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 
Abstract—In this paper, we studied the effect of supplementary 

premium on the optimal portfolio policy in a defined contribution 
(DC) pension scheme with refund of premium clauses. This refund 
clause allows death members’ next of kin to withdraw their relative’s 
accumulated wealth during the accumulation period. The 
supplementary premium is to help sustain the scheme and is assumed 
to be stochastic. We considered cases when the remaining wealth is 
equally distributed and when it is not equally distributed among the 
remaining members. Next, we considered investments in cash and 
equity to help increase the remaining accumulated funds to meet up 
with the retirement needs of the remaining members and composed 
the problem as a continuous time mean-variance stochastic optimal 
control problem using the actuarial symbol and established an 
optimization problem from the extended Hamilton Jacobi Bellman 
equations. The optimal portfolio policy, the corresponding optimal 
fund size for the two assets and also the efficient frontier of the 
pension members for the two cases was obtained. Furthermore, the 
numerical simulations of the optimal portfolio policies with time 
were presented and the effect of the supplementary premium on the 
optimal portfolio policy was discussed and observed that the 
supplementary premium decreases the optimal portfolio policy of the 
risky asset (equity). Secondly we observed a disparity between the 
optimal policies for the two cases. 

 
Keywords—Defined contribution pension scheme, extended 

Hamilton Jacobi Bellman equations, optimal portfolio policies, 
refund of premium clauses, supplementary premium. 

I. INTRODUCTION 

HE importance of pension scheme in planning the old age 
income of retirees cannot be over emphasized. Already in 

existence is two types of pension schemes and these include 
the defined benefit (DB) pension scheme and the DC pension 
scheme. The DB pension scheme is a scheme where members’ 
benefits are predetermined based on salary histories of the 
members, years in service and age. Although most members of 
this scheme are comfortable with the scheme since the burden 
of contribution is only on the employers, it has in recent years 
generated controversies and delay in payment after retirement. 
The later scheme known as the DC pension scheme depends 
mostly on members’ contributions and involvement and 
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requires members to contribute a specific percentage of their 
earnings into the retirement savings account (RSA). This 
scheme is much more lucrative and dependable than the older 
scheme since members are fully involved in the contribution 
and investment process and their benefits depend mostly on 
the returns of the investments during the accumulation period. 
These expected returns are influenced by some factors such as 
investment efficiency, inflation, mortality risk etc. Although 
this scheme looks attractive, it requires members to know how 
to invest in different assets available in the financial market. 
Hence, the study of optimal portfolio policy has become very 
useful especially to financial institutions. 

There are several research works on the study of optimal 
portfolio policies, some of such include [1], which studied the 
optimal investment strategy to DC members with asset, salary 
and interest rate risk; they proposed a novel form of terminal 
utility function by incorporating habit formulation. Reference 
[2] proposed and investigated a model of optimal allocation 
for DC pension plan with a minimum guarantee in the 
continuous-time setting. In [3], asset allocation problem under 
a stochastic interest rate was studied, [4] investigated optimal 
investment strategy for a DC pension with stochastic interest 
rate. Reference [5] investigated a case where the interest rate 
was of Vasicek model; [6] studied the effect of extra 
contribution on the optimal investment strategies for DC 
pension with a stochastic salary under affine interest rate 
model which includes the Cox-Ingersoll-Ross (CIR) model 
and Vasicek model. Lately, the study of constant elasticity of 
Variance (CEV) model in DC pension fund investment 
strategies have taken center stage in modeling the stock price. 
Reference [7] investigated the impact of additional voluntary 
contribution on the optimal investment strategy; also the 
optimal investment strategies in DC pension scheme with 
multiple contributors studied using Legendre transformation 
method to obtain the explicit solution for CRRA and CARA 
see [12]. Reference [8] studied the CEV model and the 
Legendre transform-dual solution for annuity contracts. 
Reference [9] obtained explicit solutions of the optimal 
investment strategy for investor with CRRA and CARA utility 
function by extending the work of [8]. Reference [10] studied 
stochastic strategies of the optimal investment for DC pension 
fund with multiple contributors; here the authors assumed the 
rate of contributions to be stochastic. 

Recently, a number of work have been done on the optimal 
investment strategy with refund of premium clause; some of 
which include [11], which investigated optimal investment 

Effect of Supplementary Premium on the Optimal 
Portfolio Policy in a Defined Contribution Pension 

Scheme with Refund of Premium Clauses 
Edikan E. Akpanibah Obinichi C. Mandah Imoleayo S. Asiwaju 

T



International Journal of Engineering, Mathematical and Physical Sciences

ISSN: 2517-9934

Vol:13, No:5, 2019

118

 

 

strategy for a DC pension scheme with return of premium 
clauses in a mean-variance utility function. Reference [14] 
investigated equilibrium investment strategy for DC pension 
plan with default risk and return of premium clauses under 
CEV model. Reference [16] investigated the optimal time-
consistent investment strategy for a DC pension scheme with 
the return of premium clauses and annuity contracts. 
Reference [13] studied mean variance optimization problem 
with return of premium in a DC pension with multiple 
contributors. Reference [15] studied the optimal Portfolio 
Selection for a DC pension fund with return of premium 
clause with predetermined interest rate under mean-variance 
utility; in their work, they assumed that the return is with 
predetermined interest. 

From the available literature and to the best of our 
knowledge, mandatory and supplementary contributions have 
not been merged together to study the effect of supplementary 
premium on the optimal portfolio policy with refund of 
premium clause. Hence, this forms the basis of this research 
where we study the effect of supplementary premium on the 
optimal portfolio policy with refund of premium clause. We 
assume that the supplementary premium is stochastic and the 
price process of the equity follows a geometric Brownian 
motion. 

II. FINANCIAL MARKET AND INVESTMENT MODEL 

Let us consider a financial market which is complete, 
frictionless and continuously open over a fixed time interval 
𝑡 ∈ [0, 𝑇ሿ. 𝑇 is the time frame of the accumulation period. 
LetሺΩ, 𝐹, 𝑃ሻ be a complete probability space where Ω is a real 
space and 𝑃 a probability measure, ሼ𝐵଴ሺ𝑡ሻ ∶ t ൒  0ሽ is a 
standard Brownian motion. 𝐹is the filtration and represents the 
information generated by the Brownian motion ሼ𝐵଴ሺ𝑡ሻሽ.  

Let 𝐶௧ሺ𝑡ሻ and 𝐸௧ሺ𝑡ሻ represent the price of the risk-free asset 
(cash) and the risky asset (equity) respectively, and their 
models are given as follows:  

  
ௗ஼೟ሺ௧ሻ

஼೟ሺ௧ሻ
ൌ 𝑟𝑑𝑡,    (1) 

 
ௗா೟ሺ௧ሻ

ா೟ሺ௧ሻ
ൌ 𝛼𝑑𝑡 ൅ 𝛽𝑑𝐵଴.    (2) 

 
where 𝑟 is the risk-free interest rate, 𝛼 is the expected 
instantaneous rate of return of equity and satisfies the general 
condition 𝛼 ൐ 𝑟 and 𝛽 is the instantaneous volatility of equity. 
Also, let 𝑏 be the contribution paid to the member’s pension 
account at a given time 𝑡, 𝜔଴the initial age of accumulation 

phase, 𝜗଴ ൅ 𝑇 is the end age, 
ଵ

௜
𝐾ణబା௧ is the mortality rate from 

time 𝑡to 𝑡 ൅ ଵ

௜
, 𝑡𝑏 is the premium accumulated at time t, 

𝑡𝑏 ଵ

௜
𝐾ణబା௧ is the returned premium to the death member’s 

family. Also, we assume that there is a supplementary 
premium 𝜑 introduced to amortize the pension fund which is 
assumed to be stochastic. 

