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Abstract—This paper presents an iteration method for the
numerical solutions of a one-dimensional problem of generalized
thermoelasticity with one relaxation time under given initial and
boundary conditions. The thermoelastic material with variable
properties as a power functional graded has been considered.
Adomian’s decomposition techniques have been applied to the
governing equations. The numerical results have been calculated by
using the iterations method with a certain algorithm. The numerical
results have been represented in figures, and the figures affirm that
Adomian’s decomposition method is a successful method for
modeling thermoelastic problems. Moreover, the empirical parameter
of the functional graded, and the lattice design parameter have
significant effects on the temperature increment, the strain, the stress,
the displacement.
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I. INTRODUCTION

N the last decade, much attention has been devoted to the

numerical methods which do not require discretization of
time-space variables or to the linearization of the nonlinear
equations [1]. Adomian constructed the decomposition method
to solve the linear and nonlinear partial and ordinary
differential equations [2]-[4]. This method leads to
computable, accurate, approximately convergent solutions to
linear and nonlinear partial and ordinary differential equations.
The solution can be verified to any degree of approximation.
Recently, Adomian decomposition approach has been applied
to obtain formal solutions to a wide class of partial and
ordinary differential equations [5]-[16]. Adomian solved
mathematical models of the dynamic interaction of immune
response with a population of viruses, bacteria, antigens or
tumor cells which had been modeled as systems of nonlinear
differential equations or delay-differential equations by the
ADM [4].

Adomian’s decomposition method (ADM) is to divide the
given equation into linear and nonlinear parts of the equation,
invert the highest-order derivative in both sides, calculate
Adomian’s polynomials, and find the successive terms of the
series solution by recurrent relation [1], [13]. Several
modifications have been done to the Adomian decomposition
method by many researchers to improve the accuracy and to
expand its applications [10], [12], [16]. Recently, the
decomposition method has been used in fractional differential
equations [17]-[19].
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II. FORMULATION OF THE PROBLEM BY USING LAPLACE
TRANSFORM TECHNIQUES

An isotropic and thermo-elastic body in one-dimensional
has been considered to fill the region W which is defined by
¥ ={x: 0<x<oo}Wwhere the body is initially at rest and has

been loaded by a harmonic thermal wave and the surface
traction free [20].

The displacement components for one-dimensional medium
have the form:

u, (xt)=u(xt), u,=u,=0 )

The equation of motion is:

200+ 2u(x)] T2
2°0(xt) 7 e(x t)(2)
rX)— =P ()

The generalized equation of heat conduction has the form:

[ G| 2 22 [P0t

ox x "ot ||+ (x)T,e(xt)

which gives:

K(x)éﬂi(xf’t) . ﬂ;f()()[ﬁg;?t)}
p(X)CE(X)[jt+TO jtzzJQ(x,tﬁ 4

2

& 2
7(X)T, [o”t+1" mz]e(x,t)

In (2)-(4), ¢=(T -T,) is the temperature increment where T,
is the reference temperature such that |g|/T «1 reference
temperature, and e is the cubical dilation given by:

ou(x,t
e(xt)= a( ) ®)]

X

p is the density, A and p are Lame’s constants, K is the thermal
conductivity, y is a material constant given by y =(31+2u)e, ,
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o, being the coefficient of linear thermal expansion, and Cy is

the specific heat at constant strain, T, is the relaxation time.

The constitutive relation takes the form:

au(xt)

e ©

o(x8)=[4(x)+24(x)]

We consider that all the material parameters depend on the
position with a power-function as:

K(X)=K,(1+ax)", A(x)=4 (1+aX)",

1+a,X) C. (X)=C, (1+a,x)", (7

=
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ax), o (X)=a, (1+ax)
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>
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where o, is a small constant which is called empirical

parameter and “n” is a positive parameter depends on the
lattice design of the materials.
Substitute from (7) into (1)-(4) and (6), we get:

7 e(xt)
ox’

. 00Xt 2 e(x.t
fy0(1+aox) &S(z ):po ﬁiz )(8)

