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Abstract—This research is aimed to study a two-step iteration
process defined over a finite family of o-asymptotically
quasi-nonexpansive nonself-mappings. The strong convergence
is guaranteed under the framework of Banach spaces with some
additional structural properties including strict and uniform
convexity, reflexivity, and smoothness assumptions. With similar
projection technique for nonself-mapping in Hilbert spaces, we
hereby use the generalized projection to construct a point within
the corresponding domain. Moreover, we have to introduce the use
of duality mapping and its inverse to overcome the unavailability
of duality representation that is exploit by Hilbert space theorists.
We then apply our results for o-asymptotically quasi-nonexpansive
nonself-mappings to solve for ideal efficiency of vector optimization
problems composed of finitely many objective functions. We also
showed that the obtained solution from our process is the closest to
the origin. Moreover, we also give an illustrative numerical example
to support our results.

Keywords—o-asymptotically quasi-nonexpansive nonself-
mapping, strong convergence, fixed point, uniformly convex and
uniformly smooth Banach space.

I. INTRODUCTION

HE theory of fixed point is extensively studied under
the nonexpansivity condition of the maps. Among the
classes of generalized nonexpansive mappings, Goebel and
Kirk [1] introduced the class of asymptotically nonexpansive
self-mappings. Let us recall the definition in the following.
Let C be a nonempty subset of a real normed linear space
E. A mapping T : C" — C is said to be asymptotically
nonexpansive if there exists a sequence {k,} C [1,00) with
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lim k, = 1 such that

n—o0

IT"x = T"y|| < knllz -yl

for all z,y € C and n > 1 and they proved that, if C' is a
nonempty closed convex subset of a real uniformly convex
Banach space E and 7' is an asymptotically nonexpansive
self-mapping of C, then T has a fixed point. For more details,
see, [2]-[8], [15] and references therein.

Recently, Pathak et al. [11] introduced the concept of
o-asymptotically quasi-nonexpansive mappings in Hilbert
spaces and they proved some common minimum-norm
fixed point theorems for o-asymptotically quasi-nonexpansive
mappings with some applications.

Let £ be a real normed linear space and C be a
nonempty subset of . A mapping 7' : C — C is said to
be c-asymptotically quasi-nonexpansive if F(T) # 0 and
there exist two sequences of real numbers {k,},{c,} with
lim k, =0and Y ¢, < oo such that
n—oo

n=1

[T"z — 2| < (14 kp)|lz— 2| +cn

forall z € C, & € F(T) and n > 1. On the other hand,
in 2006, Censor and Elfving [12] introduced the concept
of a split feasibility problem in finite dimensional Hilbert
space for modelling inverse problems which arise in medical
image reconstruction, image restoration and radiation therapy
treatment planing (see, for example, [10], [12], [13]).

Let B and C' be nonempty closed convex subset of real
Hilbert spaces H; and Hs, respectively. The split feasibility
problem is formulated as follows: Find a point Z such that

T € B and AT € C, (1)

where A is a bounded linear operator from H; to Ho.

Clearly, Z is a solution to the split feasibility problem if and
only if z € B and Az — Pc Az = 0, where P¢ is the metric
projection from Hy onto C. Set

1
géig o(x) == Egg 3 | Az — PoAz||%. (2)
Then Z is a solution of the split feasibility problem (1) if and
only if & solves the obtimization problem (2) whics is called
the minimum-norm problem with the minimum equal to zero.

Let C be nonempty closed convex subset of real Hilbert
space H with the inner product (-,-) and the induced norm
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||| and T : C' — C be a self-mapping. Recall that the metric
projection Pe(x) of 2 onto C is defined as:

Pa(z) = min ||z — y].
c () gggl\x yll

Some authors have studied the iterative approximations of the
minimum-norm fixed points of some nonlinear mappings, for
example, a nonexpansive self-mapping 7" : C' — C' and others.
Especially, Yang et al. [14] introduced an explicit scheme
given by

Tn4+1 = ﬁnTIn + (1 - 6n)PC[(1 - an)IN]

for each n > 1. They proved that, under certain conditions on
{a,} and {B,}, the sequence {z,} converges strongly to a
minimum-norm fixed point of 7" in real Hilbert spaces.