Let 𝜇 represent the proportion of the wealth to be invested 
in risky assets and 1 െ 𝜇, the proportion to be invested in the 

risk-free asset. 
Once return of premium occurs, the pension fund manager’s 

interest will be to increase the fund size of the surviving 
members and simultaneously reduce the risk on the 
accumulated wealth. There is need for the pension fund 
manager to formulate an optimal investment problem under 
the mean-variance criterion as follows:  

 

supఓ൛𝐸௧,௟𝐿ఓሺ𝑇ሻ െ 𝑉𝑎𝑟௧,௟𝐿ఓሺ𝑇ሻൟ   (3) 

III. MAIN RESULT 

A. Optimal Portfolio Policy and the Efficient Frontier When 
the Remaining Wealth Are Equally Distributed Among 
Members 

Considering the time interval [𝑡, 𝑡 ൅
ଵ

௜
ሿ, the differential form 

associated with the fund size, when the remaining wealth is 
shared evenly among the surviving members of the scheme, is 
given as:  

 

𝐿 ቀ𝑡 ൅ ଵ

௜
ቁ ൌ ቆ𝐿ሺ𝑡ሻ ቆ𝜇

ா
೟శ

భ
೔
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൅ ሺ1 െ 𝜇ሻ

஼
೟శ

భ
೔

஼೟
ቇ ൅ 𝑏 ቀଵ

௜
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𝑡𝑏
ଵ

௜
𝐾ణబା௧ቇ

ଵ

ଵି
భ
೔
௄ഛబశ೟

  (4) 

 

𝐿 ቀ𝑡 ൅
ଵ

௜
ቁ ൌ ቆ𝐿ሺ𝑡ሻ ൭𝜇 ቆ
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భ
೔
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െ
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൅
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భ
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ቇ൱ ൅

𝑏 ቀ
ଵ

௜
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௜
𝐾ణబା௧ቇ ቆ1 ൅

భ
೔
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ଵି
భ
೔
௄ഛబశ೟

ቇ  (5) 

 

𝐿 ቀ𝑡 ൅ ଵ
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𝑏 ቀଵ

௜
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భ
೔
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ଵି
భ
೔
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ቇ   (6) 

 
ଵ

௜
𝐾ణబା௧ ൌ 1 െ exp ሼെ ׬ 𝜋ሺ𝜗଴ ൅ 𝑡 ൅ 𝑠ሻ𝑑𝑠ሽ

భ
೔

଴ ൌ 𝜋ሺ𝜗଴ ൅ 𝑡ሻ ଵ

௜
൅ 𝑂ሺ

ଵ

௜
ሻ  

𝑖 → ∞, ଵ

௜
𝐾ణబା௧ ൌ 𝜋ሺ𝜗଴ ൅ 𝑡ሻ𝑑𝑡, 𝑏 ቀଵ

௜
ቁ → 𝑏𝑑𝑡, 

ா
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೔ షಶ೟
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→ ௗா೟ሺ௧ሻ

ா೟ሺ௧ሻ
, 

஼
೟శభ

೔ ష಴೟

஼೟
→ ௗ஼೟ሺ௧ሻ

஼೟ሺ௧ሻ
     (7) 

 
Substituting (7) into (6) we have 
 

𝑑𝐿ሺ𝑡ሻ ൌ 𝐿ሺ𝑡ሻ ቀ𝜇 ቀ
ௗா೟ሺ௧ሻ

ா೟ሺ௧ሻ
ቁ ൅ ሺ1 െ 𝜇ሻ ቀ

ௗ஼೟ሺ௧ሻ

஼೟ሺ௧ሻ
ቁ ൅

ଵ

ణିణబି௧
ቁ ൅ 𝑏𝑑𝑡 ൅

𝜑𝑑𝐵଴ െ 𝑡𝑏𝜋ሺ𝜗଴ ൅ 𝑡ሻ𝑑𝑡    (8) 
 

𝑑𝐿ሺ𝑡ሻ ൌ 𝐿ሺ𝑡ሻ ቀ𝜇ሺ𝛼𝑑𝑡 ൅ 𝛽𝑑𝐵଴ሻ ൅ ሺ1 െ 𝜇ሻሺ𝑟𝑑𝑡ሻ ൅ ଵ

ణିణబି௧
ቁ ൅ 𝑏𝑑𝑡 ൅

𝜑𝑑𝐵଴ െ 𝑡𝑏𝜋ሺ𝜗଴ ൅ 𝑡ሻ𝑑𝑡   (9) 
 

𝑑𝐿ሺ𝑡ሻ ൌ ቄ𝐿ሺ𝑡ሻ ቀ𝜇ሾ𝛼 െ 𝑟ሿ ൅ 𝑟 ൅ ଵ

ణିణబି௧
ቁ ൅ 𝑏 ቀణିణబିଶ௧

ణିణబି௧
ቁቅ 𝑑𝑡 ൅

ሺ𝜇𝐿ሺ𝑡ሻ𝛽 ൅ 𝜑ሻ𝑑𝐵଴𝐿ሺ0ሻ ൌ 𝑙଴    (10) 
 
The force function 𝜋ሺ𝑡ሻ is given as 
 

𝜋ሺ𝑡ሻ ൌ
ଵ

ణି௧
 0 ൑ 𝑡 ൏ 𝜗   (11) 
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where 𝜗 is the maximal age of the life table. 
If we apply the variational inequality method cited in [20], 

the mean-variance control problem (3) is similar to the 
Markovian time inconsistent optimal control problem with 
value function 𝐴ሺ𝑡, 𝑙ሻ see [16]. Our interest here is to 
determine the optimal portfolio policy for the two assets using 
the mean-variance utility function. 

 

൞

𝐵ሺ𝑡, 𝑙, 𝜇ሻ ൌ 𝐸௧,௟ሾ𝐿ఓሺ𝑇ሻሿ െ
ఊ

ଶ
𝑉𝑎𝑟௧,௟ሾ𝐿ఓሺ𝑇ሻሿ

𝐵ሺ𝑡, 𝑙, 𝜇ሻ  ൌ 𝐸௧,௟ሾ𝐿ఓሺ𝑇ሻሿ െ ఊ

ଶ
൫𝐸௧,௟ሾ𝐿ఓሺ𝑇ሻଶ൧ െ ሺ𝐸௧,௟ሾ𝐿ఓሺ𝑇ሻሿሻଶሻ

𝐴ሺ𝑡, 𝑙ሻ  ൌ supఓ 𝐵ሺ𝑡, 𝑙, 𝜇ሻ

 (12) 

 
Following [20] the optimal portfolio policy𝜇∗ satisfies: 
 

𝐴ሺ𝑡, 𝑙ሻ ൌ supఓ 𝐵ሺ𝑡, 𝑙, 𝜇∗ሻ   (13) 
 

𝛾 is a constant representing risk aversion coefficient of the 
members. Let 𝑢ఓሺ𝑡, 𝑙ሻ ൌ 𝐸௧,௟ሾ𝐿ఓሺ𝑇ሻሿ, 𝑣ఓሺ𝑡, 𝑙ሻ ൌ 𝐸௧,௟ሾ𝐿ఓሺ𝑇ሻଶሿ 
then 𝐴ሺ𝑡, 𝑙ሻ  ൌ supఓ 𝑥൫𝑡, 𝑙, 𝑢ఓሺ𝑡, 𝑙ሻ, 𝑣ఓሺ𝑡, 𝑙ሻ൯ where,  
 

𝑥ሺ𝑡, 𝑙, 𝑢, 𝑣ሻ ൌ 𝑢 െ ఊ

ଶ
ሺ𝑣 െ 𝑢ଶሻ   (14) 

 
Theorem 1 (verification theorem). If there exist three real 
functions 𝑋, 𝑌, 𝑍 [0,T]ൈ 𝑅 → 𝑅 satisfying the following 
extended Hamilton Jacobi Bellman equation equations 
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ൌ 0 (15) 

 
where, 
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   (16) 
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ଵ
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ణିణబିଶ௧
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ቁ

቏
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⎭
⎪
⎬

⎪
⎫

ൌ 0

𝑌ሺ𝑇, 𝑙ሻ ൌ 𝑙ଶ

   (17) 

 
Then 𝐴ሺ𝑡, 𝑙ሻ ൌ 𝑋ሺ𝑡, 𝑙ሻ, 𝑢ఓ∗

ൌ 𝑌ሺ𝑡, 𝑙ሻ, 𝑣ఓ∗
ൌ 𝑍ሺ𝑡, 𝑙ሻfor the optimal 

investment strategy 𝜇∗ 
Proof. The details of the proof can be found in [17]-[19]. 