(2,0+2,uo)

where y, =(3, +2u,) 0,
The heat equation takes the form:

00(x,t)

0°0(x,t R
KD%+nKoan(l+aox)' FPa

0 o’ n
[at‘FTO 0 ](1+aqx) [pOCOEB(X,t)+]/UToe(X,t)]

©

For a small value of o x <1, we have
(1+a,x)" ~(1-a,X) (10)

Thus, we obtain:

o”ze(x,t)+na0(1_aox)(§9(x,t)J=

ox’ 2
X X an

[jtﬂo jt'2](1+aox)" {’%KCOE 0(x,t)+7;°(T°e(x,t)}

0 0

and
0'=(/'L0+2,u”)(l+or(,x)n e—yo(1+a“x)2"9 (12)

For simplicity, the following non-dimensional variables will
be used [20]:

|

a
(x,u)=cp (xu), (tr))=cn (t,7,), 0'=—, oy =——,

'

o
c=——" (13)
(io +2,uo)
where
’7 — pOCOE and CO — /7'0 +2#0 .
K, Py

The primes have been canceled for simplicity. Thus, we get
the governing equations in the forms:

J’e " 070 O 7e(x.t)
Z 81 = 27 14
ox’ Ali+ax) oxt ot (14
0’6 00
v +nao(1—aox)a=
(15)
V) o’ n
|:0’7t+‘[00’7t2:| (1+a0X) [0+€e]
o=(1+ax) e-p(1+ax)" 0 (16)
where
N oand g B
Ay +24, £,Coc

To solve the governing equations (14)-(16), we will apply
the following boundary conditions:
The thermal boundary conditions are:

O(x.t)_, =0"sin(at), 69;:’0 B =0 (17)
and the mechanical boundary conditions are:
oe(x,t)
xt) =0, =0 18
olxt],, =0 S5 (18)

III. ADOMIAN’S DECOMPOSITION METHOD

Adomian’s decomposition method usually defines the
equation in an operator form by considering the highest-
ordered derivative in the problem. We define the differential
operator L in terms of the two derivatives contained in the
problem [4], [5].

We consider (14) and (15) in the operator form as:

Le(xt)=Le(xt)+A(1+ax) L, [0(xt)] (19)

L.0=(1+ax) (LO+7,L0)+

(20)
e(1+a,x)" (Le+r, Le)-ng, (1-a,x) L0

where
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0 0 o
- L=—,L,= 21
L'tt atz X ( )

0
Lt_a7

Assuming that the inverse of the operators L' and L

exists and are taken as definite integrals as [1], [4], [5], [8]:
S[E(x)dx, LE(x)=[[ f(x)dxdx, (22)

Thus, applying the inverse operator on both the sides of
(19), (20) and using the boundary and the initial conditions in,
we obtain:

de(x,t)

e(x,t)=e(0,t)+ o

+L) he(e) . (23)
. Al+a,x) L, [0(x1)]
(I+ax) (LO+7, LO)+
+L | e(1+ax) (Le+r, Le)-| 4
- ne, (1-,x)L,0

Now, we will decompose the unknown functions B(X,t)

and e(x,t) by a sum of components defined by the following

series:

o

0(x,t) =36, (xt)=06,+3 6, (xt) (25)

k=0 k=1

and,

e(x,t):iek(x,t)

k=0

e, +2e (1) (26)

The zero-components are defined by the terms that arise
from the boundary conditions, which give:

oe(x,t
e, =e(0,t)+ f;; ) . 27
and
00(x,t
6, =06(0,t)+ g(( ) B (28)
Substituting from (27) and (28) in (25) and (26), we get
Se, (xt)=e(0,)+ 20U, AL (29)
= X B(1+a,x) "@,9 (x.t)
and,

