘W‘,p)F. This completes the
proof.

))P/m+"§1§ + =2.

C. Proposition

The sequence space I'” (M, A, ,D)F is not solid in
general, for 0 < p < oco.
Proof: The result follows from the following example.
Example:Let = 3,4 = 2,p = 2. Let X,,,, = 77 for all
mneNand 4 = for all 5,q € N. Let M(x) = X,
for all X € [0, 00) . Then, we have d (A3X,,,0) = 0, for all
m, n € X. Hence we have

1
SUPS,qzltTE%sq E

_ _ 2/m+n
d(A3 X mn,
Y mnce M UA5Xmn.0) 3p O)) — O0asmn —

oo, for some >0

which implies that, (Xyn,) € T2 (M, ,A%,2)" . Consider
the sequence (X, ) of scalars defined by ,,,,=1 for m, nis
even and 0 otherwise. Which implies that ,,,, X},,,= 771 for
m, n is even, 0 otherwise, which implies that

— AZXmn,0 man
Sups,qzlaei‘fsq%Zmneo(d M U%)))Z/ + 7L>
0asm, n — oo, foranyfixed >0
which shows that ( Xn.,) € I'? (M, ,Ag‘,p)F

r? (M ,Aﬁ,p)F is not solid in general, for 0 < p < oo.
This completes the proof.

. Hence

D. Proposition
N\ F C N F
2 (M, AL =T (M, éALWp) ,forall 1 < p < oo.
Proof:Let X € I (M, ,A#)" , then we have,

1
SUPs,q>10€9.4 3,
_ . _ 1/m+n
3 Iy (d(A;xm,o)
mneo P
m,n— oo, for any fixed >0.

Hence, for each fixed s, g and € S , we have, for > 0;

— _ 1/m+n
d(AE X mn,0)
{(ﬁ]‘;qunEa{M< ( ’Yp )} } S
(arx,.,.0) )"
{q&i‘qu'nEU{M< ( P )) }

— 0 as

_ _ 1/p(m+
) (4855 0) fptmm)
Sup&qzlde(\\fxqﬁ ZmnEcr P -

0asm,n— oo.
Which implies that, X € T'? (M, ,Aﬁ,p)F ,for1 < p < oo.
This completes the proof.

E. Proposition

r2(Mm, ,anp)" S T2(M, A% p)", if and only if
Supsqzl isq
Proof: First, suppose that SUpg4>1 ()‘f:) = K < oo, then
we have, o4 < K . Now, if (Xpn) € T2 (M, ,Ag,p)F,
then

)<oo,f0r() < p < oo.

sq

— —= p/(m+n)
d(AL X ,0
1 mn
5Up51q210€%sq¢75q ZmnEcr M ( ( = o )) -

0asm,n— oco.

1 (A5 Xmn0)
Sups,qZhTE%sqm ZmnEo M T
0asm,n— oo. »
(i.e) (Xmn) € F2F(/\//, Ak, p) . Hence I'? (M, , Ak, p)~ C
(M, Ak p) .

—

)p/(m+n)

Conversely,  suppose that T (M, ,Ag,p)F C

r2(m, ,Ai;,p)F . We should prove that SUPs 4>1 (¢Sq) =

Xsq

SUPs,g>1 sq < ©00. Suppose that SUDs >1( sq) 0.
Then there exists a subsequence ( 5,4,) Of ( )
such that  /im; j oo ( s,q;) = oco. Then for
(Xmn) € T2 (M, ,A‘W‘,p)F, we have,

_ N\ y P/ (metn)

d(A" X0
SUpS-,quUegsqx%q Zmnea {M (¥> 2

= = p/(m+n)
Nsiq d(AK X n0,0)
SUPs,q>10€S.44 (¢Si:j) Zmnef {M ( . P )}
(0.9]

_ _ p/(m+n)
. d(AY Xm0
(i.e)SUps ¢>10€3,, ﬁ ZmneU {M (%) } -

oo, which implies that (Xmn) & T2 (M, ,A%p)", a

contradiction. This completes the proof.

Corollary:I'? (M, ,Aﬁ;,p)p =TI?(Mm, ,A“,p)F, if and

only if SUPs g>1 ( sq) < 00 and SUDPs g1 ( ;qfs < 0o, where
sq = ;’z”‘ for 0 < p < 0.

1
sq

E Proposition
F

» (MAR)™ C T2 (M, AL p)
1< p<o0.
Proof: By taking M(x) = XP,forl < p <ooand 4, =1 for

F F

all s,q €, we get that I (M, A%, p)" = 2(M,A#)" .
So, the first inclusion is proved. Next; suppose that,
(Xmn) € T2 (M, ,Af;,p)F . This implies that

e (v, A", for

_ _ py 1/p(m+n)
d(AL Xnn,0
Sups,qEIUE%sqqa%q Y mneo { <M ( (8 o ))> } -

0as m n— oo.
For s, g = 1; then there exists a positive integer K such that
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p

_ _ 1/(m+n)
{M(w)} SK ,mne ,

which implies that

= _ 1/(m+n)
SUPs g>1 {M (M) } < 00.

P

Thus we have that (X,,,,) € A2 (/\/l Afy‘)F . This completes
the proof.

IV. concLUSION

Inclusion relations and general properties involving the
double difference sequence spaces are obtained and also
r2(m, ,Aﬁj,p)F of fuzzy numbers for both 1 < p < oo
and 0 < p < 1, is introduced.
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