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 
Abstract—An analytical 4-DOF nonlinear model of a de Laval 

rotor-stator system based on Energy Principles has been used 
theoretically and experimentally to investigate fault symptoms in a 
rotating system. The faults, namely rotor-stator-rub, crack and 
unbalance are modeled as excitations on the rotor shaft. Mayes 
steering function is used to simulate the breathing behaviour of the 
crack. The fault analysis technique is based on waveform signal, 
orbits and Fast Fourier Transform (FFT) derived from simulated and 
real measured signals. Simulated and experimental results manifest 
considerable mutual resemblance of elliptic-shaped orbits and FFT 
for a same range of test data. 

 
Keywords—A breathing crack, fault, FFT, nonlinear, orbit, rotor-

stator rub, vibration analysis.  

I. INTRODUCTION 

ESIGN and vibration control of rotating machines require 
prediction of dynamic characteristics; resonance 

thresholds, stability limits, participating modes and 
interactions of machine parts in the sub-critical and in super-
critical regimes [1]. Rotor-stator rub involves several 
phenomena; impact, friction, and stiffness modification among 
others. Rub forces significantly affect system’s stability limits 
[2]. 

A rotor-stator rub diagnostic model and experimentally 
dynamic characteristics were reported in [3]. This model has 
gained a wide application to-date. 

A model of torsional-lateral vibrations with rotor-to-stator 
rub was proposed in [4]. Rub was simulated as elastic impact-
contact, and rub forces represented by friction coefficient, 
normal and tangential forces at rotor-stator contact point. The 
system response orbits show clearly the rotor-to-stator impact 
contact in the start-up period. 

A multi-mass model to assess the degree to which chaos is 
distributed in a rotor- stator system was developed in [5]. 

An analysis of rotor-stator rub done on system bifurcation 
using various damping ratios, Poincare map and FFT spectrum 
in [6] revealed predominance of rub at the bottom of the 
clearance circle at a low rotor speed. A quasi-periodic model 
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of a rotor with a bearing clearance using Harmonic Balance 
Method has been reported in [7]. A subsequent stability 
analysis revealed system’s nonlinear features. 

Rotor-stator rub was modeled and stiffening of rotor shaft 
quantitatively investigated in [8]. Change in transient stiffness 
served as a sufficient indicator of rub-impact.  

Rotor-stator rubs and the often-neglected axial force effect 
in a Lagrangian formulation were analyzed by FFT [9]. 
Simulation at a constant shaft speed failed to indicate most of 
the nonlinear phenomena. At non-uniform speed, nonlinear 
features including bifurcation and chaos were observed. 

The vibration behavior of unbalanced rotating shaft while 
passing via critical speed has significant interest in detecting 
malfunction of rotating machines. The unbalance may occur 
due to factors such as rotor fatigue crack.  

Gash considered the non-stationary mechanism of a closing 
crack with various flexibilities for open and closed cracks 
[10]. While Grabowski suggested that non-linearity does not 
affect the crack, response since the cracks opens and closes 
continually with the rotation [11]. 

Recently, several authors have shown interest in 
accelerating cracked rotor dynamics. Analysis of the cracked 
shafts vibration focuses on, acceleration or deceleration phases 
of the shaft, passage via the critical speed and coupling 
between diverse vibrations modes [12]. In [13], a detailed 
analytical and experimental investigation on a cracked shaft 
was reported. The open-closure behavior of a transversal crack 
was simulated by a cosine function. 

Thematic analysis presented in the current work concerns 
the understanding of complex coupled dynamics of 
unbalanced rotors, and the intermittent interaction of the rotor-
stator in presence of transverse crack. 

Experimental data for the investigation is obtained by 
measurements taken on RK-4 rotor kit. The crack simulators 
two radial orthogonal springs were used. An eccentric mass 
and a screw were used to induce unbalance and rotor-stator 
rub respectively. In this analysis, the model in [4], [9] is 
adopted. The basic system layout is shown in Figs. 1-3. 
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Fig. 1 Motor-shaft-disc –stator-transverse crack and axial force 
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Fig. 2 Section view of disc on the shaft in inertial, rotating and motor 

coordinates (ܺ, ,ݔ) ,(ܻ ,௠ݔ) ,(ݕ  ௠) respectivelyݕ
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Fig. 3 Geometry of rotor, rubbing impact forces and a clearance 

II. FORCES ACTING ON THE ROTOR’S SHAFT 

Applying the approach in [14] to Fig. 3, the positions of 
shaft center and rotor-stator clearance are: 

 
ሬܴԦ = ܺଓԦ +	ܻȷԦ                       (1) 