Let F be a real Banach space and C' be a nonempty
closed convex subset of E. Recently, Alber [9] introduced
a generalized projection mapping Il in E that assigns to an
arbitrary point x € E the minimum point of the functional
o(z,y), where ¢(x,y) is defined by

$z,y) = l|z|* = 2(y, Jz) + |y 3)

for all x,y € E, that is, for z € E, llox is the solution to the
minimization problem

o(llcz,a) = inf o(y,) @

Note that, in a Hilbert space H, Il = Pr and, from the
definition of function ¢, it follows that

(Nl = llyl)? < oy, z) < (=] + llyl)* ®)
for all xz,y € E;

Pz, 2) = ¢z, y) + ¢y, 2) + 2(x —y, Jy — Jz)  (6)
for all x,y € F;

Pz, y) = (x, Jo = Jy) + (y —, Jy)
< lzlllJz = Jyll + ly — =/llyll

for all z,y € E;
Pz, T HATy+(1=N)J2)) < Ap(z, y)+ (1= A)o(z, 2) (8)

for all z,y,z € E and X € (0,1).

It is known that, if E is a reflexive, strictly convex and
smooth Banach space, then, for all z,y € E, ¢(z,y) = 0 if
and only if x = y. In a Hilbert space H, ¢(z,y) = ||z — y||
for all xz,y € H and Il is reduced to the metric projection
Pe.

A mapping T : C — C is said to be closed if, for any
sequence {z,,} C C with x,, — x and T'z,, — y, then Tz =
Y.

Let E be a real Banach space and C' be a nonempty closed
convex subset of F. A mapping T : C — F is said to
be o-asymptotically quasi-nonexpansive nonself-mapping if
there exist two sequences {k,}, {¢,} with nh_)n;o k, = 0 and

o0
> ¢, < oo such that

n=1

H(TAcT)" &) < (14 kn)o(z,2) +¢n (9

forall z € C, & € F(T) and n > 1.

Let E be a real Banach space, C' be a nonempty closed
convex subset of £ and T': C' — E be a o-asymptotically
quasi-nonexpansive nonself-mappings with respect to {k,}
and {c,}. We define the iterative scheme {z,} as follows:
for any z; € C,

x1 € C,
Yn = HC[(]- - O‘n)mn}v

N
Tn+1 = Jﬁl(ﬁn,Oan + Z anJTz(HCTz)nilyn)

=1
(10)
for all n > 1, where 1lo is the generalized projection from
E onto C C E, {an} € (0,1), {Bn;:} C [a,b] C (0,1) and

N
i=0

We denote the set of fixed points of T by F(T) =: {x €
C:Tx =z}

In this paper, we use the iterative scheme (10) to study and
prove some strong convergence theorems in framework real
uniformly convex and uniformly smooth Banach space and
give one application of the main results in this paper.

II. SOME LEMMAS

Lemma 1. [9] Let E be a reflexive, smooth and strictly convex
Banach space C' be a nonempty closed and convex subset of
E. Then the following conclusions hold:

(1) ¢(x,ey) + oy, y) < d(x,y) for all x € C and
yeE;

) If x € E and z € C, then z = llcx if and only if
(z—y,Jx—Jz) >0 forall y € C;

(3) Forall z,y € E, ¢(x,y) =0 if and only if x = y.

Lemma 2. [19] Let E be a uniformly convex Banach space,
r > 0 be a positive number and B, (0) be a closed ball of
E. There exits a continuous, strictly increasing and convex
function g : [0,00) — [0,00) with g(0) = 0 such that

o

forall x1,x9,x3,---

N
2
< Z(%HJ%HQ) — aiag(z; — ;)

oy €B.(0)={x € E: || <r}and
N
o, a9, a3, ,an € (0,1) such that >~ oy = 1.
i=1
The function V' : £ x E* — R defined by
V(z,a*) = ||z]|* - 2(z, %) + [|2*||?

for all x € E and z* € E*, which was studied by Alber [9],
that is, V(x,2%) = ¢(x, J-1a*) for all x € E and z* € E*.

Lemma 3. [9] Let E be a reflexive, strictly convex and smooth
Banach space with E* as its dual. Then

V(,x*) +2(J e —z,y*) < V(z,2* +y*)
forall x € E and x*,y* € E*.

Lemma 4. [16] Let E be a uniformly convex and smooth
Banach space and {x,}, {yn} be two sequences of E. If
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&(n,yn) — 0 and either {x,} or {y,} is bounded, then
lzn — yn| — 0.

