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Abstract—A new relative efficiency is defined as LSE and BLUE
in the generalized linear model. The relative efficiency is based on the
ratio of the least eigenvalues. In this paper, we discuss about its lower
bound and the relationship between it and generalized relative
coefficient. Finally, this paper proves that the new estimation is better
under Stein function and special condition in some degree.
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[. INTRODUCTION

HE generalized Markov-Gauss model we treat here is
linear weighted regression, described by

Y = X B +e¢,
E(e)=0, (1
Cov(eg)=o0"’2.

where Y is the Nx1 observation vector, X is a nx p column
full rank design matrix which we are known, fis a px1

unknown parameter vector, £ is the Nx 1 observation vector,
and X is the N X N positive definite co variance matrix and the

rank is r(Z) = m < n. o is unknown parameter.

In practical application, it is a very common problem to X is
unknown or computational complexity. So that people often
use LSE instead of BLU. But which will bring some damage to
the estimates. In order to measure the size of the loss, the
relative efficiency is cited. Common examples:[1]

. |covis))| o (7 MCVB) - Jrcovs)]
tr(Cov,B)’

e

Cov()|

In this paper, a new relative efficiency is defined based on

the minimum positive eigenvalue which is
s A, (Covs") )
e,(p)= — . The lower bound and the relation of some
2 (Covf)

generalized correlation coefficients are studied.

By the algebraic knowledge, when A is n order real
non-negative definite matrix, the order of the eigenvalues is
satisfied with
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LAY =4 (A),i=1,2,-,n; (A =24"(A),i=12,-,n;
If Aisnxmorder real matrix, B is mx n order real matrix, and
n>m,r(BA)=r,

then
A4 (AB) = 4, (BA),i =1,2,---,

I1. THE LOWER BOUND OF RELATIVE EFFICIENCY
According to the least square unified theory of estimation by
the India statistician Rao C. R. established [2], the BLU of £ is

B =(XTX)yXTY,

where T=X+XUX , U is
r(T)=r(Z:X), T is a generalized inverse of T when

symmetric matrix and

r(X)=p, 220, B =(XT Xy XTY

and
Cov(f)=c*(XT X)'XTZT™ X (X 'T~X)"[3],[4]

In this paper
U=d’l,d=0,u(X)c ), u(X) < u(),

soitcanreplace T"inT" thatis
L= (X T*X)y'"X T Y,
Cov(B )=’ (XT*X)'XTZT*X(XT*X)". (2
the LSE of the estimable function £ in model (2) is
B=(X'X)"'XY

and
Cov(ﬁ) =2 (X' X)X X (X X))

Lemma 1. Assume that A and B are n order real symmetric
matrix, B >0, then

2,(B)A(A) < 7, (ABA) < 4,(B)A;(A),i=1,2,+-.n
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where A (A) represents the i of the A matrix.

Inference 1. Assume that A and B are n order real
non-negative definite matrix, then

7n(A)4(B) < 4 (ABA) < 4 (A)4(B), i =1,2,-,n

where A, (A) represents the i of the A matrix.

Inference 2. Assume that A and B are n order real
non-negative definite matrix, then

2,(A)2,(B) < 4, (AB) < 4,(A)4,(B),
A, (A2, (B) < 4, (AB) < 4,(A)4,(B),

=12,

that) >

n.

Lemma 2. Assume that A is nxnorder Hermite matrix, U is

nx n order orthogonal matrix ,U'U = I, ,then
Ao i (A) < 2,(UAU) < 4, (A),
i=12,---,k.

The proofs of the above lemmas can be found in [6].
Theorem 1. In model of (1), if there are

Cov(ﬁl) > Cov( ,32) >0 for any two unbiased estimators,
whenr(X)=p,and= >0 thene, () <e,(,) .

Proof. According to COV(ﬁNI) > Cov(ﬁ’Nz) > (0 it is obvious
that

A,(Cov(B))) > 4,(Cov(5,)) >0,

2, (Covp™) 2,(Covp’) N 3
2. (Covj,) ~ A,(Covj,) e (B < e, (B,).