 

and	 
		∆= ܴ௥ െ ܴ௦.                                        (2) 

 
Friction force்ܨ, acts at the contact point. Contact occurs 

when,   
 

ܴ െ ∆൒ 0                                              (3) 
 
When	ܴ ൏  ,vanishes. Therefore ்ܨ contact ceases and ,߂
 

ேܨ	 ൌ ௦ሺܴܭ െ ்ܨ					;ሻ߂ ൌ െܭߤ௦ሺܴ െ  ሻ           (4)߂
 

 respectively are, radial component due to impact and ߤ	ேandܨ
friction coefficient. Lateral forces in ܺand ܻ directions are: 
 

௑ܨ ൌ െܨேܿݏ݋∅ ൅ ௒ܨ	;∅݊݅ݏ்ܨ ൌ െܨே݊݅ݏ∅ െ  (5)   ∅ݏ݋்ܿܨ
 
In Cartesian coordinates, the forces are expressed as, 
 

௑ܨ ൌ െܭ௦ ቀ1 െ
௱

ோ
ቁܺ ൅ ௦ܭ ቀ1 െ
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ோ
ቁ  (6)                ܻߤ

 

௒ܨ		 ൌ െܭ௦ ቀ1 െ
௱

ோ
ቁ ܺߤ െ ௦ܭ ቀ1 െ

௱

ோ
ቁ ܻ                (7)  

III. POTENTIAL ENERGY EXPRESSION 

The system elastic strain energy is: 
 

ܸ ൌ
ଵ

ଶ
௑௑ܺଶܭ ൅

ଵ

ଶ
௒௒ܻଶܭ ൅

ଵ

ଶ
 టట߰ଶ               (8)ܭ

A high rotor speed the bending stiffness as given in [9]. 
 

௑௑ܭ ൌ ௒௒ܭ ൌ ௕ܭ െ
௉గమ

ଶ௅
െ

ிഗగయ

ଶ௅మ
 ;                          (9) 

 
 టare correspondingly, first modal stiffness inܨ ௕, ܲ andܭ
bending mode, fluctuating axial force and axial torque. In this 
paper	ܲ and ܨట are prescribed a priori as in [15]. 

 
ܲ ൌ టܨ	 ,0 ൌ 0   (10) 

IV. UNBALANCED ROTOR-STATOR SYSTEM 

Considering Kinetic energy, Rayleigh Dissipation function 
and Strain energy in, Figs. 1-3, the dynamic equation linking 
the physical parameters of the system model is [4]: 
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The parameters of (11) are obtained from [14].  

V. A CRACKED ROTOR-STATOR SYSTEM 

A hinge mechanism is incorporated in the shaft to provide 
for local flexibility of a breathing crack [10]. Shear stresses 
are discarded, Saint-Venant’s principle observed [16], 
manipulation as in [13] performed on (11) resulting in the 
dynamic equation of the cracked-rotor-rub system [14]: 
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Δ݇௫௫,ܭ଴,	and ݂ሺߠሻ are respectively, change in stiffness in the 
weaker axis due to the crack, uncracked shaft stiffness and 
steering function. ݂ሺߠሻis taken from [13]. 

VI. EXPERIMENTAL SET-UP 

The experimental equipment used is shown in Figs. 4 and 5. 
Fig. 4 shows the setup that adopted. The rig comprises a motor 
speed control, proximity probes and data acquisition interface 
unit that is controlled by Ascent and Matlab toolbox. In the 
mounting blocks, probes were used to measure the 
displacement of the rotor shaft at various positions. All the 
outputs were displayed an oscillator with filter analysis. The 
rotor was set up on a rigid base to avoid disturbances that 
could influence the measurements. 
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Fig. 4 Experimental set-up for fault detection in a rotor with data 
acquisition 

 

The test rig comprises an elastic shaft and one rigid disc. 
The rotor was driven by a motor a shaft through a flexible 
coupling. 

The shaft was supported on two roller bearings at both ends 
and sustained by two fixed steel supports (designated by 
Support1 and 2 in Fig. 4). The shaft length and diameter were 
570 mm and 10mm respectively. The disc of inside diameter 
10 mm, outside diameter 75 mm and thickness 25 mm with a 
mass 0.845kg were mounted at a position 290 mm from the 
right end of the rotor. Unbalance was achieved by adjusting a 
small mass ݉ ൌ 0.018݇݃ at one point of on the disc 10 mm 
from the shaft circumference.  

The sensors recorded acceleration of the shaft in the three 
directions (Fig. 5).  

The vibrations in the axial direction did not provide 
information on the presence of a crack; its data will not be 
presented hereafter. 