Lemma 5. [17] Let {a,} be a sequence of nonnegative real
numbers satisfying the following inequality:

an+1 < (1= )ay + andy
for each n > ng, where {ay,} C (0,1) and 0 C R satisfy

hmanfo Zan:ooand
n=1

the following conditions:

limsupd,, < 0. Then lim a, = 0.
n—00

Lemma 6. [18] Let {a,} be a sequence of real numbers
such that there exists a subsequence {n;} of {n} such that
Qp; < Qp,41 for all i € N. Then there exists a nondecreasing
sequence {my} C N such that my — oo and the following
properties are satisfied by all numbers for all k € N:

Amy, < Amy+1 and ap < Q41+

In fact, {my} = max{j < k:a; < aj1}.

III. STRONG CONVERGENCE THEOREMS
Now, we give our main results in this paper,

Theorem 1. Let E be a real uniformly smooth, strictly convex
and reflexive Banach space and C be a nonempty closed
convex subset of E. Let T : C — E be a closed and
o-asymptotically quasi-nonexpansive nonself-mappings with
two sequences {k,} and {cn} of nonnegative real numbers

with hm ky, = 0 and Z ¢n < 00. Then F(T) is a closed

and convex subset of c"

Theorem 2. Let I be a real uniformly convex and uniformly
smooth Banach space, C be a nonempty closed convex subset
of B, T; E — C be a finite family of closed and
o-asymptotically quasi-nonexpansive nonself-mappings with
two sequences {ky ;}, {cn.i} of nonnegative real numbers with
limnﬁoc kpi =0, Zzozl Cn,i < 00 for each 1 < i < N and

ﬂ F(T;) is nonempty. Let {c,} and {f,,} are the
sequences in (0,1) satisfying the following conditions:

@) hm a, =0 and Z Q, = 00
n=1

(ii) Z Bni=1foralln > 1 and hm 1nf Brobni >0
foreach 1<i<N.

Then the sequence {x,} defined by (10) converges strongly to
a common minimum-norm point of F.

If we assume that N = 1 in Theorem 2, then we have the
following results:

Corollary 1. Let E be a real uniformly convex and uniformly
smooth Banach space, C be a nonempty closed convex subset
of Eand T : C — FE be a closed and o-asymptotically
quasi-nonexpansive nonself-mapping with two sequences {k; }
and {cy} of nonnegative real numbers with lim, . k, = 0

and 377 | ¢, < co. Suppose that F(T') is nonempty. Let {x,,}
be a sequence in C generated by

X1 € C,

Yn = HC[(l - an)xn]v

Tp+1 = J! (BnJ‘L’n + (1 - 6n)(JT(HCT)n_lyn))

(11)
Sor all n > 1, where two sequences {«,,} and {B,} satisfy
the following conditions:

() {an} € (0,1),
(i) {Bn} C [a,b] C

for each n > 1.

Then the sequence {x,} converges strongly to a common
minimum-norm point of F(T).

hm an—OandZan—oo
n=1

(0, 1) and liminf 3,, > 0
n—oo

If we assume that each 7; is an asymptotically nonexpansive
nonself-mapping and nonexpansive nonself-mapping in
Theorem 2 for each 1 < 7 < N, then, from Theorem 2, we
have the following results:

Corollary 2. Let E be a real uniformly convex and uniformly

smooth Banach space, C' be a nonempty closed convex subset

of E and T; : C — E be a finite family of asymptotically

nonexpansive nonself-mappings with a sequence {ky;} of

nonnegative real numbers with lim,_, k,; = 0 for each
N

1 < i < N. Suppose that F := (| F(T;) is nonempty. Let
i=1

{zn} be a sequence in C generated by

r1 € C,
n — HC[(]- - O‘n)zn}v

N
Tn+1 = J_l(ﬁn,oan + Z /anJTz(HCTZ)n_lyn)
i=1
(12)
for all n > 1, where two sequences {c,,} and {f,;} satisfy
the following conditions:

(1) hm a, =0 and Zan—oo
n=1

(ii) Z Bn,i =1foralln>1 and hmlnfﬁn 08n,i >0
foreach1<z<N
Then the sequence {x,} converges strongly to a common

minimum-norm point of F.