Next, we find the optimal investment policy for the both 
assets and also the efficient frontier by solving (15)-(17). 

Recall that 𝑥ሺ𝑡, 𝑙, 𝑢, 𝑣ሻ ൌ 𝑢 െ ఊ

ଶ
ሺ𝑣 െ 𝑢ଶሻ 

 
𝑥௧ ൌ 𝑥௟ ൌ 𝑥௟௟=𝑥௟௨ ൌ 𝑥௟௩ ൌ 𝑥௨௩ ൌ 𝑥௩௩ ൌ 0,𝑥௨ ൌ 1 ൅ 𝛾𝑢, 

𝑥௨௨ ൌ 𝛾, 𝑥௩ ൌ െ ఊ

ଶ
    (18) 

 
Substituting (18) into (15) and differentiating (15) with 

respect to 𝜇 and solving for 𝜇 we have: 
 

𝜇∗ ൌ െ ൤
ሺఈି௥ሻ௑೗ାఝఉ൫௑೗೗ିఊ௒೗
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మ൯௟ఉమ ൨   (19) 

 
Substituting (19) into (15) and (16) we have 
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𝜑൨
ଶ

ൌ 0   (21) 

 
Next, we assume a solution for 𝑋ሺ𝑡, 𝑙ሻ and 𝑌ሺ𝑡, 𝑙ሻ as: 
 

⎩
⎨

⎧
𝑋ሺ𝑡, 𝑙ሻ ൌ 𝐹ሺ𝑡ሻ𝑙 ൅ 𝐺ሺ𝑡ሻ𝐹ሺ𝑇ሻ ൌ 1, 𝐺ሺ𝑇ሻ ൌ 0
𝑌ሺ𝑡, 𝑙ሻ ൌ 𝐻ሺ𝑡ሻ𝑙 ൅ 𝐼ሺ𝑡ሻ𝐻ሺ𝑇ሻ ൌ 1, 𝐼ሺ𝑇ሻ ൌ 0

𝑋௧ ൌ 𝑙𝐹ሺ𝑡ሻ ൅ 𝐺ሺ𝑡ሻ, 𝑋௟ ൌ 𝐹ሺ𝑡ሻ, 𝑋௟௟ ൌ 0,
𝑌௧ ൌ 𝑙𝐻ሺ𝑡ሻ ൅ 𝐼ሺ𝑡ሻ, 𝑌௟ ൌ 𝐻ሺ𝑡ሻ, 𝑌௟௟ ൌ 0

   (22) 

 
Substituting (22) into (20) and (21) 
 

ቐ
𝐹௧ሺ𝑡ሻ ൅ ቀ𝑟 ൅

ଵ

ణିణబି௧
ቁ 𝐹ሺ𝑡ሻ ൌ 0

𝐺௧ሺ𝑡ሻ ൅ 𝐹ሺ𝑡ሻ𝑏 ቀ
ణିణబିଶ௧

ణିణబି௧
ቁ ൅ 𝐹ଶሺ𝑡ሻ

ሾఈି௥ሿమ

ଶఊுమሺ௧ሻఉమ െ
ఝ

ఉ
𝐹ሺ𝑡ሻሾ𝛼 െ 𝑟ሿ ൌ 0

 

(23) 
 

ቐ
𝐻௧ሺ𝑡ሻ ൅ ቀ𝑟 ൅ ଵ

ణିణబି௧
ቁ 𝐻ሺ𝑡ሻ ൌ 0

𝐼௧ሺ𝑡ሻ ൅ 𝐻ሺ𝑡ሻ𝑏 ቀణିణబିଶ௧

ణିణబି௧
ቁ ൅ 𝐹ሺ𝑡ሻ ሾఈି௥ሿమ

ఊுሺ௧ሻఉమ െ ఝ

ఉ
𝐻ሺ𝑡ሻሾ𝛼 െ 𝑟ሿ ൌ 0

 (24) 

 
Solving (23) and (24), we have 
 

𝐹ሺ𝑡ሻ ൌ ቀణିణబି௧

ణିణబି்
ቁ 𝑒௥ሺ்ି௧ሻ   (25) 

 

𝐻ሺ𝑡ሻ ൌ ቀణିణబି௧

ణିణబି்
ቁ 𝑒௥ሺ்ି௧ሻ   (26) 

 

𝐺ሺ𝑡ሻ ൌ ଵ

ଶఊఉమ ሺ𝛼 െ 𝑟ሻଶሺ𝑇 െ 𝑡ሻ ൅ ఝሾఈି௥ሿ

ఉሺణିణబି்ሻ
ቂ

ଵ

௥మ 𝑒௥ሺ்ି௧ሻ െ ଵ

௥మ ൅
ణିణబି்

௥
െ ణିణబି௧

௥
𝑒௥ሺ்ି௧ሻቃ ൅

௕

ణିణబି்
ቂ

ଶ

௥మ െ
ଶ

௥మ 𝑒௥ሺ்ି௧ሻ ൅
ణିణబିଶ௧

௥
𝑒௥ሺ்ି௧ሻ െ

ణିణబିଶ்

௥
ቃ (27) 

 

𝐼ሺ𝑡ሻ ൌ ଵ

ఊఉమ ሺ𝛼 െ 𝑟ሻଶሺ𝑇 െ 𝑡ሻ ൅ ఝሾఈି௥ሿ

ఉሺణିణబି்ሻ
ቂ

ଵ

௥మ 𝑒௥ሺ்ି௧ሻ െ ଵ

௥మ ൅ ణିణబି்

௥
െ

ణିణబି௧

௥
𝑒௥ሺ்ି௧ሻቃ ൅ ௕

ణିణబି்
ቂ

ଶ

௥మ െ ଶ

௥మ 𝑒௥ሺ்ି௧ሻ ൅ ణିణబିଶ௧

௥
𝑒௥ሺ்ି௧ሻ െ

ణିణబିଶ்

௥
ቃ     (28) 
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𝑋ሺ𝑡, 𝑙ሻ ൌ

𝑙 ቀ
ణିణబି௧

ణିణబି்
ቁ 𝑒௥ሺ்ି௧ሻ ൅

ଵ

ଶఊఉమ ሺ𝛼 െ 𝑟ሻଶሺ𝑇 െ 𝑡ሻ ൅
ఝሾఈି௥ሿ

ఉሺణିణబି்ሻ
ቂ

ଵ

௥మ 𝑒௥ሺ்ି௧ሻ െ
ଵ

௥మ ൅ ణିణబି்

௥
െ ణିణబି௧

௥
𝑒௥ሺ்ି௧ሻቃ ൅ ௕

ణିణబି்
ቂ

ଶ

௥మ െ ଶ

௥మ 𝑒௥ሺ்ି௧ሻ ൅
ణିణబିଶ௧

௥
𝑒௥ሺ்ି௧ሻ െ ణିణబିଶ்

௥
ቃ  (29) 

 
𝑌ሺ𝑡, 𝑙ሻ ൌ

𝑙 ቀ
ణିణబି௧

ణିణబି்
ቁ 𝑒௥ሺ்ି௧ሻ ൅

ଵ

ఊఉమ ሺ𝛼 െ 𝑟ሻଶሺ𝑇 െ 𝑡ሻ ൅
ఝሾఈି௥ሿ

ఉሺణିణబି்ሻ
ቂ

ଵ

௥మ 𝑒௥ሺ்ି௧ሻ െ
ଵ

௥మ ൅ ణିణబି்

௥
െ ణିణబି௧

௥
𝑒௥ሺ்ି௧ሻቃ ൅ ௕

ణିణబି்
ቂ

ଶ

௥మ െ ଶ

௥మ 𝑒௥ሺ்ି௧ሻ ൅
ణିణబିଶ௧

௥
𝑒௥ሺ்ି௧ሻ െ ణିణబିଶ்

௥
ቃ  (30) 

