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Abstract—Fluidization at vacuum pressure has been a topic that 

is of growing research interest. Several industrial applications (such 
as drying, extractive metallurgy, and chemical vapor deposition 
(CVD)) can potentially take advantage of vacuum pressure 
fluidization. Particularly, the fine chemical industry requires 
processing under safe conditions for thermolabile substances, and 
reduced pressure fluidized beds offer an alternative. Fluidized beds 
under vacuum conditions provide optimal conditions for treatment of 
granular materials where the reduced gas pressure maintains an 
operational environment outside of flammability conditions. The 
fluidization at low-pressure is markedly different from the usual gas 
flow patterns of atmospheric fluidization. The different flow regimes 
can be characterized by the dimensionless Knudsen number. 
Nevertheless, hydrodynamics of bubbling vacuum fluidized beds has 
not been investigated to author’s best knowledge. In this work, the 
two-fluid numerical method was used to determine the impact of 
reduced pressure on the fundamental properties of a fluidized bed. 
The slip flow model implemented by Ansys Fluent User Defined 
Functions (UDF) was used to determine the interphase momentum 
exchange coefficient. A wide range of operating pressures was 
investigated (1.01, 0.5, 0.25, 0.1 and 0.03 Bar). The gas was supplied 
by a uniform inlet at 1.5Umf and 2Umf. The predicted minimum 
fluidization velocity (Umf) shows excellent agreement with the 
experimental data. The results show that the operating pressure has a 
notable impact on the bed properties and its hydrodynamics. 
Furthermore, it also shows that the existing Gorosko correlation that 
predicts bed expansion is not applicable under reduced pressure 
conditions. 
 

Keywords—Computational fluid dynamics, fluidized bed, gas-
solid flow, vacuum pressure, slip flow, minimum fluidization 
velocity.  

I. INTRODUCTION 

N the fine chemical industry, the manufactured particulates 
usually require drying. In some cases, these products 

include organic solvents that are flammable and pose a risk of 
explosion with typical fluidized beds. Therefore, the low-
oxygen environment of vacuum fluidized beds allows for 
drying outside of the flammability conditions. Additionally, 
thermolabile substance can also be dried with vacuum 
fluidized beds with low risk of material degradation [1]-[4]. 
Nevertheless, the poor fluidization quality at reduced pressure 
has been a major detractor [2], [4]. This is also supported by 
limited experimental and numerical data of such operation. 
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Kawamura and Suezawa [5] were the first to study reduced 
operating pressure in the range of 0.133 to 13.33 kPa for beds 
with Group B powders. They found similar fluidization 
characteristics to atmospheric conditions. The fluidization at 
low-pressure is markedly different to the usual gas flow 
patterns of atmospheric fluidization. The gas flow is no longer 
in the laminar flow regime due to the increase in mean free 
path of gas molecules. The gas can be molecular state, viscous 
or intermediate state. The different flow regimes can be 
characterized by the Knudsen number (Kn) (1). It is a ratio of 
mean free path of molecules (𝜆) to the characteristic length 
(diameter of the solid particle). The mean free path can be 
calculated from (2) where, 𝐾 is the Boltzmann constant, 𝑇 is 
the temperature, 𝜉 is the diameter of gas molecule and 𝑃 is the 
gas pressure [1], [2].  
 

𝐾𝑛   (1) 

  

𝜆
√

  (2) 

 
The gas is described to be in a rarefied or molecular state 

(also known as Knudsen flow) when a gas flow has a Kn >> 1. 
The gas particles’ collisions are mostly with the container wall 
rather than with each other. The viscosity of the gas is 
negligible at this state. Slip flow regime is reached when the 
mean free path of molecules is comparable to the 
characteristic length (Kn ≈ 1). The gas flow in this state is 
characterized by molecular phenomenon and viscosity. In 
laminar flow (Kn << 1), the characteristic dimension is larger 
than the mean free path. The gas is governed by the viscosity 
and the Hagen-Poiseuille law applies. 

Generally the pressure drop in a particular bed is expressed 
by the well-known semi-empirical correlation by Ergun [6]. 
Ergun [6] reported that the loss of pressure in a fluidized bed 
was due to both viscous (left term) and kinetic energy losses 
(right term). 
 
