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 

Abstract—Different approaches have been used to predict the 
performance of the vertical axis wind turbines (VAWT), such as 
experimental, computational fluid dynamics (CFD), and analytical 
methods. Analytical methods, such as momentum models that use 
streamtubes, have low computational cost and sufficient accuracy. 
The double multiple streamtube (DMST) is one of the most 
commonly used of momentum models, which divide the rotor plane 
of VAWT into upwind and downwind. In fact, results from the 
DMST method have shown some discrepancy compared with 
experiment results; that is because the Darrieus turbine is a complex 
and aerodynamically unsteady configuration. In this study, analytical-
experimental-based corrections, including dynamic stall, streamtube 
expansion, and finite blade length correction are used to improve the 
DMST method. Results indicated that using these corrections for a 
SANDIA 17-m VAWT will lead to improving the results of DMST. 

 
Keywords—Vertical axis wind turbine, analytical, double 

multiple streamtube, streamtube expansion model, dynamic stall 
model, finite blade length correction. 

NOMENCLATURE 

c Blade chord (m) 
CD Blade section drag coefficient (-) 
CL Blade section lift coefficient (-) 
CL´ Modified blade section lift coefficient (-) 
CD´ Modified blade section drag coefficient (-) 
CN Blade section normal force coefficient (-) 
CP Rotor power coefficient (-) 
CQ Rotor torque coefficient (-) 
CT Blade section tangential force coefficient (-) 
fup, fdw Upwind and downwind functions (-) 
H Half-height of the rotor (m) 
N Number of blades (-) 
R Rotor radius at equator (m) 
Reb Blade Reynolds number (-) 
S Rotor swept area (m2) 
s [Ncl/S] Rotor solidity (-) 
u, u´ Upwind and downwind interference factors (-) 
V, V´ Upwind and downwind induced velocity (m/s) 
Ve Induced equilibrium velocity (m/s) 
V∞ Wind velocity at equator level (m/s) 
W, W´ Upwind and downwind relative inflow velocity (m/s) 
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XEQ [Rω/ V∞] Tip-speed ratio at equator (-) 

z Local turbine height (m) 
α, α ´ Upwind and downwind local angle of attack (degree, Âº) 
αw Atmospheric wind shear exponent (-) 
β Rotor maximum diameter/height ratio (-) 
δ Angle between the blade normal and the equatorial plane 

(degree, Âº) 
θ Azimuthal angle (degree, Âº) 
ρ∞ Freestream density (kg/m3) 
η [r/R] Nondimensional Cartesian coordinate (-) 
ζ [z/H] Nondimensional Cartesian coordinate (-) 
μ [2H/c] Blade aspect ratio (-) 

I. INTRODUCTION 

UE to the increasing need for energy and the limitation of 
fossil resources, attention and use of renewable resources 

has been recently increased. Wind is one of the most important 
renewable energies [1]-[4]. Generally horizontal and vertical 
axis wind turbines are used to extract the kinetic energy of 
wind. Horizontal axis wind turbines (HAWT) are most 
commonly used type of turbines because they have high 
efficiency [5], [6]. Recently VAWT are in the center of 
attention because of their low cost of maintaining and 
manufacturing, grounded generator, no need to yaw system 
etc. [7]-[11]. Because of the growing attention towards 
VAWTs the performance prediction of these types of wind 
turbines is important, therefore, several approaches have been 
considered for this purpose [12]-[18]. The analytical methods, 
especially momentum models because of some features such 
as low computational cost, are the most common tool for 
performance prediction of VAWT. The DMST is one branch 
of momentum models which divide the plane of rotor into 
upwind and downwind so the velocity changes through the 
rotor [19], [20]. Due to complexity of the wind flow through 
the rotor and strong unsteady characteristics, results from a 
DMST method differ from experiment [9], [20]. In this study 
dynamic stall model, streamtube expansion correction and 
finite blade length correction are used to improve a DMST 
approach. Results indicated that using these corrections 
together will improve the performance prediction.  