 
Result 1. The optimal investment strategy for the risky asset is 
given as 

 

𝜇∗ ൌ
ቀ

ഛషഛబష೅
ഛషഛబష೟

ቁሺఈି௥ሻ௘షೝሺ೅ష೟ሻିఊఉఝ

ఊ௟ఉమ    (31) 

 
Proof. From (19) and (22), we have  

 

𝜇∗ ൌ െ ൤
ሺఈି௥ሻ௑೗ାఝఉ൫௑೗೗ିఊ௒೗

మ൯

൫௑೗೗ିఊ௒೗
మ൯௟ఉమ ൨  

 

𝑋௟ ൌ 𝐹ሺ𝑡ሻ ൌ ቀణିణబି௧

ణିణబି்
ቁ 𝑒௥ሺ்ି௧ሻ, 𝑋௟௟ ൌ 0,  

 

𝑌௟ ൌ 𝐻ሺ𝑡ሻ ൌ ቀణିణబି௧

ణିణబି்
ቁ 𝑒௥ሺ்ି௧ሻ  

 
then 

𝜇∗ ൌ െ ൥
ሺఈି௥ሻቀ

ഛషഛబష೟
ഛషഛబష೅

ቁ௘ೝሺ೅ష೟ሻିቀ
ഛషഛబష೟
ഛషഛబష೅

ቁ
మ

ఝఉఊ௘షమೝሺ೅ష೟ሻ

ఊ௘షమೝሺ೅ష೟ሻ௟ఉమቀ
ഛషഛబష೟
ഛషഛబష೅

ቁ
మ ൩  

 

𝜇∗ ൌ
ቀ

ഛషഛబష೅
ഛషഛబష೟ቁሺఈି௥ሻ௘షೝሺ೅ష೟ሻିఊఉఝ

ఊ௟ఉమ   

 
Result 2. The optimal fund size is given as  
 

𝐿ሺ𝑡ሻ ൌ
ሺఈି௥ሻమ

ఊఉమ ቀ
ణିణబି்

ణିణబି௧
ቁ 𝑡𝑒௥ሺ்ି௧ሻ െ

௕

௥
ቀ

ణିణబିଶ௧

ణିణబି௧
ቁ ൅

ଵ

௥మ ቀ
ଶ௕

ణିణబି௧
ቁ െ

ఝ

ఉ
ሾ𝛼 െ 𝑟ሿ ቀ

ଵ

௥మሺణିణబି௧ሻ
െ

ଵ

௥
ቁ ൅ ቆ𝑙଴ሺ𝜗 െ 𝜗଴ሻ ൅

௕ሺణିణబሻ

௥
െ

ଶ௕

௥మ ൅

ఝ

ఉ
ሾ𝛼 െ 𝑟ሿ ቀ ଵ

௥మ െ
ሺణିణబሻ

௥
ቁቇ ௘ೝ೟

ణିణబି௧
  (32) 

 
Proof. Recall that (9) and (31) is given respectively as 

 

𝑑𝐿ሺ𝑡ሻ ൌ ቄ𝐿ሺ𝑡ሻ ቀ𝜇ሾ𝛼 െ 𝑟ሿ ൅ 𝑟 ൅ ଵ

ణିణబି௧
ቁ ൅ 𝑏 ቀణିణబିଶ௧

ణିణబି௧
ቁቅ 𝑑𝑡 ൅

ሺ𝜇𝐿ሺ𝑡ሻ𝛽 ൅ 𝜑ሻ𝑑𝐵଴𝐿ሺ0ሻ ൌ 𝑙଴  
 

𝜇∗ ൌ
ሺఈି௥ሻ௘షೝሺ೅ష೟ሻିఝఉఊ

ఊ௟ఉమ   

 
Substituting (31) into (9), we have 
 

𝐿௧ሺ𝑡ሻ െ ሺ𝑟 ൅
ଵ

ణିణబି௧
ሻ𝐿 ൌ

ሺఈି௥ሻమ

ఊఉమ 𝑒௥ሺ்ି௧ሻ ቀ
ణିణబି்

ణିణబି௧
ቁ െ

ఝ

ఉ
ሾ𝛼 െ 𝑟ሿ ൅

𝑏 ቀ
ణିణబିଶ௧

ణିణబି௧
ቁ 𝐿ሺ0ሻ ൌ 𝑙଴   (33) 

Solving (33) for 𝐿ሺ𝑡ሻ with initial condition we have 
 

𝐿ሺ𝑡ሻ ൌ
ሺఈି௥ሻమ

ఊఉమ ቀ
ణିణబି்

ణିణబି௧
ቁ 𝑡𝑒௥ሺ்ି௧ሻ െ

௕

௥
ቀ

ణିణబିଶ௧

ణିణబି௧
ቁ ൅

ଵ

௥మ ቀ
ଶ௕

ణିణబି௧
ቁ െ

ఝ

ఉ
ሾ𝛼 െ 𝑟ሿ ቀ

ଵ

௥మሺణିణబି௧ሻ
െ

ଵ

௥
ቁ ൅ ቆ𝑙଴ሺ𝜗 െ 𝜗଴ሻ ൅

௕ሺణିణబሻ

௥
െ

ଶ௕

௥మ ൅

ఝ

ఉ
ሾ𝛼 െ 𝑟ሿ ቀ ଵ

௥మ െ
ሺణିణబሻ

௥
ቁቇ ௘ೝ೟

ణିణబି௧
  

 
Result 3. The efficient frontier of the pension fund is given as  

 

𝐸௧,௟ሾ𝐿ఓ∗ሺ𝑇ሻሿ ൌ 𝑙 ቀణିణబି௧

ణିణబି்
ቁ 𝑒௥ሺ்ି௧ሻ ൅ ఝሾఈି௥ሿ

ఉሺణିణబି்ሻ
ቂ ଵ

௥మ 𝑒௥ሺ்ି௧ሻ െ
ଵ

௥మ ൅ ణିణబି்

௥
െ ణିణబି௧

௥
𝑒௥ሺ்ି௧ሻቃ ൅ ௕

ణିణబି்
ቂ ଶ

௥మ െ ଶ

௥మ 𝑒௥ሺ்ି௧ሻ ൅

ణିణబିଶ௧

௥
𝑒௥ሺ்ି௧ሻ െ ణିణబିଶ்

௥
ቃ ൅ 

ሾఈି௥ሿ

ఉ
ටሺ𝑇 െ 𝑡ሻ൫𝑉𝑎𝑟௧,௟ሾ𝐿ఓ∗ሺ𝑇ሻሿ൯ 

   (34) 
 

Proof. Recall that  
 

𝑉𝑎𝑟௧,௟ሾ𝐿ఓ∗ሺ𝑇ሻሿ ൌ 𝐸௧,௟ሾ𝐿ఓሺ𝑇ሻଶሿ െ ሺ𝐸௧,௟ሾ𝐿ఓሺ𝑇ሻሿሻଶ  

𝑉𝑎𝑟௧,௟ሾ𝐿ఓ∗ሺ𝑇ሻሿ ൌ ଶ

ఊ
ሺ𝑌ሺ𝑡, 𝑙ሻ െ 𝑋ሺ𝑡, 𝑙ሻሻ   (35) 

 
Substituting (29) and (30) into (35), we have 
 

𝑉𝑎𝑟௧,௟ሾ𝐿ఓ∗ሺ𝑇ሻሿ ൌ ଵ

ఊమఉమ ሺ𝛼 െ 𝑟ሻଶሺ𝑇 െ 𝑡ሻ   (36) 

 

ଵ

ఊ
ൌ ఉ

ሺఈି௥ሻ
ට௏௔௥೟,೗ሾ௅ഋ∗ሺ்ሻሿሿ

ሺ்ି௧ሻ
    (37) 

 

𝐸௧,௟ሾ𝐿ఓ∗ሺ𝑇ሻሿ ൌ  𝑌ሺ𝑡, 𝑙ሻ    (38) 
 