The rotor’s crack was positioned 240mm from the left hand 
side by mounting a crack simulator and two orthogonal 
springs. Thus, the system under consideration has the faults, 
‘breathing’ crack, unbalance and rub. 

 

 

Fig. 5 Test rig setup for shaft rotation measurement with crack 
 

The RK-4 Rotor Kit motor could closely hold the desired 
speed with changes in loading conditions. The motor was run 
counter-clockwise and had at a slow speed. The motor was set 
to run at a maximum speed fixed at 4500 rpm by using the 
motor speed control. The shaft acceleration was controlled by 
laser tachometer. The vibration measurements of the shaft 
were captured by four proximity probes, wherein, two probes 
were meant for relative shaft displacement measurements, and 

the other two probes were for Keyphasor (one-per-turn) phase 
reference pulse generation and for Motor Speed Control speed 
sensing.  

Rotor-stator rub was realized at point (A1) by introducing a 
small tight screw at a favorable distance between the rotor and 
the stator. Continuous slightest contact could occur during the 
rotation of the shaft and was recorded by the proximity probes. 

The probes consisted of two orthogonal sensors and were 
placed at 210 mm from plane A1 near the left and right 
supports at proximity of the rotor-stator contact and crack’s 
position. The probes were positioned at distances sufficient to 
detect the vibrations of the shaft and avoid any contact that 
could occur between the tip of the probe and a portion of the 
revolving assembly under conditions of extreme vibration. To 
measure the relative displacement of the shaft; two mutually 
perpendicular proximity probes were mounted at ± 90 ° from 
the true vertical and oriented in two planes perpendicular to 
the shaft. The probes must be staggered in the probe block 
probe (Fig. 6). The vertical and horizontal probe went 
respectively to Probe #1 and Probe #2 input of the RK4 
Proximitor Assembly.  

 

 

Fig. 6 Schematic of the proximity probes, (a) viewed from the drive 
and (b) viewed from the left side 

 

The data analysis software was Commtest instrument 
version 11.6.0 for Bently NevadaTM combined with ASCENT 
2013 that linked together with a SCOUT100 Data Acquisition 
Interface Unit (DAIU) used in this experimental setup. 

Commtest instrument for ASCENT software is specifically 
designed for capturing machinery data. This system is 
extremely versatile, incorporating the properties and 
capabilities of oscilloscopes, spectrum analyzers, filters, and 
recording instruments. SCOUT100 DAIU is a processing unit 
and interfaces directly to a computer. Two proximity probes 
for relative shaft displacement measurements and a 
Keyphasor® probe were connected to the SCOUT100 DAIU 
inputs through a Proximitor® assembly (Fig. 4). 

The main objective of this experiment was to diagnose 
using relative shaft displacement approach, the fault on rotors 
through transient signal and afterward, analyze the 
corresponding signal with those obtained in three degree of 
freedom simulation. 

VII. NUMERICAL SIMULATION, EXPERIMENTAL RESULTS AND 

DISCUSSION 

To investigate excitations induced by the external forces, 
the system parameters in [4] are adopted for simulation. Two 
investigations are performed, the first is the numerical 
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simulation of (12) on diverse hypothesis by a Modified 
Runge-Kutta algorithm in MATLAB giving ܺ, ܻ,  at a time ߠ
step ∆௧ൌ ݐ between ,ݏ0.001 ൌ 0s	and	ݐ ൌ  The rotor .ݏ	20
response with and without external forces, obtained during 
start-up of the rotor are then presented and discussed. 

The second is the experimental study of the model, where 
the system DOF is lumped on the disc as two orthogonal 
lateral deflections of the disc’s geometrical center and one 
rigid-body rotation. 

In the set of experiments, analysis is carried out first in 
absence of external excitation forces. The rotor dynamic 
characteristics are determined from the vibration 
measurements. In the second set of experiments, the rubbing 
contact clearance is put in place and measurements are taken 
for the excitations forces condition. 

In experimental analysis, the motor torque is designed to 
rotate the rotor system to an angular velocity 5000 r.p.m (not 
exceeding operational limits of the bearings). 

Signal measurements were based on long time Waveform 
experimental data. The after acquisition, the data was 
transferred to a PC and analysis of performed on time 
waveform, frequency spectrum and orbit. Resultant plots gave 
the amplitude of vibration of the system as viewed from the 
associated proximity probe. 