II. DOUBLE MULTIPLE STREAMTUBE MODEL 

The DMST considers the swept volume of the rotor by 
dividing into a series of streamtubes and the VAWT is 
replaced by two rotor halves in upwind and downwind, which 
are independent of each other. The governing equations for the 
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analysis of a Darrieus VAWT are as below. 
 

 

Fig. 1 Definition of rotor geometry for a Darrieus VAWT (A) and schematic of stream tube model (B) 
 

In general, the freestream velocity profile is not uniform but 
differs with the height as [19]-[21]: 

 
𝑉ஶ௜/𝑉ஶ ൌ ሺ𝑍௜/𝑍ாொሻఈೢ  (1) 

 
in which 𝛼௪ is atmospheric wind shear exponent, and can be 
considered to be 0.1. For the upstream half of the rotor: 
 
𝑉 ൌ 𝑢𝑉ஶ௜  (2) 
 

The equilibrium-induced velocity is: 
 
𝑉௘ ൌ ሺ2𝑢 െ 1ሻ𝑉ஶ௜  (3) 
 
and finally for the downwind half of the rotor: 
 
𝑉ᇱ ൌ 𝑢′ሺ2𝑢 െ 1ሻ𝑉ஶ௜  (4) 
 

The local relative velocity for the upstream half of the rotor 
െ𝜋/2 ൑  𝜃 ൑  𝜋/2 is: 

 
𝑊ଶ ൌ 𝑉ଶሾሺ𝑋 െ 𝑠𝑖𝑛 𝜃ሻଶ ൅ 𝑐𝑜𝑠ଶ 𝜃 𝑐𝑜𝑠ଶ 𝛿ሿ  (5) 
 
where 𝑋 ൌ 𝑟𝜔/𝑉 and 𝛿 is angle between the blade normal and 
the equatorial plane. The expression for the local angle of 
attack is derived as: 
 

α ൌ 𝑠𝑖𝑛ିଵ ൤ ௖௢௦ ఏ ௖௢௦ ఋ

ඥሺ௑ି௦௜௡ ఏሻమା௖௢௦మ ఏ ௖௢௦మ ఋ
൨  (6) 

 
The normal and tangential force coefficient for upwind are: 
 

𝐶ே ൌ 𝐶௅ 𝑐𝑜𝑠 𝛼 ൅ 𝐶஽ 𝑠𝑖𝑛 𝛼  (7) 
 

𝐶் ൌ 𝐶௅ 𝑠𝑖𝑛 𝛼 െ 𝐶஽ 𝑐𝑜𝑠 𝛼  (8) 
 
The torque produced by a blade element is calculated at the 

center of each element. Integrating along the blade, one 
obtains the torque on a complete blade as a function of the 
blade position 𝜃: 

 

𝑇௨௣ሺ𝜃ሻ ൌ 0.5𝜌ஶ𝑐𝑅𝐻 ׬ 𝐶்𝑊ଶሺ𝜂 𝑐𝑜𝑠 𝛿⁄ ሻ𝑑𝜁
ଵ

ିଵ    (9) 
 
The average half-cycle of the rotor torque produced by 𝑁 2⁄  

of the 𝑁 blades is thus given by: 
 

𝑇ത௨௣ ൌ ே

ଶగ
׬ 𝑇௨௣ሺ𝜃ሻ𝑑𝜃

గ/ଶ
ିగ/ଶ   (10) 

 
and the average half-torque coefficient by the upwind half-
cycle of the rotor and the power coefficient can be written as: 
 

𝐶ொ̅ଵ ൌ 𝑇ത௨௣/ሺ
ଵ

ଶ
𝜌ஶ𝑉ஶ

ଶ𝑆𝑅ሻ  (11) 
 

𝐶௣ଵ ൌ ሺ𝑅𝜔 𝑉ஶ⁄ ሻ𝐶̅ொଵ ൌ 𝑋ாொ𝐶̅ொଵ 12) 
 