Substituting (30) into (38), we have 
 

𝐸௧,௟ሾ𝐿ఓ∗ሺ𝑇ሻሿ ൌൌ 𝑙 ቀణିణబି௧

ణିణబି்
ቁ 𝑒௥ሺ்ି௧ሻ ൅ ଵ

ఊఉమ ሺ𝛼 െ 𝑟ሻଶሺ𝑇 െ 𝑡ሻ ൅
ఝሾఈି௥ሿ

ఉሺణିణబି்ሻ
ቂ ଵ

௥మ 𝑒௥ሺ்ି௧ሻ െ ଵ

௥మ ൅ ణିణబି்

௥
െ ణିణబି௧

௥
𝑒௥ሺ்ି௧ሻቃ ൅

௕

ణିణబି்
ቂ

ଶ

௥మ െ
ଶ

௥మ 𝑒௥ሺ்ି௧ሻ ൅
ణିణబିଶ௧

௥
𝑒௥ሺ்ି௧ሻ െ

ణିణబିଶ்

௥
ቃ  (39) 

 
Substitute (37) in (39), we have: 
 

𝐸௧,௟ሾ𝐿ఓ∗ሺ𝑇ሻሿ ൌ 𝑙 ቀణିణబି௧

ణିణబି்
ቁ 𝑒௥ሺ்ି௧ሻ ൅ ఝሾఈି௥ሿ

ఉሺణିణబି்ሻ
ቂ ଵ

௥మ 𝑒௥ሺ்ି௧ሻ െ
ଵ

௥మ ൅ ణିణబି்

௥
െ ణିణబି௧

௥
𝑒௥ሺ்ି௧ሻቃ ൅ ௕

ణିణబି்
ቂ ଶ

௥మ െ ଶ

௥మ 𝑒௥ሺ்ି௧ሻ ൅

ణିణబିଶ௧

௥
𝑒௥ሺ்ି௧ሻ െ ణିణబିଶ்

௥
ቃ ൅

ሾఈି௥ሿ

ఉ
ටሺ𝑇 െ 𝑡ሻ൫𝑉𝑎𝑟௧,௟ሾ𝐿ఓ∗ሺ𝑇ሻሿ൯   

 
Remark 1. If there is no supplementary premium, i.e. 𝜑 ൌ 0, 
then the optimal portfolio policy, optimal fund size, and 
efficient frontier reduce to the following 
 

𝜇∗ ൌ
ቀ

ഛషഛబష೅
ഛషഛబష೟

ቁሺఈି௥ሻ௘షೝሺ೅ష೟ሻ

ఊ௟ఉమ   

 

𝐿ሺ𝑡ሻ ൌ
ሺఈି௥ሻమ

ఊఉమ ቀణିణబି்

ణିణబି௧
ቁ 𝑡𝑒௥ሺ்ି௧ሻ െ ௕

௥
ቀణିణబିଶ௧

ణିణబି௧
ቁ ൅
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ଵ

௥మ ቀ
ଶ௕

ణିణబି௧
ቁ ൅ ቀ𝑙଴ሺ𝜗 െ 𝜗଴ሻ ൅

௕ሺణିణబሻ

௥
െ

ଶ௕

௥మቁ
௘ೝ೟

ణିణబି௧
  

 

𝐸௧,௟ሾ𝐿ఓ∗ሺ𝑇ሻሿ ൌ 𝑙 ቀ
ణିణబି௧

ణିణబି்
ቁ 𝑒௥ሺ்ି௧ሻ ൅

௕

ణିణబି்
ቂ

ଶ

௥మ െ
ଶ

௥మ 𝑒௥ሺ்ି௧ሻ ൅

ణିణబିଶ௧

௥
𝑒௥ሺ்ି௧ሻ െ

ణିణబିଶ்

௥
ቃ ൅

ሾఈି௥ሿ

ఉ
ටሺ𝑇 െ 𝑡ሻ൫𝑉𝑎𝑟௧,௟ሾ𝐿ఓ∗ሺ𝑇ሻሿ൯  

B. Optimal Portfolio Policy and the Efficient Frontier When 
the Remaining Wealth Are not Equally Distributed among 
Members 

Considering the time interval [𝑡, 𝑡 ൅
ଵ

௜
ሿ, the differential form 

associated with the fund size when the remaining wealth is not 
equally distributed among the remaining members is given as:  

 

𝐿 ቀ𝑡 ൅
ଵ

௜
ቁ ൌ 𝐿ሺ𝑡ሻ ቆ𝜇

ா
೟శ

భ
೔

ா೟
൅ ሺ1 െ 𝜇ሻ

஼
೟శ

భ
೔

஼೟
ቇ ൅ 𝑏 ቀ

ଵ

௜
ቁ ൅ 𝜑𝑑𝐵଴ െ

𝑡𝑏
ଵ

௜
𝐾ణబା௧     (40) 

 

𝐿 ቀ𝑡 ൅ ଵ

௜
ቁ െ 𝐿ሺ𝑡ሻ ൌ 𝐿ሺ𝑡ሻ ቆ𝜇ሺ

ா
೟శ

భ
೔ షಶ೟

ா೟
ሻ ൅ ሺ1 െ 𝜇ሻሺ

஼
೟శ

భ
೔ ష಴೟

஼೟
ሻቇ ൅ 𝑏 ቀଵ

௜
ቁ ൅

𝜑𝑑𝐵଴ െ 𝑡𝑏 ଵ

௜
𝐾ణబା௧    (41) 

 
Substituting (6) into (41) we have 
 

𝑑𝐿ሺ𝑡ሻ ൌ 𝐿ሺ𝑡ሻ ቆ𝜇 ቀௗா೟ሺ௧ሻ

ா೟ሺ௧ሻ
ቁ ൅ ሺ1 െ 𝜇ሻ ቀௗ஼೟ሺ௧ሻ

஼೟ሺ௧ሻ
ቁቇ ൅ 𝑏𝑑𝑡 ൅ 𝜑𝑑𝐵଴ െ

𝑡𝑏𝜋ሺ𝜗଴ ൅ 𝑡ሻ𝑑𝑡     (42) 
 
Substituting (1) and (2) into (42), we have 
 
𝑑𝐿ሺ𝑡ሻ ൌ 𝐿ሺ𝑡ሻ൫𝜇ሺ𝛼𝑑𝑡 ൅ 𝛽𝑑𝐵଴ሻ ൅ ሺ1 െ 𝜇ሻሺ𝑟𝑑𝑡ሻ൯ ൅ 𝑏𝑑𝑡 ൅ 𝜑𝑑𝐵଴ െ

𝑡𝑏𝜋ሺ𝜗଴ ൅ 𝑡ሻ𝑑𝑡     (43) 
 

𝑑𝐿ሺ𝑡ሻ ൌ ቄ𝐿ሺ𝑡ሻሺ𝜇ሾ𝛼 െ 𝑟ሿ ൅ 𝑟ሻ ൅ 𝑏 ቀణିణబିଶ௧

ణିణబି௧
ቁቅ 𝑑𝑡 ൅ ሺ𝜇𝐿ሺ𝑡ሻ𝛽 ൅

𝜑ሻ𝑑𝐵଴𝐿ሺ0ሻ ൌ 𝑙଴    (44) 
 
According to [20], the mean-variance control problem (3) is 

similar to the Markovian time inconsistent stochastic optimal 
control problem with value function 𝐴∗ሺ𝑡, 𝑙ሻ, see [16]. Our 
interest here is to determine the optimal portfolio policy for 
the two assets using the mean-variance utility function. 