The R-K4 was set to run counter-clockwise and its speed 
fixed in interval [900 - 4500 rpm] by motor speed control. The 
radial clearance set to a small value, and the frequency 
sampled at	 ௦݂ ൌ  .ݖܪ500

The experimental model set up of the rotor RK-4 accounts 
only for the rotor lateral deflections, X, Y and rigid-body 
rotation	ߠ, where the torsional D.O.F is eliminated. 

Measurements at various speeds enabled visualization of 
evolution of the orbits and the amplitudes of harmonics based 
on the frequency. For convenience, the axial forces have not 
been taken into consideration in the entire experimental work. 

VIII. LATERAL MOTION AND AXIAL FORCES EFFECTS 

In the first simulation the torsional deflections effect ߰ is 
neglected. The variable stiffness can be assumed to be same as 
dynamic stiffness and the cracked shaft stiffness is taken into 
consideration. The dynamic response of the rotor passing 
through the critical speed without and with a crack in lateral 
deflections	ܺ,	ܻ and rigid rotation ߠ are considered.  

Equation (12) can thus be transferred into: 
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ܺ,ܻ and ߠ are evaluated on passing via critical speed with and 
without a crack. Cross-coupling stiffness and damping 
coefficients adopted are, ܥ௑௒ ൌ ௑௒ܭ=௒௑ܥ ൌ ௒௑ܭ ൌ 0. 

Time and frequency-domain response are obtained 
numerically by integrating (13) by a modified Runge–Kutta 
algorithm, at a high speed up to 10000	ݎ.   .݉.݌

 

 

Fig. 7 Dynamic response, no torsional flexibility, rub, crack but axial 
force, ∆Kஞ/Kୠ=0, ψ =0, P=2kN: (a) Vertical deflection of uncracked 

shaft; (b) Rotor response orbit; (c) Y-lateral frequency 
 

Figs. 7 and 8 illustrate the unbalanced response of the rotor 
in case of no crack and rub condition.  

Comparing the orbits in Figs. 7 and 8, it is apparent that, the 
unbalance is a source of extra evolution in the vibration 
response, especially when the rotating speed falls in the 
neighborhood of half of the system critical speed. 

It is observed that the presence of unbalanced induced a 
closed-loop containing a circular loop inside. As obtained in 
Figs. 7 (b) and 8 (b) the orbit first varied from the minimum 
response at the start-up to the maximum response ܴ ൌ 23.3݉݉ 
at the resonance and went back in a regular closed inside loop. 

The maximum orbit amplitudes in Fig. 7 (b) are modified 
from ܴଵ ൌ 3.167 ൈ 10ି଺݉ to	ܴଶ ൌ 2,3 ൈ 10ିସ݉ in Fig. 8 (b) 
when the critical speed changes respectively from ߱ଵ ൌ
in Fig. 7 (c) to ߱ଶ ݉݌ݎ	1132.27 ൌ  in Fig. 8 (c). i.e ݉݌ݎ	1124.43
from a simulated to the experiment unbalanced shaft. In Fig. 8 
(c), the frequency amplitudes of the experiment is greater than 
that of a simulated rotor with small axial force in Fig. 7 (c). 
FFT analysis in Fig. 8 (c) reveals that a high vibrational level 
is reached by order 1 harmonic at 23.46	ݖܪ. Numerous peaks 
are observed when the rotor speeds via its first critical speed 
ሶߠ ൌ  The FFT plot also shows that the higher .݉݌ݎ	1124
frequencies for example 1X, get excited due to the load and 
sub-harmonics at 1/2X, arise due to the unbalance. 

From the vertical deflection time wave in Fig. 8 (a), the first 
critical speed is observed in both cases at different times 
corresponding to the critical speed ߱ଵand ߱ଶ. It is observed 
that, unbalanced shaft is characterized by presence of regular 
circular loops with presence of higher frequency 1X due to the 
unbalanced load. The simulated and experimental results 
obtained at high speed (Fig. 7) are resembled in deflection 
shapes, frequencies and orbits amplitude. 
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Fig. 8 Dynamics rotor system response with extra mass at high speed 
1124 rpm. (a) Lateral unbalanced shaft deflection (b) Rotor response 

orbit, (c) Frequency signal domain 

XVI. PERTUBATION EFFECT OF ROTOR-STATOR RUBBING 

The presence of the unbalance and reduction of clearance 
generate a larger rotor-stator frictional force at each impact. It 
is necessary to analyze the evolution of this phenomenon with 
motor speed. The previous simulations and experiments are 
repeated at various speeds. The equation of interaction 
between rotor-stator and opening and closing crack are re-
written as: 
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Simulation of (14) has been performed at the clearance 
chosen	∆ൌ 1.65 ൈ 10ି଺݉. 