The governing equations for downwind half of the rotor 
𝜋/2 ൑  𝜃 ൑  3𝜋/2 are: 
 
𝑊′ଶ ൌ 𝑉′ଶሾሺ𝑋′ െ 𝑠𝑖𝑛 𝜃ሻଶ ൅ 𝑐𝑜𝑠ଶ 𝜃 𝑐𝑜𝑠ଶ 𝛿ሿ  (13) 
 

𝛼ᇱ ൌ 𝑠𝑖𝑛ିଵ ൤
௖௢௦ ఏ ௖௢௦ ఋ

ඥሺ௑ᇲି௦௜௡ ఏሻమା௖௢௦మ ఏ ௖௢௦మ ఋ
൨  (14) 

 
The same as upwind half of the rotor for downwind half the 

equations are as: 
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𝑇ௗ௪ሺ𝜃ሻ ൌ 0.5𝜌ஶ𝑐𝑅𝐻 ׬ 𝐶′்𝑊′ଶሺ𝜂 𝑐𝑜𝑠 𝛿⁄ ሻ𝑑𝜁
ଵ

ିଵ
  (15) 

 

𝑇തௗ௪ ൌ
ே

ଶగ
׬ 𝑇ௗ௪ሺ𝜃ሻ𝑑𝜃

ଷగ/ଶ
గ/ଶ   (16) 

 

𝐶̅ொଶ ൌ 𝑇തௗ௪/ሺଵ

ଶ
𝜌ஶ𝑉ஶ

ଶ𝑆𝑅ሻ  (17) 
 

𝐶௣ଶ ൌ ሺ𝑅𝜔 𝑉ஶ⁄ ሻ𝐶ொ̅ଶ ൌ 𝑋ாொ𝐶ொ̅ଶ  (18) 
 
and finally, the output power of the turbine is as: 
 

P ൌ
ଵ

ଶ
ρஶVஶ

ଷ S ∗ ሺC୮ଵ ൅ C୮ଶሻ  (19) 
 
The DMST model is used to measure the output power of a 

SANDIA 17-m, the characteristic of this turbine is 
summarized in Table I. All results are reported for power 
output against free stream velocity. As can be seen in Fig. 2, 
the predicted output power of the DMST model without any 
correction (DMST standard) is differ from experiment data. 

 
TABLE 1 

CHARACTERISTIC OF WIND TURBINE 

 Sandia 17-m 

Rotor geometry Sandia 

Rotational speed (rpm) 42.2 

Solidity 0.157 

Radius (m) 8.364 

Diameter/Height ratio (β) 0.984 

C (m) 0.61 

Number of blades 2 

Airfoil NACA 0015 

 

 

Fig. 2 Comparison of the output power of Sandia 17-m for standard 
DMST (red line) and experimental data (blue dots) 

III. STREAMTUBE EXPANSION MODEL 

The Darrieus VAWT is a complex and unsteady 
configuration; within each streamtube of this kind of turbine, 
the flow diverges toward the downwind half because the 
velocity decreases, causing the streamtube to expand. In the 
original DMST model there was no streamtube expansion; in 
reality, the streamtube upstream of the rotor and downstream 
in the wake regime should enlarge, which leads to a large 
portion of the upwind velocity being lost and velocity entering 
the downwind half of the rotor being highly distorted. 

Therefore, the interference factor can be corrected from the 
estimated enlargement factor. For the upstream half of the 
rotor, the induction factor corrected is [22], [23]: 

 

𝑢 ൌ ଵ

ଶ
ሾ1 ൅ ሺ2𝑢଴ െ 1ሻሺ2𝑢௡ିଵ െ 1ሻሿ  (20) 

 
and the induction factor corrected for downwind is: 
 

𝑢ᇱ ൌ
ଵ

ଶ
ሾ1 ൅ ሺ2𝑢଴

ᇱ െ 1ሻሺ2𝑢′௡ିଵ െ 1ሻሿ  (21) 
 
where 𝑘଴ is the interference factor without streamtube 
expansion, and 𝑘௡ିଵ is interference factor obtained from the 
previous iteration. 