Corollary 3. Let E be a real uniformly convex and uniformly
smooth Banach space, C be a nonempty closed convex subset
of E and T; : C — FE be a finite family of nonexpansive
nonself-mappings with a sequence {k;} of nonnegative real
numbers with lim;, 00 ks = 0 for each 1 <i < N. Suppose
that §F := ﬂ F(T;) is nonempty. Let {x,} be a sequence in
C generated by
x1 € C s

Yn = HC[(l - an)an

N
Tn+1 = Jfl(ﬁn,oj-rn + Z 6anT1(HCTz)yn)

i=1

(13)
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for all n > 1, where two sequences {a,} and {B,} satisfy
the following conditions:

o0
(i) lm a,=0and > a, =00,
n—oo n=1

N
i) > Bni=1forall n>1 and liminf 3, oS, > 0
for each 1 <i < N.

Then, the sequence {x,} converges strongly to a common
minimum-norm point of F.

Corollary 4. Let E be a real uniformly convex and uniformly
smooth Banach space, C' be a nonempty closed convex subset
of E and T : C — E be an asymptotically nonexpansive
nonself-mapping with a sequences {ky} of nonnegative real
numbers with lim, .k, = 0. Suppose that F(T) is
nonempty. Let {x,} be a sequence in C generated by
X1 € C,
Yn = HC[(l - Oén)wnL
Tng1 = (Budxn + (1= Br)(JT(UcT)" Hyn)) 14)
(
Sfor all n > 1, which {a,} and {B,} satisfy the following
conditions:
) {an} C(0,1), lim o, =0and ) o, = oo;
n—00 n=1
(i) {Bn} C [a,b] C (0,1) and lirginfﬁn >0
for each n > 1.
Then the sequence {x,} converges strongly to a common
minimum-norm point of F(T).

Corollary 5. Let E be a real uniformly convex and uniformly
smooth Banach space, C be a nonempty closed convex subset
of E and T : C — E be a nonexpansive nonself-mapping
with a real sequence {ky} with lim,, o ky, = 0. Suppose that
F(T) is nonempty. Let {x,} be a sequence in C generated
by
x1 € C,
Yn = HC[(]- - an)in]v
Tng1 = I (Bpday, + (1 — ﬂn)(JT(HCT)”‘lyn))(ls)
for all n > 1, which two sequences {a,,} and {8} satisfy
the following conditions:
(1) {an} C(0,1), lim o, =0and > o, = oo,
n—oo n=1
(i) {Bn} C [a,b] C (0,1) and lirginfﬁn >0 forn > 1.
n o0
Then the sequence {x,} converges strongly to a common
minimum-norm point of F(T).

If E = H is a real Hilbert space, then E is uniformly
convex and smooth real Banach space. In this case, J = I (:
the identity mapping) on H and IIo = P¢ (: the projection
mapping from H onto C'). Thus, we have the following result:

Corollary 6. Let H be a real Hilbert space, C be a nonempty
closed convex subset of H and T; : E — C be a finite
family of closed and oc-asymptotically quasi-nonexpansive
nonself-mappings with two sequences {kn;}, {cni} of
nonnegative real numbers with lim, o kn; = 0,

220:1 Cni < 00 for each 1 < ¢ < N. Suppose that
F = fv) F(T;) is nonempty. Let {x,} be a sequence in C
generait:e}l by

z1 € C,

yn = Pol(1 — an)zn],

N
Tn+1 = Bn,()mn + Z Bn,iTi(PCT%)n_lyn

i=1

(16)

Sfor all n > 1, where two sequences {ay,} and {fy, ;} satisfy
the following conditions:

n—oo n=1
(i) {Bn.i} C [a,b] C (0,1) and liminf B, B ; > 0
n—o0
for eachn>1and 1 <i < N.

Then the sequence {x,} converges strongly to minimum-norm
point of F

IV. APPLICATIONS

In this section, we apply our main result to the
minimum-norm in Banach spaces.

Corollary 7. Let E be a real uniformly convex and uniformly
smooth Banach space. Let A; : C — R be a continuously
Fréchet differentiable convex function with T; = oI —
uV A;) be nonexpansive nonself-mapping for some p > 0 and
for each 1 <i < N. Let {x,,} be a sequence in C generated
by

] € C,
Yn = HC[(]- - O‘n)xn}y

N
Tp41 = Bn,Oxn + Z Bn,z[HC(I - /LVAz}yn
=1

an

for all n > 1, where two sequences {c,,} and {f,;} satisfy
the following conditions:

(i) {an} C(0,1), lim o, =0and > o, = oo,

n—r o0 n=1
(ll) {5%1} C [a7 b] C (07 1) and lirr_1>inf 57%06”’1‘ >0
forn>1and 1 <i <N,

where YV A; denotes the gradient of A; at v € C.
Then the sequence {x,} converges strongly to a common
minimum-norm point of F.