Figs. 9 and 10 highlight simulated and experimental 
features of the rotor under rotor-stator rub, axial force and 
unbalance.  

Existence of considerable disparities on both time-
deflections under rub was noted at a higher level of vibrations 
in Fig. 10 (a) where the first critical speed is observed at 
ݐ ൌ ݐ experimentally and ݏ32 ൌ  by simulation. This is ݏ3

because contact between rotor and stator increases the rotor 
dynamic stiffness, and this increases the rotor critical speed. 

 

 

 

Fig. 9 Rotor lateral-rotor response without torsional deformation, 
with rub, axial force: ∆Kஞ/Kୠ=0,	ψ =0. P=2000N (a) Vertical 

uncracked shaft deflection (b) Rotor response orbit, (c) Y-Lateral 
frequency signal 

 

 

 

 

Fig. 10 Rotor system response using the lateral-rotor model at high 
speed 1303 rpm, with rotor-to-stator rubbing: (a) Vertical deflection 

(b) orbit, (c) Frequency signal domain 



International Journal of Mechanical, Industrial and Aerospace Sciences

ISSN: 2517-9950

Vol:9, No:11, 2015

1888

 

 

Fig. 9 (a) shows the synchronous lateral response of the 
rotor as a function of time. The critical speed of the shaft is 
found to be 799.6140 rpm after ݐ ൌ  where large peak ݏ3
amplitude is observed (Fig. 9 (a)). Experimentally it appears 
that the contact between the rotor and the stator increases the 
rotor critical speed to 1303 rpm.  

The presence of the unbalance and reduction of clearance 
generates a larger frictional force at each impact of the rotor to 
the stator. The amplitude of the peaks caused by defects 
increases with the number of contacts, this phenomenon is 
explained by a decrease in clearance and the increasing of a 
percentage solid contact.  

 Observation of the orbit in Fig. 9 (b)) shows complex 
shapes from the evolution of the contacts (rebounds) at the 
impact point.  

As predicted in Fig. 9 (b) the experimental orbit’s result 
indicates that, orbits are significantly distorted due to rubs into 
the system. The inside circular-looped orbit obtained for an 
unbalance is drastically modified to an outside elliptic shape 

characteristic of severe rubbing contact. 
Spectral analysis shows that in normal operation, the 

contact effect creates an important component in the 
frequency spectrum. The occurrence of the contacts on the 
system modifies the spectrum by modulating the signal at the 
shaft rotation frequency.  

The spectral analysis in (Fig. 10 (c)) exhibits an increase in 
the magnitude of frequency components as observed 
previously in Fig. 9 (c) by the appearance of squashed sub-
harmonic peaks before the main peaks. 

It should be noted that the tightening 1/2X … harmonics in 
Fig. 10 (c) which represents the sub-harmonics frequencies 
peaks are mainly due to unbalance and rub. In Fig. 10 (c), the 
main peak is well at the frequency of rotor, 22.5Hz. The gap 
between each peak is in the range of 22.5 Hz, which is the 
shaft rotation frequency.  

This observation of peaks will enable to follow the 
evolution of a default. The severity of the rub is then a 
function of the number and the size of these different peaks. 

The size of the inside loop and the abrupt change in orbit as 
the rotor passes via the first critical speed can be used as an 
indicator of rub fault and the bounces inside the loops can be 
assigned as rub signature. 

XV. DETECTION OF THE CRACK OF THE CRACK-RUB WITH 

BOTH SIMULATION AND EXPERIMENTAL APPROACH 

The experiment is carried out for two cases: transverse 
crack without rub and transverse crack with severe rubbing. 
The solutions for the both cases are determined by using a 
spectral technique as in simulation. 

The review of the vibration response of the rotor dynamic 
system with a relatively deep transverse crack	ሺ∆݇	 ൌ ∆

௞
ൎ

	50%ሻ, allows obtaining the orbit and the amplitude spectrum 
in accordance with the experimental study elaborated in Figs. 
12 and 14. 

 

 

 

Fig. 11 Dynamic response of cracked rotor via the critical speed, 
with axial force, and no rub, ∆Kஞ/Kୠ=0.542, P=2 kN, (a) Y- cracked 
shaft deflection; (b) Rotor response orbit; (c) Y-Lateral frequency 

 

 

 

 

Fig. 12 Rotor system response using the lateral-rotor model at high 
speed 1207 rpm, with unbalance and crack (∆Kஞ/Kୠ=0.5). (a) Vertical 

deflection (b) orbit, (c) Frequency signal domain 
 

Comparing the orbits in Figs. 11 and 7, it is apparent that, 
the breathing crack is a source of extra evolution in the 
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vibration response, especially when the rotating speed falls in 
the neighborhood of half of the system critical speed. 