Fig. 3 shows the DMST model with using streamtube 
expansion model correction in comparison with experiment 
data. As can be seen in this figure, the results have good 
agreement with experimental data; however, there is still a 
slight difference that the following sections attempt to 
improve the results. 

 

 

Fig. 3 Comparison of the output power of Sandia 17-m for standard 
DMST+ streamtube expansion model (green line) and experimental 

data (blue dots) 

IV. DYNAMIC STALL MODEL 

Dynamic stall is an unsteady and complex phenomenon that 
is related to a large and rapid change of angle of attack. Under 
such the condition lift and drag characteristic presents a 
hysteresis response. Gormont’s model considers the hysteresis 
model by defining a reference angle of attack which is 
different from geometric angle of attack; this reference angle 
is given by: 

 
𝛼௥௘௙ ൌ 𝛼 െ 𝐾ଵ∆𝛼  (22) 
 
where: 
 

𝐾ଵ ൌ ቄ 1        𝑤ℎ𝑒𝑛 𝛼ሶ ൒ 0
െ0.5   𝑤ℎ𝑒𝑛 𝛼ሶ ൏ 0

  (23) 

 

∆𝛼 ൌ ൜
                         𝛾ଵ𝑆   𝑤ℎ𝑒𝑛 𝑆 ൑ 𝑆௖

𝛾ଵ𝑆௖ ൅ 𝛾ଶሺ𝑆 െ 𝑆௖ሻ  𝑤ℎ𝑒𝑛 𝑆 ൐ 𝑆௖
  (24) 

 

𝑆 ൌ ටቚ
௖ఈሶ

ଶௐ
ቚ,      𝑆௖ ൌ 0.06 ൅ 1.5൫0.06 െ 𝑡 𝑐ൗ ൯  (25) 
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𝛾ଵ ൌ ቊ
ఊమ

ଶ
  for lift characteristic

0   for drag characteristic
  (26) 

 

𝛾ଶ ൌ 𝛾௠௔௫ 𝑚𝑎𝑥 ቄ0, min ሾ1, ெିெమ

ெభିெమ
ሿቅ  (27) 

 
where 𝛼ሶ  is the time derivative of α, M is the Mach number, 
and 𝑡 𝑐ൗ  is the airfoil relative thickness. The expressions for 
𝛾௠௔௫, 𝑀ଵ and 𝑀ଶ are in Table II. Finally, for Gormont’s model 
the dynamic coefficients are given by:  
 

𝐶௅
ௗ௬௡ ൌ 𝐶௅ሺ𝛼଴ሻ ൅ 𝑚ሺ𝛼 െ 𝛼଴ሻ  (28) 

 

𝐶஽
ௗ௬௡ ൌ 𝐶஽ሺ𝛼௥௘௙ሻ  (29) 

 
where: 
 

𝑚 ൌ 𝑚𝑖𝑛 ൤
஼ಽ൫ఈೝ೐೑൯ି஼ಽሺఈబሻ

ఈೝ೐೑ିఈబ
,

஼ಽሺఈೞೞሻି஼ಽሺఈబሻ

ఈೞೞିఈబ
൨  (30) 

 
In this equation, 𝛼௦௦ is the static-stall angle of attack and 𝛼଴ 

is any convenient angle of attack. Note that in this model, the 
value of the reference angle of attack differs for drag and for 
lift. 