V. NUMERICAL EXAMPLE

Now, we give an example of a o-asymptotically
quasi-nonexpansive mapping that satisfies the conditions of
Theorem 2 and some numerical experiment results to explain
the conclusion of the theorem as follows:

Let E =R = H, C = [0,00), J be the identity mapping
and Il = Po with Pocx = x. Assume that Tjz = 5, 1 <@ <
N forz € C. Let k,, ; = and ¢, ; = ﬁ forn >1
and 1 <7 < N, we have

Tix = Tiyll = (1 = kin)llz =yl = cin

<z =yl = A = kin)llz =yl = cin
<0

1
2i(n2+1)
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forn > 1 and 1 < i < N with lim, o0 kn; =
0 and > % ¢,; < oo, so T; is a c-asymptotically

N
quasi-nonexpansive mapping. Clearly, ¥ = [ F(7;) = {0}.
i=1

Set

1 1
Cn+2 3¢ (n +3 )
Thus, the conditions of Theorem 2 are fulfilled. Therefore,
we can invoke Theorem 2 to demonstrate that the iterative
sequence {x,} defined by (10) converges strongly to 0. We
have the numerical analysis tabulated in Table I and shown in
Fig. 1.

oy, and f§,; =

TABLE I
NUMERICAL EXPERIMENT
n ITn
1 10
2 2.5617
3 0.6419
4 0.1605
5 0.0401
6 0.0100
7 0.0025
8 0.0006
9 0.0002
10 0.0000
10
\

g 8N

- \

< B

< \

T 4f

g \

o) ) N

N
0 m =
2 4 6 8 10

Number of iterations

Fig. 1 The iteration chart with initial value z; = 10

VI. CONCLUSION
Our iteration can be used for proving strong convergence

theorems of the proposed sequence {z,} in real uniformly
convex and uniformly smooth Banach spaces.

APPENDIX A
PROOF OF THE THEOREM 1
Let {x,} be a sequence in F'(T) with z,, — v as n — oc.
Since 1Tz, = x, — v, by the closednes of 7', we have v =
Twv, that is, v € F(T). This shows that F(T) is closed.
Next, we prove that F'(T') is convex. For any z,y € F(T)
and ¢ € (0,1), putting u = tax + (1 — ¢)y. We prove that
u € F(T). Let {v,} be a sequence generated by
vy =Tu, vy =Tlevy =TT )u,
vy = THeve = T(MeT)u, ---,
vp = T, = T(HT)" tu, - -

for each n > 1. By the definition of ¢(z,y), we have

¢(u,vn) = ||uH2 — 2(u, Jun) + ||UnH2
= [lull® = 2(tz + (1 — t)y, Jva) + [[va?
= [lull? = 2t(z, Jon) — 2(1 — )y, Jvg) + [[val|?
= [[ull® + té(z, va) + (1 = )b (y, va) — tl|[|?

-1 =t)lyll*
(13)
Also, we have

to(x, vn) + (1 —1)o(y, vn)
<1+ kp)d(x,u) + cn] + (1 —)[(1 + kn)d(y, u) + c4)
= {1+ k) ([J2]> = 202, Ju) + [[ull*) + cn]
+ (=01 + k) (lyl* = 2(y, Ju) + Jul*) + cn]
=t(1+ k)| ]? + (1= )(1 + k) Jyl?
— (L + k)] + cn

= (L4 ka) [tz + (1= Oyl = [ull®] + cn.
(19)
From (18) and (19), it follows that

$(u,vn) < Jlull® + (1 + ko) [l + (1 = Oyl — [ull?]
+en = tlzl* = (1= )[ly[* = 0

as n — oo. Thus v, — uw as n — oo, which implies that
Upt+1 — u. Since T is closed and v,1; = T(IlcT)"u =
T(leT)(UeT)" 'y = THev,, we have u = TTlcu. Since
IIou = u for for any u € C, we have u = Tw and so F/(T)
is convex. This completes the proof.