00(x,t)
oX

+

>0, (xt)=0(0,t)+

*x=0

L (1+a, x)[Ltkz:;Hk(x t)+z, ane (X, t)} 0

L [1+ax (thiek xt)+grok§ek(x,t))}+

k=t

L! [n a, (1-a,X) L%ek (x,t)}

o

We obtain these components of e (X,t)and 6, (x.t)as

recursive formulas:
e (1) = Lo [ L (1) + B(1+a,x) L6, (x1)], k=1 (31)
and,

L o LE, (%) +7, L6, (x,t)+
G (1) =L (1 %) Lgek (%) +er,Le, (x,t):l_

Lo[na, (1-a,X)LE, (xt)], k=1

(32)

We calculate the zero components by using the boundary
conditions in (27) and (28), hence, we obtain:

6, = 6’ sin(wt) (33)

and,
e, = B0’ sin(wt) (34)

also, the first components take the forms:

6, (xt)= (3+a,x)

@ X2 [cos(a)t)—fowsm(wt)} (33)

and,

6 (x,t):—ﬁTwzxz sin(at) (36)

The rest of the components of the iteration formulas, (31)
and (32), have been calculated similarly by using MAPLE 17
program. Moreover, the decomposition series solutions, (29)
and (30), are convergent very rapidly in real physical
problems [9]-[11]. The convergence of the decomposition
series has been investigated by several authors [10], [12], [16].

In an algorithmic form, the ADM can be expressed and
implemented in linear coupling in thermoelasticity models as:
Algorithm
Set a suitable value for the tolerance Tol =10 and let k be the
iteration index,

Stepl. Compute the initial approximations g,

e, =e(0,t) by using (33) and (34).

=¢(0,t)and

Step2. Use the calculated values of @, ande, to compute &, and
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€,,, from (31) and (32).

Step3. If maX|9k+1—«9k|<TO| and max|e —ek|<ToI stop,

k+1
otherwise continue and go back to step 2.
Step4. Calculate 8 and € which complete the solution.

IV.THE NUMERICAL RESULTS

The copper material has been chosen for the numerical
evaluations, and the values’ constants were taken as [20]:

K =386 W /(mK) , & =1.78x10°K" , ¢, =383.13/(kgK) ,
n=8886.73 s/m’, T, =293K, 1 =3.86x10" N /m*,
A=7.76x10"N/m*, p=8954kg/m’ , 7, =6.5x10"s .

Thus, we get the following dimensionless parameters:
7,=0.01,0=0.0104443 ,£ =1.60862, w=r, 0 =10.

We calculate the numerical solutions when the non-
dimensional value of the time is t=2.0, and the non-
dimensional value of the distance is0 < X < 2.0 . According to
the above algorithm, we stopped the calculation on the 7"
component €, (X,t) and 6, (X,t) .

Fig. 1 represents the temperature increment, the strain, the
stress, the displacement distributions when n = 1, and for
various values of the parameter ¢, =(0,0.01) to stand on the

effect of the empirical parameter on all the studied functions.
It is observed that the empirical parameter has significant
effects on all the studied functions. In the presence of the

constant ¢,, the values of the temperature increment

distribution curve decrease as the distance increases and this
appears at the end of the curve, but the situation is reversed in
the case of strain, stress, and displacement, where the absolute
value of those functions increases as the coefficient is valued.
We also find the effect of the coefficient on the values of the

maximum points of the curves, as the coefficient 0., works to

increase the value of the maximum points while in the
distribution of the temperature it is in inverse mode.

Fig. 2 has the same discerption of Fig. 1 but when n = 3 to
stand on the effect of this parameter on all the studied
functions. By comparing Fig. 1 with Fig. 3, it is noticed that
when the value of the parameter n increases, the parameter ¢,

got more impact on all the distributions and the difference
between the two cases of ¢, =0.0 and ¢, =0.01 will be more

visible.

Fig. 3 shows the significant effects of the parameter n on all
the studied functions and that effects are more obvious on the
strain, the stress, and the displacement.