The maximum orbit amplitudes in Fig. 16 are modified 
from ܴଵ ൌ 3.167 ൈ 10ି଺݉ to	ܴଶ ൌ 5.025 ൈ 10ିସ݉ when the 
speed changes respectively from ߱ଵ ൌ  in Fig. 7 ݉݌ݎ	1132.27
(c) to ߱ଶ ൌ  in Fig. 11 (c) i.e. from a healthy to a ݉݌ݎ	1855.43
cracked shaft. The cracked shaft is characterized by presence 
of strong tightening loops. In Fig. 12 (c), the frequency 
amplitudes where the inside orbit loop is higher is present, is 
greater than that of a rotor with small axial force in Fig. 7 (c) 
and 8 (c) reveals that a high vibrational level is reached by 
order 1 harmonic at 23.46	ݖܪ. 

 

 

 

Fig. 13 Rotor system response of the lateral-rotor model without 
torsional flexibility, with rotor-to-stator rub, small axial force and 
crack, ∆Kஞ/Kୠ=0.542,	∆ൌ 2.65 ൈ 10ି଻m P=2000N.(a) Vertical 
cracked shaft deflection (b) Rotor response orbit, (c) Y-Lateral 

frequency signal  
 

An increase in vibration amplitude was observed while the 
cracked rotor passed via its one-half and first critical speeds 
(߱ଵ ൌ ߱ଶ	and	݉݌ݎ	1917.88 ൌ  Rotor-stator .(݉݌ݎ	3451.803
contact increases the rotor dynamic stiffness, which in turn 
increases the rotor critical speed. However the presence of 
crack decreases the stiffness and decreases the critical speed of 
the rotor as seen in (Fig. 13 (a)). 

Comparing the case of uncracked rotor with rub, the 
presence of a crack increased interactions between the rotor 
and stator as indicated in Fig. 13 (b). It is noted that a 
significant rebound appears just after the interaction and it 
becomes quite redundant when the stiffness of the rotor is 
reduced by the severity of the defects in the shaft. 

In Fig. 13 (b) the orbit becomes quite disordered and the 
lateral motion is no longer multi-periodic. Rotor-stator rub 
also increased vibration level of the cracked rotor in the 
presence of an axial force. As a result multiple resonance 
peaks appear in the vibration waveform of Fig. 13 (a). 

 

 

 

Fig. 14 Rotor system response using the lateral-rotor model at higher 
speed 2216 rpm with unbalance, rubbing and crack (∆Kஞ/Kୠ=0.5). (a) 

Vertical deflection (b) orbit, (b) Frequency signal domain 
 
Approximately periodic responses of rub appear in Fig. 13 

(c). Harmonics of 1× order (29.21 Hz) are noted as in results 
reported by [17]. The FFT spectral plot also shows that the 
higher frequencies, e.g., 1×, get excited by unbalance in 
presence of rub.  

The 2×, 3× … harmonics which represent the 
superhamonics frequencies peaks are mainly due to crack, and 
harmonics at 1/2×, and 4×, etc., arise due to rotor-stator rub, 
and axial force. The harmonics are discernable in FFT plot (in 
Fig. 13 (c)).  

Comparing the orbital patterns of the cracked rotor rub in 
Fig. 13 (a), (b), it can be concluded that, the size of the inside 
loop, the presence of multiple peaks of resonance and the 
orbital movements of the rotor passing via the first critical 
speed are totally different and can provide information on 
crack presence.  

Examining the system response in the presence of a crack, 
peaks of successive amplitude indicating super harmonic 
resonance appear in Fig. 13 (c). 

The size of the inside loop is drastically affected by the 
crack and the rub. So, the orbital changes of the rotor via one-
half of the first critical speed can be used as an indicator of a 
transverse crack, and the bounces inside the loops can be 
assigned as rub signature.  
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The experiment on cracked rotor is performed on an 
unbalanced shaft with two different external forces. The first 
is the friction forces which are of course, a consequence of 
applied rubbing and the second is the crack forces, these crack 
forces apply simultaneously with a frictional force to the rotor 
motion, resulting in a fluctuation of rotor speed. 

It is noticed that in the range from 1207 – 2216 rpm the 
rotor was running very rough during the experimental 
procedure with a maximum rotor frequency of 500 Hz, which 
made it difficult to collect the vibration measurements as they 
were highly irregular. 