APPENDIX B
PROOF OF THE THEOREM 2

Let & = Is(0) € 7, that is, &> = ¢(2,0) =

i = i 2 and let k, = ‘ kn.i d
glelgsb(y,O) grggl\y\l and le 1?{2&{ i} an
o = Max, {cn,i}. It follows from (10), Lemma 1 and the

property of ¢ that

= ||1Z|1? = 2(z, n JO + (1 — @) J )
+1(1 - an)‘kﬂnHz

< ||2[? = 2(2, an JO) — 2(1 — a,) (&, Jxp)
+ [ JO)* + [[(1 — an)wn|®

= and(Z,0) + (1 — an)P(&, xy,).

(20)

692



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:10, No:12, 2016

<V(@J(1 = an)zn + a,Ji)
—2(J7YI(1 = an)xy — 3, 0 J )

Then, we have

¢(i‘7$n+1) = ¢('®7J71(‘](1 _an)xn +04nJi'))
N —2((1 = an)my — 2, 0 JE) (22)
— A 71 . i \n—1 njon = n
= qﬁ(-’ﬂ J (Bn,Oan + Zzzlﬂn,ljn(nc‘j’z) yn)) S (1 — an)(ﬁ(f, In) + anqs(ivi)
N =20, ((1 — ap)zy — &, JT)
= 121 = 242, BnoTyn + 3 Bus Tl T yn) — (1 - )o@, 20) — 200 (1 — an)on — &, J2).
N - From (21) and (22), we have
+|Bn,0Tyn + Z B i I Ti (M Ty)™ Ly | O(#, Tngr)
- v < B06(@,2a) + (1= Bn0) (L4 Ka)[(1 = an)0(2, )
< &l% = 28008, Jyn) — 2 Brald, JT(HeT)™ yn) — 20, (1 — )z — &, J2)]
N =1 + (1 - 671,0)071 - Bn,OBn,zg(H‘]’rn - JTz(HCTz)nilynH)

+ Bl Tyl + 3 B LT g = (1= 25 Yol a) + 220+ k) - 0ol )

i=1 n n

= Bu0Bn.ll Ty = JT(GT)" g ~ 2o ({1~ an)on = 2, 7))
N On ) —_JT. AL
< B0, yn) + 3 Buid(@, TG T)" 1) ' ?9 ol ””g(”‘;x” et
S N — 20,(1 + k(1 — an)an — &, J3)

< n A» n n,i A7Ti II T’L n-l n n _
< Buod(, >+;6 0@, T T)" ) +%cn—ﬁn,oﬁn,ig(nm—m(m)” 1yl
< B0y 2n) + (1= Bro) (1 + kn)d(@, yn) + cal "o, 6, i
< Bgdld 1) + (1 o) (1 + k) {tn(2,0) = [1- G+ G k(e ot )

+ (1= on)d(&,2n)} + cn) =20, (1 + k) (1 = an)zy — &, J2)
- Bn,OQb('f;»mn) + (1 - Bn,O)(l + kn)an¢(i'v 0) 0n n—1

i (1 B Bmo)(l n kn)(]_ _ ozn)gb(fv,xn) i (1 . ,Bn_’o)cn + afncln - B7L,O/Bn,ig(‘|=]$n - JTz(HCTz) yn“)
= B0 + (1= Bu0)(1 + kn) (1 — an)]B(#, ) - % + fT"“ + ) — me + kn)ain| (2, 22)

+ (1= Bno0)(1 + kn)ang(2,0) + (1 = Bno)en
= [l —an(l = Bno) + kn(l = Bnyo)

= apkn(1 = Bno)o(2, 25)

+ (1= Bno0) (1 + kn)ang(2,0) + (1 = Bno)en
=[1 = (1= Bno)lan = kn + anky)| (2, )

+ (1= Bno)(1 + kn)and(2,0) + (1 — Bno)en
=[1= (1= Bno)(an(l+ kn) = kn)]o(2, )

+ (1 - /6n,0)(1 + kn)an(z’(ja O) + (1 - ﬁn,O)cn

n

< (ﬁﬂi,o)ﬁS(i‘Jn) + (1= Bn-1,0)0(Z,0) + Z Cj

=200, (1 4 kn){((1 — )2y — T, J )

bn e
n

= [1 —0,(1+ k) + Z—”((l +kn) — 1)] o(&, 2,)
=20, (1 + k) (1 — ap)zy — &, JT)