Fig. 4 shows all the studied function on 3D-figures with a
wide range of x (0<x<2.0)and wide range of the parameter n

(0<n<3.0) when the time t=2.0. Those figures represent

that the parameter n has significant effects on all the studied

functions.
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Fig. 1 The temperature increment, the strain, the stress, the
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Fig. 2 The temperature increment, the strain, the stress, the
displacement distributions when n =3
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Fig. 3 The temperature increment, the strain, the stress, the
displacement distributions when ¢, = 0.01

(d) The displacement distribution

Fig. 4 The temperature increment, the strain, the stress, the displacement distributions when t = 2.0

V.CONCLUSIONS

This work introduced the numerical solutions of a one-
dimensional problem of generalized thermoelasticity with
power-functionally graded. The material properties have been
dependent on the lattice shape. Adomian’s decomposition
method has been used. It is noted that, this method is a
successful method with successful iteration to solve
thermoelasticity models. The empirical parameter and the
lattice design parameter have significant effects on the
temperature increment, the strain, the stress, the displacement.

REFERENCES

[1] Sweilam N. Harmonic wave generation in non-linear thermoelasticity by
variational iteration method and Adomian's method. Journal of
Computational and Applied Mathematics 2007;207:64-72.

[2] Adomian G. Solving Frontier Problems of Physics: The Decomposition
Method. 1994. Klumer, Boston.

[3] Adomian G. Nonlinear stochastic systems theory and applications to
physics: Springer Science & Business Media; 1988.

[4] Adomian G, Cherruault Y, Abbaoui K. A nonperturbative analytical
solution of immune response with time-delays and possible
generalization. Mathematical and computer modelling 1996;24:89-96.

[5] Ciarlet P, Jamelot E, Kpadonou F. Domain decomposition methods for
the diffusion equation with low-regularity solution. 2016.

371



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

International Journal of Mechanical, Industrial and Aerospace Sciences
ISSN: 2517-9950
Vol:14, No:8, 2020

Duz M. Solutions of Complex Equations with Adomian Decomposition
Method. TWMS Journal of Applied and Engineering Mathematics
2017,7:66-73.

El-Sayed SM, Kaya D. On the numerical solution of the system of two-
dimensional Burgers' equations by the decomposition method. Applied
Mathematics and Computation 2004;158:101-9.

Gorecki H, Zaczyk M. Decomposition method and its application to the
extremal problems. Archives of Control Sciences 2016;26.

Kaya D, El-Sayed SM. On the solution of the coupled Schrédinger—KdV
equation by the decomposition method. Physics Letters A 2003;313:82-
8.

Kaya D, Inan IE. A convergence analysis of the ADM and an
application. Applied Mathematics and computation 2005;161:1015-25.
Kaya D, Yokus A. A decomposition method for finding solitary and
periodic solutions for a coupled higher-dimensional Burgers equations.
Applied Mathematics and Computation 2005;164:857-64.

Lesnic D. Convergence of Adomian's decomposition method: periodic
temperatures. Computers & Mathematics with Applications 2002;44:13-
24.

Lesnic D. Decomposition methods for non-linear, non-characteristic
Cauchy heat problems. Communications in Nonlinear Science and
Numerical Simulation 2005;10:581-96.

Li L, Jiao L, Stolkin R, Liu F. Mixed second order partial derivatives
decomposition method for large scale optimization. Applied Soft
Computing 2017;61:1013-21.

Mustafa I. Decomposition method for solving parabolic equations in
finite domains. Journal of Zhejiang University-SCIENCE A
2005;6:1058-64.

Vadasz P, Olek S. Convergence and accuracy of Adomian’s
decomposition method for the solution of Lorenz equations.

International Journal of Heat and Mass Transfer 2000;43:1715-34.
Daftardar-Gejji V, Jafari H. Adomian decomposition: a tool for solving
a system of fractional differential equations. Journal of Mathematical
Analysis and Applications 2005;301:508-18.

Ray SS, Bera R. An approximate solution of a nonlinear fractional
differential equation by Adomian decomposition method. Applied
Mathematics and Computation 2005;167:561-71.

Shawagfeh NT. Analytical approximate solutions for nonlinear
fractional differential equations. Applied Mathematics and Computation
2002;131:517-29.

Youssef HM, El-Bary AA. Thermoelastic material response due to laser
pulse heating in context of four theorems of thermoelasticity. Journal of
Thermal Stresses 2014; 37: 1379-89.

372