The response of cracked shaft is characterized by a main 
peak at the synchronous frequency of 22.5 Hz. The amplitude 
of these peaks evolves in a coherent manner and shows the 
presence of sup-harmonics. The crack and noise induced 
harmonics of the spin speed (2X, 3X . . .) can be seen in the 
response but their magnitude is very small compared to the 1X 
frequency component (Figs. 12 (c), 14 (c)). These harmonies 
show that the rotation frequency is sensitive at all frequencies 
for the damaged machine. 

The observation of the peaks in Figs. 12 (c) and 14(c) 
makes it possible to materialize the shaft indices cracks under 
the effect of mass, rotor speed, and rubbing. The crack appears 
more easily detectable in both cases through the crest factor 
observable at the start of rotation of the shaft. The crack 
presence seems easier to observe through the peak factor.  

At time t = 0, the crack is completely open, when the speed 
of rotation passes through the sub-multiples of the critical 
speed (22.5 Hz), examination of the vibration response of the 
system shows the presence of peaks successive amplitude 
indicating the presence of super-harmonic resonance in both 
Figs. 12 and 14; only the first few harmonics are significant 
effects on the vibration response of the system. 

The presence of the crack and the friction forces result in a 
slight decrease in the amplitude of resonance frequencies. 
Thus, the first resonance frequencies of the fissured structures 
in Fig. 12 (b) are similar to those given in Fig. 14 (b).  

As previously mentioned in Fig. 13 (c), harmonics of 1× 
order (22.5 Hz) are noted as in results reported in simulation. 
The FFT spectral plot shows that the higher frequencies, e.g., 
1×, get excited by unbalance in presence of rub.  

The 2×, 3× … harmonics which represent the sup-
harmonics frequencies peaks are mainly due to crack, and 
harmonics at 1/2×, etc., arise due to rotor-stator rub. These 
harmonics are clearly seen in FFT plot (Figs. 12 (c) and 14 (c).  

Analysis of Fig. 14 reveals that cracking has a big effect on 
the rotor response than rubbing as the amplitude of vibration is 
largely attenuated in comparison to the case of crack with no 
rub vibrations. Once again the experiment results revealed like 
observed in simulation (Fig. 13) that the effect of rubbing on 
the waveform in presence of crack is less significant and also 
that, the critical speed of the rotor decreases due to the 
breathing of the crack. 

As can be seen in Fig. 14 when the cracked-rubbing shaft is 
spinning away from critical speed, the vibration waveform is 
not greatly affected by rubbing. However, when the cracked-
rubbing shaft speed is close to its critical speed (2216 rpm), 

the vibration amplitude is increased and the waveform is 
obviously distorted as a result of the breathing and severe 
rubbing contact. 

The analysis of orbits shows that for cracked rotors, the 
orbit described by the rotor is formed of ࢔ interlaced loops, 
and the level of the first harmonic is dominant Fig. 12 (c). For 
a given combination crack contacts, rotor to stator, the 
dynamic system is the seat of resonances sub-critical and 
super-harmonics (Fig. 14 (c)). 

The review of the vibration response of the dynamic system 
again shows that, the orbit of the rotor is formed of ࢔ non-
regular loops interlaced (Fig. 14 (a)). One more time the 
presence of the crack is dominant compared to the contact of 
the rotor effects. 

The agreement between theory and experiment can be 
observed when comparing the waveform of computed values 
with diagrams of experimental tests. 

Thus, as predicted before, recording sub-harmonics and 
super-harmonic resonances through the critical speed, the 
presence of multiple peaks and the change of the shape of the 
orbit (number of loops) can be a good indicator of the 
existence of contact and cracks in a rotor. 

XVI. ROTOR-STATOR-RUB AND CRACK IN 4 D.O.F 

The torsional-lateral vibrations of unbalanced rotor-stator 
with rub and a transverse crack and axial force are 
theoretically investigated using (12). Parametric resonance is 
expected to occur in an axially loaded shaft when the exciting 
frequency exceeds the shaft bending natural frequency ߱஻ [4]. 
Torsional resonance occurs when the angular velocity of the 
rotating shaft equals the torsional natural frequency	்߱.  

Simulation of rotor response using torsional lateral-rotor 
model is made under fourth hypothesis. 