∆

150 1.75     
(3) 

 
Kusakabe et al. [7] studied fluidization of fine particles at 

reduced operating pressure. They combined the expressions 
for throughput of gas in viscous (4) and intermediate (5) flow 
as put forth by Dushman et al. [8] to propose an expression for 
minimum fluidization velocity (𝑢 ) (6). 
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where, the 𝑢  is the minimum fluidization velocity for 
atmospheric pressure; 𝑃  is the measured pressure at the 
bottom of the bed; 𝑃 is the pressure at any axial location in the 
bed; 𝑘  is a constant 32 [9]; 𝜀  is the void fraction at 𝑢 ; 𝑅 
is the gas constant; 𝑇 is the gas temperature; 𝑀 is the molar 
mass of the gas; 𝜇 is the dynamics viscosity of the gas; 𝜙 is 
the shape factor and 𝑑 is the mean diameter of solid particles. 

To describe the pressure drop in gas flowing through a 
granular bed under vacuum pressure, Llop et al. [2] derived a 
general equation for pressure drop that is valid from Knudsen 
flow to turbulent flow regime (7). They also derived an 
expression for determining the minimum fluidization velocity 
(8). 
 

  
1.75 𝜌𝑢   (7) 
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Zarekar et al. [10] developed a new correlation to predict 

minimum fluidization Reynolds number (11) for fluidized 
beds that operate under vacuum and atmospheric gas pressure. 
They proposed a critical Knudsen number to determine the 
point at which slip flow term begins to influence the minimum 
fluidization Reynolds number. They suggested that below the 
critical Knudsen number, correlations that are developed for 
atmospheric pressure (based on Ergun equation) are applicable 
in low operating pressure fluidized beds without the slip flow 
correction. Equation (12) is a ratio of the minimum 
fluidization Reynolds number correlation with the same 
correlation by setting 𝐾𝑛 0. 
 

𝑅𝑒
.

.  

.

.
0.0365𝜙𝐴𝑟  (11) 

  

𝜁
,

,
  (12) 

 
Computational Fluid Dynamics (CFD) is a widely used 

technique to predict fluid phenomenon in fluidized beds. The 
Eulerian-Eulerian continuum model has been well established 
over the years with many experimental validations [4], [11]-
[13]. The CFD approach has been used in predicting complex 
phenomenon in fluidized beds such as bubble shape, size and 

growth under various boundary conditions over the years [1], 
[14]. Four different approaches exist in modelling a fluidized 
bed: (1) Two-fluid model (TFM) (2) Discrete Particle model 
(DPM) (3) Discrete bubble model and (4) Molecular 
Dynamics mode [15]. The TFM method, also known as the 
Eulerian-Eulerian model, has been the most frequently used 
modelling approach for gas-fluid fluidized beds with a number 
of semi-empirical constitutive models [11], [16]. In the 
Eulerian-Eulerian model, the two phases (granular and fluid 
phase) are treated as a fully interpenetrating continuum where 
each phase is modelled as a separate fluid and solved by the 
Navier-Strokes equation. The coupling of the two phases is 
given by the interphase momentum exchange coefficient that 
is given in the momentum balance equation. Fluidized beds 
have been modelled in 2D [17]-[19] and 3D [20]-[22]. 
Typically, CFD studies on fluidized beds have used 2D 
models due to their significantly low computational time. 
Several authors have reported that 2D models produce similar 
predictions to 3D models [23]-[25]. 

The scope of this study was to determine the impact of 
reduced operating pressure in the range of 1013.25 mbar to 30 
mbar on nature of a bubbling gas-solid fluidized bed. In this 
work, we look at the time-averaged bed properties for Millet 
particles. The numerical model is validated with the 
experimental minimum fluidization velocity at reduced 
pressure. 

A. Methodology 

 

Fig. 1 Schematic of the computational domain 
 

A two-dimensional fluidized bed (250 x 1,000 mm) was 
modelled transiently on ANSYS Fluent. Millet particles 
represented the solid phase with a mean diameter of 1,600 µm 
and a density of 1,600 kg/m3. Air was used as the fluidizing 
agent. Gas (air) was introduced from the bottom uniform inlet 
as shown in Fig. 1. The numerical models were computed for 
a range of operating pressures (1.01, 0.5, 0.25, 0.1 and 0.03 
Bar) and superficial velocities of 1.5Umf and 2.0Umf. For the 
purpose of this work, we kept the Umf at the value determined 
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for the atmospheric conditions. No slip wall boundary 
condition was applied for the gas phase with partial slip 
condition applied to the granular phase with specularity 
coefficient of 0.5 and coefficient of restitution of 0.9. A 
structured grid was generated with 2.5, 2.0, 3.0, 4.0 mm cells. 
Bed expansion was used as the parameter to determine the 
grid independence. A grid-independent mesh was found for 
the 2 mm cell mesh. 