 
TABLE II 

DEFINITIONS OF M1, M2 AND 𝛾௠௔௫ 

 Lift characteristic Drag characteristic 

𝑴𝟏 0.4+5.0(0.06-t/c) 0.2 

𝑴𝟐 0.9+2.5(0.06-t/c) 0.7+2.5(0.06-t/c) 

𝜸𝒎𝒂𝒙 1.4+6.0(0.06-t/c) 1.0+2.5(0.06-t/c) 

 

The Gormont’s model was developed for helicopter blades, 
and this model over predicts the effect of dynamic stall. In this 
study for considering the effect of dynamic stall, the 
modification presented by [24] is used, and the expression is 
presented as [22]:  

 

𝐶௅
௠௢ௗ ൌ ൝

𝐶௅ ൅ ቂ
஺ಾఈೞೞିఈ

஺ಾఈೞೞିఈೞೞ
ቃ ൫𝐶௅

ௗ௬௡ െ 𝐶௅൯, 𝑤ℎ𝑒𝑛 𝛼 ൑ 𝐴ெ𝛼௦௦

𝐶௅,                                                          𝑤ℎ𝑒𝑛 𝛼 ൐ 𝐴ெ𝛼௦௦

  (31) 

 

𝐶஽
௠௢ௗ ൌ ൝

𝐶஽ ൅ ቂ
஺ಾఈೞೞିఈ

஺ಾఈೞೞିఈೞೞ
ቃ ൫𝐶஽

ௗ௬௡ െ 𝐶஽൯, 𝑤ℎ𝑒𝑛 𝛼 ൑ 𝐴ெ𝛼௦௦

𝐶஽,                                                          𝑤ℎ𝑒𝑛 𝛼 ൐ 𝐴ெ𝛼௦௦

  (32) 

 
𝐴ெ is an empirical constant, [24] has proposed the use of 
𝐴ெ ൌ 6. The results of using dynamic stall model are shown 
in Fig. 4. As can be seen in Fig. 4, the current dynamic stall 
model can improve the output power for SANDIA 17-m in 
comparison with the standard DMST.  

V. FINITE BLADE LENGTH CORRECTION 

Blade aerodynamic data are generally provided based on 
infinite blade length (two-dimensional flow approximations). 
In order to accurately model VAWTs with finite blade length, 
the aerodynamic coefficients should be modified considering 
the effect of finite blade length. The modified lift and drag for 
a finite length can be estimated from (33) and (34) [25], from 

which an increase in drag and a decrease in lift coefficients 
can be inferred. The results are given in Fig. 5, as can be seen 
the results are slightly closer to the experimental results. Note 
that the effect of finite blade length correction is less than the 
other corrections. 

 

𝐶௅
ᇱ ൌ ஼ಽ

ଵା
ഀబ
ഏഋ

                  (33) 

 

𝐶஽
ᇱ ൌ 𝐶஽ ൅

஼ಽ
మ

గఓ
                  (34) 

 

 

Fig. 4 Comparison of the output power of Sandia 17-m for standard 
DMST+ dynamic stall model (blue line) and experimental data (blue 

dots) 
 

 

Fig. 5 Comparison of the output power of Sandia 17-m for standard 
DMST+ finite blade length correction (black line) and experimental 

data (blue dots) 

VI. COMBINING THE CORRECTION MODELS 

In this section, three correction models are combined and 
the results are given in Fig. 6. As can be seen in this figure, 
there is significant agreement between the results and the 
experimental data. It can be concluded that the combination of 
the dynamic stall model, the streamtube expansion and finite 
blade length correction can improve the accuracy of the 
performance prediction. 

VII. CONCLUSION 

In this study, a DMST model was used to predict the 
performance of a SANDIA 17-m VAWT (the characteristic of 
this turbine is presented in Table I). Our findings highlighted 
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that the results obtained from a standard DMST model without 
any correction have differed from experimental data. 
Therefore, three analytical-experimental-based corrections are 
used including the streamtube expansion model, the dynamic 
stall model (modification of Berg [24]) and the finite blade 
length correction. Initially, each model was implemented 
separately. The results shown are slightly in agreement with 
the experimental data but there were still some differences. 
Finally, when three correction models were applied 
simultaneously, the results showed greater accuracy with 
experimental data. 

 

 

Fig. 6 Comparison of the output power of Sandia 17-m for standard 
DMST+ dynamic stall model + streamtube expansion + finite blade 

length correction (purple line) and experimental data (blue dots) 
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