O o
+ —en = BuoBnig(|Jzn — JT,(UCT) Yynll)

=[1-0,(1+ky)]o(&,2n) + Z—”[(l + k) — 1o(2, )

n

) s =20, (1 + ko) (1 — ), — 2, J )
— 010(#,20) + (1 - O, 1)0(#,0) + 35, * Zic” = Brofnsg( 2 = JL T wnl)
=1 Q) < (1= 00)6(E2m) — 200((1 — an)n — &, J5)

where ©; = iﬁl Bi0s On—1 = Bn-1,08n-2,08n-3,0"""P10 +[(1 4 k) — 1]M + %Cn
and i ¢j =c1+cg+c3+ -+ c,. From (8) and Lemma 3, = Br,o0Bn,ig(|Jzn — JT:L(HCTi)7L71y"|D
it foljlzivs that < (1= 00)0(2, zn) = 20, ((1 — an)an — 2, J i)

o(6.10) (k) =10+ e,

< o, (1 — an)xn) o 23)

=V (&, J(1— an)x,) for some M > 0, where 0,, = o, (1 — 5, 0) for n > 1.
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Now, we consider the following two cases.

Case I. Suppose that there exists N &€ N such that
{¢(Z,x,)} is nonincreasing for all n > N. Then {¢(Z, x,,)}
is convergent and so, from (23),

Bn,Oﬁn,i!](Han - JTi(HCTi)n_lynH) -0

as n — oo. From liminf 3, o3, > 0, we have
n—oo :

gl Jn = JT,(McT)" yull) = 0
as n — oo. Thus, by the property of g, we have

lim || Jz, — JT;(TcT3)™  ynl = 0 (24)
n—00

for each 1 < i < N. Since J~! is uniformly norm-to-norm
continuous on each bounded set, we have

lim ||z, — T3(TeT3) ™y, || = 0. (25)

n—oo

From (7), (24) and (25), we obtain

lim ¢(a,, Ti(MeT;)" ty,) = 0. (26)

n—o0

Moreover, it follows from (26) that

(b(mru :L'n+1)
N

= G(@n, I (BuoJTn + Y Buid Ti(MeT)™  yn))

i=1

al - 27)
S Bn,OQS(mnv -Tn) + Z Bn,i@b(znv TZ(HCTZ) yn)
i=1
N
<Y it (@, T T yn) — 00
i=1
as n — oo. Since ILm a, = 0, it follows that
(b(l”myn) = ¢(I’!L7HC((1 - Ofn)l’n)) < ¢($7b7 (1 - an)mn)
= (2, J HanJO+ (1 — o) Jzy,)
S an(x'm 0) + (1 - O‘n)d)(xnaxn)
= an(2,,0) =0
(28)
as n — oo. From (26)—(28) and Lemma 4, we have
lim ||z, — T;(McT)" y,| =0, lim ||z, —y,| =0,
n—oo n—o00
nh_{rolo zn = Tn41ll = 0.
29)

Furthermore, J is uniformly norm-to-norm continuous on each
bounded set, it follows that

lim |y, — Ti(cT3)" ty,| = 0,
n—oo
lim | Jyn — JT; (T tyn || = 0,
lim ”yn - yn+1“ =0, lim Hyn - yn+1H =0.
n—oo n—oo
From (7), it follows that

Jim ¢ (yn, Ynsr) =0, Tim G(yn, Ti(eT3)"  yn) = 0
(30)

for each 1 < i < N and, from (6), we have

&Yn, Tiyn)

= A(Yns Yn+1) + ¢(Yn+1, Tiyn)
+2(Yn — Yn+1, JYnt1 — JTiyn)

= A(Yns Yn+1) + 0Ynt1, Ti(eTi) " ynt1)
+ ¢(Ti(H0Ti)nyn+1, E(HCTi)nyn) + 2<Ti(HCTi)nyn+1
— T,(IeTy) yn, JT; (e T3) "y, — JTiyn)
+ (Yn+1 — T Ti) " ynt1, JTi(LeTi) " Yny1 — JTiyn)
+ 2(yn — Yn+1, Jyn+1 — JTiyn)

+ ¢(Tz (HCTi)ny'ru Tiyn)-
31
Since ¢(yn, MeTi) yn) < O(yn, T;(UcT;) " Lyy), it follows
from (31) that