 

൞

𝐵∗ሺ𝑡, 𝑙, 𝜇ሻ ൌ 𝐸௧,௟ሾ𝐿ఓሺ𝑇ሻሿ െ
ఊ

ଶ
𝑉𝑎𝑟௧,௟ሾ𝐿ఓሺ𝑇ሻሿ

𝐵∗ሺ𝑡, 𝑙, 𝜇ሻ  ൌ 𝐸௧,௟ሾ𝐿ఓሺ𝑇ሻሿ െ ఊ

ଶ
൫𝐸௧,௟ሾ𝐿ఓሺ𝑇ሻଶ൧ െ ሺ𝐸௧,௟ሾ𝐿ఓሺ𝑇ሻሿሻଶሻ

𝐴∗ሺ𝑡, 𝑙ሻ  ൌ supఓ 𝐵∗ሺ𝑡, 𝑙, 𝜇ሻ

 (45) 

 
Following [1] the optimal portfolio policy𝜇∗ satisfies: 
 

𝐴∗ሺ𝑡, 𝑙ሻ ൌ supఓሺ𝑡, 𝑙, 𝜇∗ሻ    (46) 
 
𝛾is a constant representing risk aversion coefficient of the 
members. Let 𝑢ఓሺ𝑡, 𝑙ሻ ൌ 𝐸௧,௟ሾ𝐿ఓሺ𝑇ሻሿ, 𝑣ఓሺ𝑡, 𝑙ሻ ൌ 𝐸௧,௟ሾ𝐿ఓሺ𝑇ሻଶሿ 
then 𝐴∗ሺ𝑡, 𝑙ሻ  ൌ supఓ 𝑥∗൫𝑡, 𝑙, 𝑢ఓሺ𝑡, 𝑙ሻ, 𝑣ఓሺ𝑡, 𝑙ሻ൯ where,  
 

𝑥∗ሺ𝑡, 𝑙, 𝑢, 𝑣ሻ ൌ 𝑢 െ ఊ

ଶ
ሺ𝑣 െ 𝑢ଶሻ   (47) 

Theorem 2 (verification theorem). If there exist three real 
functions 𝑋∗, 𝑌∗, 𝑍∗ [0,T]ൈ 𝑅 → 𝑅 satisfying the following 
extended Hamilton Jacobi Bellman equation equations: 

 

⎩
⎪⎪
⎨

⎪⎪
⎧

sup
ఓ

⎩
⎪
⎨

⎪
⎧

𝑋∗
௧ െ 𝑥∗

௧

൅ሺ𝑋∗
௟ െ 𝑥∗

௟ሻ ൥
𝑙ሺ𝜇ሾ𝛼 െ 𝑟ሿ ൅ 𝑟ሻ ൅

𝑏 ቀ
ణିణబିଶ௧

ణିణబି௧
ቁ ൩

൅ ଵ

ଶ
ሺ𝑋∗

௟௟ െ 𝑈௟௟ሻሺ𝜇𝑙𝛽 ൅ 𝜑ሻଶ
⎭
⎪
⎬

⎪
⎫

𝑋∗ሺ𝑇, 𝑙ሻ ൌ  𝑥∗ሺ𝑡, 𝑙, 𝑙, 𝑙ଶሻ

ൌ 0  (48) 

 
where, 
 

𝑈௟௟ ൌ 𝑥∗
௟௟ ൅ 2𝑥∗

௟௨𝑢௟ ൅ 2𝑥∗
௟௩𝑣௟ ൅ 𝑥∗

௨௨𝑢௟
ଶ ൅ 2𝑥∗

௨௩𝑢௟𝑣௟ ൅ 𝑥∗
௩௩𝑣௟

ଶ

ൌ 𝛾𝑢௟
ଶ 

⎩
⎪
⎨

⎪
⎧

൞

𝑌∗
௧

൅𝑌∗
௟ ൥

𝑙ሺ𝜇ሾ𝛼 െ 𝑟ሿ ൅ 𝑟ሻ

൅𝑏 ቀ
ణିణబିଶ௧

ణିణబି௧
ቁ ൩ ൅ ଵ

ଶ
𝑌∗

𝑙𝑙ሺ𝜇𝑙𝛽 ൅ 𝜑ሻଶൢ ൌ 0

𝑌∗ሺ𝑇, 𝑙ሻ ൌ  𝑙

 (49) 

 

⎩
⎪
⎨

⎪
⎧

൞

𝑍∗
௧

൅𝑍∗
௟ ൥

𝑙ሺ𝜇ሾ𝛼 െ 𝑟ሿ ൅ 𝑟ሻ

൅𝑏 ቀణିణబିଶ௧

ణିణబି௧
ቁ ൩ ൅

ଵ

ଶ
𝑍∗

௟௟ሺ𝜇𝑙𝛽 ൅ 𝜑ሻଶൢ ൌ 0

𝑍∗ሺ𝑇, 𝑙ሻ ൌ 𝑙ଶ

 (50) 

 

Then 𝐴∗ሺ𝑡, 𝑙ሻ ൌ 𝑋∗ሺ𝑡, 𝑙ሻ, 𝑢ఓ∗
ൌ 𝑌∗ሺ𝑡, 𝑙ሻ, 𝑣ఓ∗

ൌ 𝑍∗ሺ𝑡, 𝑙ሻ for the 
optimal portfolio policy𝜇∗ 
Proof. For the details of the proof, see [17]-[19]. 

Next, we determine the optimal investment policy for the 
two available assets and also the efficient frontier by solving 
(48)-(50). 

Recall that 𝑥ሺ𝑡, 𝑙, 𝑢, 𝑣ሻ ൌ 𝑢 െ ఊ

ଶ
ሺ𝑣 െ 𝑢ଶሻ 

 
𝑥∗

௧ ൌ 𝑥∗
௟ ൌ 𝑥∗

௟௟=𝑥∗
௟௨ ൌ 𝑥∗

௟௩ ൌ 𝑥∗
௨௩ ൌ 𝑥∗

௩௩ ൌ 0, 𝑥∗
௨ ൌ 1 ൅

𝛾𝑢, 𝑥∗
௨௨ ൌ 𝛾, 𝑥∗

௩ ൌ െ
ఊ

ଶ
   (51) 

 
Substituting (51) into (48) and differentiating (48) with 

respect to 𝜇 and solving for 𝜇 we have: 
 

𝜇∗ ൌ െ ቈ
ሺఈି௥ሻ௑∗

೗ାఝఉቀ௑∗
೗೗ିఊ௒∗

೗
మቁ

൫௑∗
೗೗ିఊ௒∗

೗
మ൯௟ఉమ ቉   (52) 

 
Substituting (52) into (48) and (49) we have 
 

𝑋∗
௧ ൅ 𝑋∗

௟ ቂ𝑟𝑙 ൅ 𝑏 ቀ
ణିణబିଶ௧

ణିణబି௧
ቁቃ െ 𝑋∗

௟
ଶ ሺఈି௥ሻమ

ଶ൫௑∗
೗೗ିఊ௒∗

೗
మ൯ఉమ െ

ఝ

ఉ
𝑋∗

௟
ሾ𝛼 െ 𝑟ሿ ൌ

0      (53) 
 

𝑌∗
௧ ൅ 𝑌∗

௟ ቂ𝑟𝑙 ൅ 𝑏 ቀణିణబିଶ௧

ణିణబି௧
ቁቃ െ 𝑋∗

௟𝑌∗
௟

ሺఈି௥ሻమ

ଶ൫௑∗
೗೗ିఊ௒∗

೗
మ൯ఉమ െ ఝ

ఉ
𝑌௟ሾ𝛼 െ 𝑟ሿ ൅

௒∗
೗೗

ଶ
൤െ𝑋∗

௟ ൤
ሺఈି௥ሻ௑∗

೗ାఝఉ൫௑∗
೗೗ିఊ௒∗

೗
మ൯

൫௑∗
೗೗ିఊ௒∗

೗
మ൯ఉ

൨ ൅ 𝜑൨
ଶ

ൌ 0  (54) 

 
Next, we assume a solution for 𝑋∗ሺ𝑡, 𝑙ሻ and 𝑌∗ሺ𝑡, 𝑙ሻ as: 
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⎩
⎨