 

 

 

Fig. 15 Dynamics system response from lateral-torsional-rotor model, 
no rub, no crack ∆Kஞ/Kୠ=0. P=2000N, ψ ് 0 , ω୘ ൌ ω୐ (a) Vertical 

shaft deflection (b) Rotor response orbit (c) Torsional frequency 
signal (d) Lateral and frequency signal 
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Fig. 16 Dynamics system response using the lateral-torsional rotor 
model, no rub, ∆Kஞ/Kୠ=0.542, P=2kN, ψ ് 0;ω୘ ൌ ω୐ (a) Vertical 

shaft deflection (b) Rotor response orbit (c) Torsional frequency 
signal (d) Lateral and frequency signal 

 

 

 

Fig. 17 Dynamics response, with rotor-to-stator-rub and axial force 
but no crack ∆Kஞ/Kୠ=0. P=2000N, ∆ൌ 2.65 ൈ 10ି଻m, (a) Vertical 

cracked shaft deflection (b) Rotor response orbit, (c) Torsional 
frequency signal domain, (d) Lateral frequency signal domain 

 
For the first hypothesis the system response is simulated 

when the axial force is exerted and without rub. The torsional 
and lateral natural frequencies are then equal, ்߱ ൌ ߱௅. And 
in the second hypothesis rotor is operated only in the presence 
of a crack and an axial force. 

The third and fourth is considering both rub-crack effect for 
which the torsional resonance behavior occur when ்߱ ≫ ߱௅. 

 

 

 

Fig. 18 System response with, rub-crack, axial force: ∆Kஞ/Kୠ=0.542. 
P=2000N,ω୘ ≫ ω୐,∆ൌ 2.65 ൈ 10ି଻m, (a) Vertical cracked shaft 

deflection (b) Rotor orbit response (c) Torsional frequency signal (d) 
Lateral frequency signal 

 
Fig. 15 (a) shows the synchronous rotor lateral response as 

a function of time. The shaft attains critical speed at 2042, 4 
rpm indicated by peak amplitude in Figs. 15 (d) and 16 (d). 
The variation in FFT amplitude with frequency is plotted in 
Figs. 15 (c) and 16 (d). 

As noted in Figs. 15 (c), 15 (d), 17 (c) and 17 (d) once the 
critical speed is traversed, the amplitude of vibration 
decreases. This indicates that only unbalance and axial force 
are the source of the above vibrations. 

Spectral plots of the signal in Figs. 16 (d) and 14 (d) show 
an increase in the magnitude of frequency components before 
resonance; while it indicates a reduction in the magnitude of 
the second harmonic and a disappearance of higher frequency 
components. Fig. 17 (b) shows an elliptical orbit due to model 
anisotropy and shows also the second rigid mode shapes of the 
modeled rotor. Presence of the second rigid mode is attributed 
to multiple factors; higher axial force, the transient vibration, 
which follows the removal of the friction torque in the rub free 
zone and the presence of the flexibility of the cracked shaft. 

The orbit presented in Fig. 17 (b) revealed as noted in [4], 
that the direction of the two maximum responses changes due 
to anisotropy model of rotor. Unlike the orbit of the cracked 
rotor, it describes deflection shape of the system due to 
vibration and to local flexibility of the rotor at the damage 
location.  

Figs. 16 (a) and 18 (a) are waveforms registered 
respectively at a rotational speed of 2309.4 rpm and 4510.21 
rpm. Two high resonance points and three resonance points 
developed from the excitation between the torsional and 
lateral rotor. The first one is the ordinary resonance and the 
other two are situated at the median and high resonance in Fig. 
18 (a). Therefore, the frequency spectrum (Fig. 18 (d)) 
contains a vibration component corresponding to these 
modified processional speeds.  
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In Fig. 18, it evident that axial force, crack and rub force 
conspicuously affects the vibration response in comparison to 
the case of no rub-crack vibrations in Fig. 15. 

Examining the maximum power spectral density and shaft 
trajectory of a cracked rotor, an increase in the spectral power 
density at half the critical speed can be used to diagnose 
presence of a breathing transverse crack. 

XVII. CONCLUSION 

The experiment-analytic study on torsional-lateral 
vibrations of unbalanced cracked rotor-stator system revealed 
that: 
1. The shaft precessing orbits are largely distorted due to 

severe rubbing and highly stretched due to the breathing 
crack. The orbits patterns are major parameters to 
diagnose rubbing rotors. 

2. Spectral analysis has indicated that crack onset may best 
be examined by observing super harmonics. The 2×, 3× 
… harmonics which represent the sup-harmonics 
frequencies peaks are mainly due to crack, and harmonics 
at 1/2×, etc., arise due to rotor-stator rub. 

3. It appears also that experimentally the absence of axial 
force effect did not disrupt the waveform signal, its effect 
on the vibration response of the rotor in the presence of a 
crack is considerable for a large axial force. 

4. The experimental results compared with those obtained by 
simulation have revealed similarity. Indeed, as mentioned 
above, the elliptic shape orbits, the frequency analysis 
show similar parameters at the same time by simulation 
and experiment. 
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