In Ansys Fluent, the TFM considers each of the fluid phases 
to be an interpenetrating continua. The conservation equations 
of mass and momentum are solved for each phase. It is 
assumed that no mass transfer occurs between the two phases 
with no heat transfer modelled. Therefore, an isothermal 
Eulerian-Eulerian approach was used with the particle phase 
modelled with a constant diameter. The governing equations 
for incompressible two-phase flow are given below: 

Continuity equations 
Gas phase: 
 

 

∇ ∙ 𝜀 𝜌 𝑣⃗ 0  (13) 

 

Solid phase: 
 

 

∇ ∙ 𝜀 𝜌 𝑣⃗ 0   (14) 

 
Momentum equations 
Gas phase: 
 

 

⃗
∇ ∙ 𝜀 𝜌 𝑣⃗𝑣⃗ 𝜀 ∇𝑃 ∇ ∙ 𝜏

𝛽 𝑣⃗ 𝑣⃗ 𝜀 𝜌 �⃗�  

(15) 

 
Solid phase: 
 

 

⃗
∇ ∙ 𝜀 𝜌 𝑣⃗𝑣⃗ 𝜀 ∇𝑃 ∇𝑃 ∇ ∙ 𝜏

𝛽 𝑣⃗ 𝑣⃗ 𝜀 𝜌 �⃗�   

(16) 

 
where, 

 

𝜏 𝜇 ∇𝑣⃗ ∇ 𝑣⃗ 𝜇 ∇ ∙ 𝑣⃗ 𝑰   (17) 

  

𝜏 𝜇 ∇𝑣⃗ ∇ 𝑣⃗ 𝜆 𝜇 ∇ ∙ 𝑣⃗ 𝑰   (18) 

  
𝜀 𝜀 1  (19) 
 

The granular phase requires closures for the pressure (𝑃 ), 
shear viscosity (𝜇 ) and bulk viscosity (𝜆 ). The granular 
temperature (Θ) represents the random fluctuation of 
fluctuating velocity of the solid particles.  
 

𝜀 𝜌 𝑣⃗Θ 𝑃 𝑰 𝜏 : ∇𝑣⃗ ∇ ∙

𝑘 ∇Θ 𝛾 𝜙   

(20) 

 
The frictional stress model by Srivastava and Sundaresan 

[26] has been used in this work: 
 

𝑝 𝜀
𝐹𝑟 ,

,

0, 𝜀 𝜀 ,

, 𝜀 𝜀 ,    
(21) 

  

𝜇 √ ∅

∶
  (22) 

 
where, 𝐷  is the strain rate and ∅ is the internal angle of 
friction. 
 

𝛾 3 1 𝑒 𝜀 𝜌 𝑔 Θ ∇ ∙ 𝑉   
(23) 

 
The drag force acting on a particle in a gas-granular system 

is represented using the interphase momentum exchange 
coefficient (𝐹 ). Several drag models are available to predict 
the interphase exchange coefficient [1], [27]-[29]. The 
Gidaspow drag model [27] has been the most widely used in 
the past literature. It is a combination of drag laws developed 
by Ergun [6] for dense phase and Wen and Yu [28] for dilute 
phase. Later Llop et al. [2] derived a pressure drop equation 
(7) that takes into account the losses at slip flow and later 
Kumar et al. [1] extended this work by deriving the interphase 
exchange coefficient (25) for the dense phase. The Slip flow 
model is implemented into ANSYS Fluent as a UDF. 
 