⎧
𝑋∗ሺ𝑡, 𝑙ሻ ൌ 𝐹∗ሺ𝑡ሻ𝑙 ൅ 𝐺∗ሺ𝑡ሻ𝐹∗ሺ𝑇ሻ ൌ 1, 𝐺∗ሺ𝑇ሻ ൌ 0
𝑌∗ሺ𝑡, 𝑙ሻ ൌ 𝐻∗ሺ𝑡ሻ𝑙 ൅ 𝐼∗ሺ𝑡ሻ𝐻∗ሺ𝑇ሻ ൌ 1, 𝐼∗ሺ𝑇ሻ ൌ 0

𝑋∗
௧ ൌ 𝑙𝐹∗ሺ𝑡ሻ ൅ 𝐺∗ሺ𝑡ሻ, 𝑋∗

௟ ൌ 𝐹∗ሺ𝑡ሻ,
𝑋∗

௟௟ ൌ 0, 𝑌∗
௧ ൌ 𝑙𝐻∗ሺ𝑡ሻ ൅ 𝐼∗ሺ𝑡ሻ, 𝑌∗

௟ ൌ 𝐻∗ሺ𝑡ሻ, 𝑌∗
௟௟ ൌ 0

 (55) 

 
Substituting (55) into (53) and (54) 
 

⎩
⎪
⎨

⎪
⎧ 𝐹∗

௧ሺ𝑡ሻ ൅ 𝑟𝐹∗ሺ𝑡ሻ ൌ 0

𝐺∗
௧ሺ𝑡ሻ ൅ 𝐹∗ሺ𝑡ሻ𝑏 ቀ

ణିణబିଶ௧

ణିణబି௧
ቁ ൅ 𝐹∗ଶሺ𝑡ሻ

ሾఈି௥ሿమ

ଶఊு∗మሺ௧ሻఉమ

െ
ఝ

ఉ
𝐹∗ሺ𝑡ሻሾ𝛼 െ 𝑟ሿ ൌ 0

  (56) 

 

⎩
⎪
⎨

⎪
⎧ 𝐻∗

௧ሺ𝑡ሻ ൅ 𝑟𝐻∗ሺ𝑡ሻ ൌ 0

𝐼∗
௧ሺ𝑡ሻ ൅ 𝐻∗ሺ𝑡ሻ𝑏 ቀణିణబିଶ௧

ణିణబି௧
ቁ ൅ 𝐹∗ሺ𝑡ሻ ሾఈି௥ሿమ

ఊு∗ሺ௧ሻఉమ

െ ఝ

ఉ
𝐻∗ሺ𝑡ሻሾ𝛼 െ 𝑟ሿ ൌ 0

  (57) 

 
Solving (56) and (57), we have 
 

𝐹∗ሺ𝑡ሻ ൌ 𝑒௥ሺ்ି௧ሻ   (58) 
 

𝐻∗ሺ𝑡ሻ ൌ 𝑒௥ሺ்ି௧ሻ   (59) 
 

𝐺∗ሺ𝑡ሻ ൌ
ଵ

ଶఊఉమ ሺ𝛼 െ 𝑟ሻଶሺ𝑇 െ 𝑡ሻ ൅ ሺ
ఝ

ఉ
ሾ𝛼 െ 𝑟ሿ െ

௕

௥
ሻሺ1 െ 𝑒௥ሺ்ି௧ሻሻ ൅

𝑏 ׬
ఛ

ణିణబିఛ

்
௧ 𝑒ି௥ఛ𝑑𝜏   (60) 

 

𝐼∗ሺ𝑡ሻ ൌ
ଵ

ఊఉమ ሺ𝛼 െ 𝑟ሻଶሺ𝑇 െ 𝑡ሻ ൅ ሺ
ఝ

ఉ
ሾ𝛼 െ 𝑟ሿ െ

௕

௥
ሻሺ1 െ 𝑒௥ሺ்ି௧ሻሻ ൅

𝑏 ׬
ఛ

ణିణబିఛ

்
௧ 𝑒ି௥ఛ𝑑𝜏   (61) 

 

𝑋∗ሺ𝑡, 𝑙ሻ ൌ 𝑙𝑒ି௥ሺ்ି௧ሻ ൅
ଵ

ଶఊఉమ ሺ𝛼 െ 𝑟ሻଶሺ𝑇 െ 𝑡ሻ ൅ ሺ
ఝ

ఉ
ሾ𝛼 െ 𝑟ሿ െ

௕

௥
ሻሺ1 െ

𝑒௥ሺ்ି௧ሻሻ ൅ 𝑏 ׬
ఛ

ణିణబିఛ

்
௧ 𝑒ି௥ఛ𝑑𝜏  (62) 

 

𝑌∗ሺ𝑡, 𝑙ሻ ൌ 𝑙𝑒ି௥ሺ்ି௧ሻ ൅ ଵ

ఊఉమ ሺ𝛼 െ 𝑟ሻଶሺ𝑇 െ 𝑡ሻ ൅ ሺఝ

ఉ
ሾ𝛼 െ 𝑟ሿ െ ௕

௥
ሻሺ1 െ

𝑒௥ሺ்ି௧ሻሻ ൅ 𝑏 ׬
ఛ

ణିణబିఛ

்
௧ 𝑒ି௥ఛ𝑑𝜏  (63) 

 
Result 4. The optimal investment strategy for the risky asset is 
given as 
 

𝜇∗ ൌ
ሺఈି௥ሻ௘షೝሺ೅ష೟ሻିఊఉఝ

ఊ௟ఉమ    (64) 

 
Proof. From (52) and (55), we have  

 

𝜇∗ ൌ െ ቈ
ሺఈି௥ሻ௑∗

೗ାఝఉቀ௑∗
೗೗ିఊ௒∗

೗
మቁ

൫௑∗
೗೗ିఊ௒∗

೗
మ൯௟ఉమ ቉  

 

𝑋∗
௟ ൌ 𝐹∗ሺ𝑡ሻ ൌ 𝑒ି௥ሺ்ି௧ሻ, 𝑋∗

௟௟ ൌ 0, 𝑌∗
௟ ൌ 𝐻∗ሺ𝑡ሻ ൌ 𝑒ି௥ሺ்ି௧ሻ 

 
then 

𝜇∗ ൌ െ ൤
ሺఈି௥ሻ௘షೝሺ೅ష೟ሻିఝఉఊ௘షమೝሺ೅ష೟ሻ

ఊ௘షమೝሺ೅ష೟ሻ௟ఉమ ൨  

 

𝜇∗ ൌ
ሺఈି௥ሻ௘షೝሺ೅ష೟ሻିఝఉఊ

ఊ௟ఉమ   

 

Result 5. The optimal fund size is given as  
 

𝐿ሺ𝑡ሻ ൌ
ሺఈି௥ሻమ

ఊఉమ ሺ𝑡 െ 𝑇ሻ𝑒௥ሺ்ି௧ሻ ൅
ക
ഁ

ሾఈି௥ሿି௕

௥
ሺ1 െ 𝑒௥ሺ௧ି்ሻሻ െ

𝑏 ׬
ఛ௘షೝഓ

ణିణబିఛ

்
௧ 𝑑𝜏     (65) 

 
Proof. Recall that (44) and (52) are given respectively as 

 

𝑑𝐿ሺ𝑡ሻ ൌ ቄ𝐿ሺ𝑡ሻሺ𝜇ሾ𝛼 െ 𝑟ሿ ൅ 𝑟ሻ ൅ 𝑏 ቀణିణబିଶ௧

ణିణబି௧
ቁቅ 𝑑𝑡 ൅ ሺ𝜇𝐿ሺ𝑡ሻ𝛽 ൅

𝜑ሻ𝑑𝐵଴𝐿ሺ0ሻ ൌ 𝑙଴  
 

𝜇∗ ൌ
ሺఈି௥ሻ௘షೝሺ೅ష೟ሻିఝఉఊ

ఊ௟ఉమ   

 
Substituting (52) into (44), we have 
 

𝐿௧ሺ𝑡ሻ െ 𝑟𝐿 ൌ
ሺఈି௥ሻమ

ఊఉమ 𝑒௥ሺ்ି௧ሻ െ ఝ

ఉ
ሾ𝛼 െ 𝑟ሿ ൅ 𝑏 ቀణିణబିଶ௧

ణିణబି௧
ቁ  

 
 𝐿ሺ0ሻ ൌ 𝑙଴    (66) 