By Lemma 4, we have lim |y, — (IlcT;) "y, || = 0, that is,
n—oo

le d)((ncTi)ny”“y") = 0. Since ¢(Ti(H0Ti)ny7L7Tiyn) <

(1 + kn)¢((HC)nyn7yn) + Cp, WE have

lim ¢(T;(1cTi)" yn, Tiyn) = 0. (32)
n—oo
Applying (30), (32) and the definition of 7}, we have
lim ¢ (yn, Tiyn) = 0. (33)
n—00
By Lemma 4, we get
lim ||y, — Tiyn| =0 (34)
n—oo

for each 1 < ¢ < N. Let {z,,} be a subsequence of the
sequence {x, } such that

limsup((1 — ay)x, — &, JJ2) = lim (1 — o) zp, — &, JT)

n—oo k—o0
and z,, — w. Then, from (28), it follows that x,, — w.
Hence, By Lemma 1 (ii), we have

limsup((1 — ay)zy, — &, JT) = klim (1 = an)ay, —&,J)
— 00

n—oo

= (w—&,J&) > 0.

Now, we show that x,,11 — & as n — oo. Since T} is
closed, it follows from (34) that that w € F(T;) foe each
N
1<i< N andwe () F(T;). Then, from (23), we have
i=1

1=

¢(In+17 fi,) S (1 - en)(é(ia In) - 207L<(1 - O‘n)zn - i'7 Ji%)
+[(1+ky) — 1M + z—"cn.

Note that lim 6, = 0 and ) 6, = co. By Lemma 5, we
n—oo n:l
have ¢(&,x,) — 0 as n — oo and, consequently, z,, —

T, n — 0.
Case II. Suppose that there exists a subsequence {n;} of
{n} such that

(ZS(.’IAT, xm) < (Z)(ia xnﬂrl)
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for each ¢+ € N. Then, by Lemma 6, there exists a
nondecreasing sequence {m;} C N such that mj, — oo,

(b(.’f?,mmk) < ¢(£7mmk+1)7 (b(i'vxk) < (b(i'vxmk-H)
for all k£ € N. Then, from (23) and #,, — 0, it follows that
Bmk,oﬁmk,zg(”‘]tmk - JTI(HCTl)mkilymkH)
< ( - Hmk)qﬁ(i*, ‘ka) - ¢(xmk+17 i:)
= 200, (1 — o) Ty, — &, JT)
Hmk .
Cm

QU

+ (1 + k) — 1M +

.-
This implies that
9l Jzm, = JT(MT) ™ . [|) — 0

as n — oco. Hence, following the method of Case I, we have
|Cm, — Ymell — 0 as k — oo and ||Ym,, — Ti¥m, || — O as
k — oo for each 1 < i < N. Thus there exists w; € F such

that
limsup((1 — am,, ) Tm, — &, JE)

n—o0

= kli)nolo«l — Oy, )'rmk -, J1'> (35)
= (wy — &, J&)

> 0.

It follows from (23) that

Qs(l’m)ﬂrhi’)
< (1 - 9mk)¢(i‘7$mk) - 29mk<(1 -
0

F (L + k) — UM + "¢, .

mg

)T, — &, JI)

Since ¢(zpm,, ) < G(Tm,+1, 1), (36) implies that
9mk¢(j:7$mk)
S QS(‘%VTTIL)C) - ¢($mk+1’ j) -
0

F (L + k) = 1M + ey,

Qmy

< =201, (1 — o)y, — T, JT)

20"'% <(]~ - a'rz)x7rzk - 12, J{f?>

O
[+ ) = M + ey,

O,
37)
In particular, since 6,,,, > 0, it follows that
k'm m
0@ @) < =2(1 = ), — &, &) + 5 M + Cme
my Qmy,
' (38)

Hence, from (36) and the fact that k,,, — 0, ¥ — oo and
Cm;, — 0 as k — oo, it follows that ¢(&, x,, ) — 0 as k —
00, which together with (37) gives ¢(&, .y, +1) — 0 as k —
co. But, since ¢(@p,,, &) < d(Tmet+1,2) for all k& € N, we
obtain x;, — T as k — oo. Therefore, from the two Cases, we
can conclude that {z,,} converges strongly to the minimum
norm point of F. This completes the proof.
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