𝑣⃗ 𝑣⃗   (24) 

  
𝐹

.
1.75

⃗ ⃗
 

(25) 

II. RESULTS AND DISCUSSION 

  

Fig. 2 Minimum fluidization velocity at reduced pressure 
 
In order to establish the validity of the numerical model, a 

numerical study has been conducted to determine the 
minimum fluidization velocity of millet particles at reduced 
pressure. The minimum fluidization velocity was determined 
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using a pressure drop vs. superficial velocity plot. The 
pressure drop within the bed was tracked transiently and 
average over time. The method followed here is further 
explained in [30]. Fig. 2 shows that the predicted minimum 
fluidization shows good agreement with the experimental data 
from Llop et al. [2] with an average error of 8.7%.  

A. Effect of Pressure on Bubbling Behavior 

The simulation data were time-average for 10 s of flow time 
in order to capture the average properties of the bed. The cut-
off for the dense phase has been taken as 𝜀 0.8. The 
bubbles were found to grow from the superficial inlet and the 
rise along the bed. They were notably larger at higher 
superficial velocity. The trajectory of the bubbles was mostly 
away from the centerline of the bed similar to the observations 
by Saxena [31] for shallow beds. This is reflected in the 
porosity in the bed shown in Fig. 3. The observed bubbles 
were found to be elongated shape as they rise in the bed. The 
bubbles were also found to increase in size by the process of 
coalescence with other bubbles and entrainment of gas from 
the bed. However, as the operating pressure was reduced, the 
size of bubble reduced until no bubbles were seen. This 
ultimately reduces the porosity in the bed as seen in Fig. 3. 
The rational for this behavior is due to the rise in minimum 
fluidization velocity as the pressure is reduced. A number of 
authors have experimentally and numerically discussed this 
behavior [2], [7], [30], [32]. Llop et al. [2] developed 
correlation that was found to predict minimum fluidization 
velocity with good agreement with the experimental data. Two 
equations were derived for sharp (27) and spherical particles 
(). Given that the millet particles have a shape factor of 0.9, 
(26) is used to predict the minimum fluidization velocity. Fig. 
4 shows that our bubbling velocity of fixed 1.5Umf and 
predicted minimum fluidization velocity is similar when the 
pressure is at 190.75 mbar. This validates the bubbling 
behavior of the bed that was seen when the pressure was 
reduced. 

 

   

(a) (b) (c) (d) 

Fig. 3 Time-average void fraction contour at 2Umf with (a) 1.01 (b) 
0.5 (c) 0.25 and (d) 0.1 Bar pressure 

Round powders (𝜙 0.8): 
 

𝑅𝑒
.

.
0.0357𝐴𝑟

/
.

.
  

 (26) 

 
Sharper powders (0.5 𝜙 ≪ 0.8): 
 

𝑅𝑒 .

.
0.0571𝐴𝑟

/
.

.
  

 (27) 

 

 

Fig. 4 Gas superficial velocity at varying operating pressure 
 

 

Fig. 5 Bed expansion ratio at varying operating pressure and 
superficial velocity 

B. Bed Expansion 

The bed expansion is defined as a ratio of the expanded bed 
height over the bed height at minimum fluidization velocity. 
The bed height was measured up to the cells with 𝜀 0.8 as 
the interface between the bed and freeboard. Fig. 5 shows that 
the bed expansion reduces with reduction in pressure. The bed 
expansion ratio reaches a similar value (≈ 1%) at 0.03 bar for 
both 1.5 and 2.0 Umf superficial velocity. We also calculated 
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the bed expansion using the Gorosko correlation [33] for 
porosity given in (28). The relation between the porosity and 
bed expansion is given in (29). The predicted bed expansion 
with Gorosko correlation at the reduced pressures is shown in 
Fig. 5. The inaccuracy is higher at increased superficial 
velocity. The impact of the reduced pressure on the gas 
properties were included in the calculation of the correlation, 
however, this correlation was not developed to predict the 
porosity of fluidized bed’s at reduced pressure conditions. 
 

𝜀 .
   (28) 

  

   (29) 

III. CONCLUSION 

We have performed an investigation into the impact of 
vacuum pressure on bubbling beds with a numerical model. 
The numerical model was validated with experimental 
minimum fluidization velocity at reduced pressure. The model 
predicted that operating pressure has a significant impact on 
the bubbling characteristics of the bed and bed expansion 
ratio. The numerical model accounted for the changes in gas 
properties and slip flow conditions with the implementation of 
the slip flow drag model. The Gorosko correlation was found 
not to accurately represent the bed expansion. 
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