 
Solving (66) for 𝐿ሺ𝑡ሻ with initial condition we have 
 

𝐿ሺ𝑡ሻ ൌ
ሺఈି௥ሻమ

ఊఉమ ሺ𝑡 െ 𝑇ሻ𝑒௥ሺ்ି௧ሻ ൅
ക
ഁ

ሾఈି௥ሿି௕

௥
ሺ1 െ 𝑒௥ሺ௧ି்ሻሻ െ

𝑏 ׬
ఛ௘షೝഓ

ణିణబିఛ

்
௧ 𝑑𝜏  

 
Result 6. The efficient frontier of the pension fund is given as 

 

𝐸௧,௟ሾ𝐿ఓ∗
ሺ𝑇ሻሿ ൌ 𝑙𝑒ି௥ሺ்ି௧ሻ ൅ ሺఝ

ఉ
ሾ𝛼 െ 𝑟ሿ െ ௕

௥
ሻሺ1 െ 𝑒௥ሺ்ି௧ሻሻ ൅

𝑏 ׬
ఛ

ణିణబିఛ

்
௧ 𝑒ି௥ఛ𝑑𝜏 ൅

ሺఈି௥ሻ

ఉ
ට൫𝑉𝑎𝑟௧,௟ሾ𝐿ఓ∗ሺ𝑇ሻሿ൯ሺ𝑇 െ 𝑡ሻ (67) 

 
Recall that  
 

𝑉𝑎𝑟௧,௟ሾ𝐿ఓ∗ሺ𝑇ሻሿ ൌ 𝐸௧,௟ሾ𝐿ఓሺ𝑇ሻଶሿ െ ሺ𝐸௧,௟ሾ𝐿ఓሺ𝑇ሻሿሻଶ  
 

𝑉𝑎𝑟௧,௟ሾ𝐿ఓ∗ሺ𝑇ሻሿ ൌ
ଶ

ఊ
ሺ𝑌∗ሺ𝑡, 𝑙ሻ െ 𝑋∗ሺ𝑡, 𝑙ሻሻ  (68) 

 
Substituting (62) and (63) into (68), we have 
 

𝑉𝑎𝑟௧,௟ሾ𝐿ఓ∗ሺ𝑇ሻሿ ൌ
ଵ

ఊమఉమ ሺ𝛼 െ 𝑟ሻଶሺ𝑇 െ 𝑡ሻ  (69) 

 

ଵ

ఊ
ൌ

ఉ

ሺఈି௥ሻ
ට௏௔௥೟,೗ሾ௅ഋ∗ሺ்ሻሿሿ

ሺ்ି௧ሻ
   (70) 

 

𝐸௧,௟ሾ𝐿ఓ∗ሺ𝑇ሻሿ ൌ  𝑌∗ሺ𝑡, 𝑙ሻ   (71) 
 
Substituting (63) into (71), we have 
 

𝐸௧,௟ሾ𝐿ఓ∗
ሺ𝑇ሻሿ ൌൌ 𝑙𝑒ି௥ሺ்ି௧ሻ ൅ ଵ

ఊఉమ ሺ𝛼 െ 𝑟ሻଶሺ𝑇 െ 𝑡ሻ ൅ ሺఝ

ఉ
ሾ𝛼 െ 𝑟ሿ െ

௕

௥
ሻሺ1 െ 𝑒௥ሺ்ି௧ሻሻ ൅ 𝑏 ׬

ఛ

ణିణబିఛ

்
௧ 𝑒ି௥ఛ𝑑𝜏 (72) 

 
Substitute (70) in (72), we have: 
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𝐸௧,௟ሾ𝐿ఓ∗
ሺ𝑇ሻሿ ൌ 𝑙𝑒ି௥ሺ்ି௧ሻ ൅ ሺ

ఝ

ఉ
ሾ𝛼 െ 𝑟ሿ െ

௕

௥
ሻሺ1 െ 𝑒௥ሺ்ି௧ሻሻ ൅

𝑏 ׬
ఛ

ణିణబିఛ

்
௧ 𝑒ି௥ఛ𝑑𝜏 ൅

ሺఈି௥ሻ

ఉ
ට൫𝑉𝑎𝑟௧,௟ሾ𝐿ఓ∗ሺ𝑇ሻሿ൯ሺ𝑇 െ 𝑡ሻ  

IV. NUMERICAL SIMULATION 

In this section we present numerical simulations of the 
optimal investment policy with respect to time using the 
following data: 𝜗 = 100; 𝜗଴ = 20; 𝛾 = 0.05; 𝑟 = 0.02; 𝛼 = 0.05; 
𝛽 = 1;𝑙= 𝐿ሺ𝑡ሻ; 𝑙଴ ൌ 1; 𝑇 = 40; 𝑡 = 0:5:20; 𝜑 =0.05. 

V. DISCUSSION 

From Remark 1, we observed that when 𝜑 ൌ 0, the optimal 
portfolio policy, optimal fund size, and efficient frontier 
reduced to the one obtained in [11]. Also, (31) and (64) show 
there are disparity between the optimal portfolio policies of 
equity for the two cases. 

In Fig. 1, we observed that the optimal portfolio policy with 
supplementary premium is lower compared to the optimal 
portfolio policy without supplementary premium. This is 
because with the supplementary premium, the overall pension 

wealth is increased and the pension manager will prefer to 
invest more in a riskless asset rather than investing more in 
risky asset. Figs. 2 and 4 show that the optimal portfolio 
policy is inversely proportional to the supplementary premium 
i.e. as the supplementary premium increases, the optimal 
portfolio policy decreases which implies that with more funds 
less risk is taken and if there are lesser funds the fund manager 
increases investment in equity. In Figs. 1and 2, the optimal 
investment policy decreases with time; this is because at the 
early stage of investment, the optimal fund size which 
corresponds to optimal portfolio policy was used. We also 
observed that with time, the fund manager reduces the fraction 
of his wealth invested in equity to avoid his members of losing 
what he or she has accumulated over time and invest more in 
cash as retirement age approaches. Similarly, in Figs. 3 and 4, 
we observed that the optimal portfolio policy increases with 
time; this is because the fund manager started with the initial 
wealth and as retirement age draws near, the willingness to 
invest in equity increases in order to increase the expected 
returns of his members. 

 

Fig. 1 Time evolution of optimal portfolio policy with 𝜑 and without 𝜑when the remaining wealth is divided equally 
 

 

Fig. 2 Time evolution of optimal portfolio policy with different 𝜑when the remaining wealth is divided equally
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Fig. 3 Time evolution of optimal portfolio policy with 𝜑 when the remaining wealth is not equally divided 
 

 

Fig. 4 Time evolution of optimal portfolio policy with different 𝜑 when the remaining wealth is not divided equally 
 

VI. CONCLUSION 

The effect of supplementary premium on the optimal 
portfolio policy in a DC pension scheme with refund of 
premium clauses was studied. The clause enables death 
members’ next of kin to claim the accumulated wealth of the 
death members during the accumulation phase. We considered 
two cases: (1) when the remaining wealth is equally 
distributed among the remaining members of the pension 
scheme and (2) when it is not equally distributed among the 
remaining members. The supplementary premium which is to 
help sustain the scheme is assumed stochastic. We considered 
investments in cash and equity to help increase the 
accumulated funds of the remaining members to meet their 
retirement needs. Also, we composed the problem as a 
continuous time mean-variance stochastic optimal control 
problem using the actuarial symbol and an optimized problem 
is established from the extended Hamilton Jacobi Bellman 
equations. We obtained the optimal portfolio policy, the 
corresponding optimal fund size for the two assets and also the 
efficient frontier of the pension members for the two cases. 

Furthermore, the effect of the supplementary premium on the 
optimal portfolio policy with numerical simulations were 
discussed and observed that the supplementary premium 
decreases the optimal portfolio policy of the risky asset 
(equity).  
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