Theorem 2. In model of (1),
r(X)=p,=>0, #=(XX)"'XY,
L =(XTX)'XTHY,

then
[ (Z) MGyl (E7)
HAE) " 16,4,

max( )<e,(f)<1.65 268,226

p

is the sequential characteristic root of X'X . 4 =4 (),
Hy=p(T).
Proof. In model of (1),

X'X>202>0T=>0

Thus,

, A 0O
PTP = ,
5 o)

where P is nxn order matrix,

nxn

A=diag (s, o, ) -

orthogonal

“(X)yc u(M), X =TC,

Thus

, A 0 W
PX:PTPPC:(O ijc{ ]

W = P,ATP,

1 20

where C is nx p order matrix, W is mx p order matrix, R

ismx p order orthogonal matrix, P, is px p order orthogonal

matrix,
r(X)=rW)=p,
A%zdiag(cﬁ,éf,m&é) ,
XT*X =X'PPT'PPX =(PX)PT"PPX
: AT 0 (W .
=W 0)(0 OJ[OJZWA]W,
PTP =P(Z+ X d*X)P =PZP +d’*PX XP',
Thus
PZP':PTP'—dZPX'XP':[A OJ—[WWI 0}&[2* Oj,
0 0 0 0o/ (0 0

XT'ET*X = X'PPT*P'PZP'PT'PPX

) i -1 ¥ -1 W ) .
:(W 0) A0 A0 =WA'SAW |
0 0o olo olo
then
1 * T+ - T+ + T+ -
?Cov(ﬂ):(XT X)X TET X (X TX)™!
=P,AR'SRA P,

where
R=PA'R,S=PA'SA'R.

In a similar way:

1 A [T N
- Cov(f) = PA RERA P
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LZﬂvp (COVﬂ*) = ﬂ"p(PZA7% R—ISR,IA,%PZ,)
(o
= 2,(RISRAT) 2 2, (A )4, (RTSRT)A(R)A, ()57
/11(R) = ﬂ-’l(PlAﬁPl) < ﬂl(A—l) _ ‘u;l

2,(8)=2,(RA'EA'R) =2, (A"'E'A™)
(2 )

1

> 2, (E) (AT =
then

1 oo 122 (Z)
—A (Covp )" —~ 4
- o(Covp) 225 “

In the similar way:
1 ~ S S 1 .
?ﬂp(COV(ﬂ)Fip(PzA ‘RIPA*R)

/11()

1

<2,(ADHART RS (MAE) = )

then it is readily verified that
5 A (27
e, (f) > Hphn ()

:ulzﬂ'l(z*)

1 A IR 1
Fﬂp(COV(ﬂ))=ip(PzA ‘PRI RAZPR)

*

A, (Z)

<A (RER) A (MA,(E) =
p

e (IBA) > ,uri/lm (2*)

> — [5],[6
ufﬂl(z)””

III. THE RELATIONSHIP BETWEEN THE LOWER BOUND OF
RELATIVE EFFICIENCY AND THE GENERALIZED CORRELATION
COEFFICIENT

In the model of (1),

r(x)=p,x=20,

ool P ) A KTRXTEXKT R (KT XT XK'
M 5 XXXXCTX (XX XEXXX)

i)
Z[A Cj

=o°| .
C B

PP =4 (B'C'ATC),

then

py =2,(B'C'AT'C),

where pyV = = max o, PP =min p], which are two kinds of

I<i< 1<i<p

generalized correlation coefficient.
Theorem 3. In model of (1),

r(X)=p,220, A=(XX)"'XY,
L =(XTX)'XTY,

then

5412![6 R 5j’13 6 ﬂ

ST PN CE o AR SAH o,
64 p Syt 5o Ayt

where 6, >6, >---
X'X.
Proof.

20, is the sequential characteristic root of

A =AE), g =) .[7]

2R =2,(A K2 2, (KD (A),
A,(A)=2,((CC)Y'A(CC)) = 2,((CC) A, (A'CC)
=2,((CC)")A,(A'CCBB ™) 2 4,((CC))4,(BC'A'C)A,(B).
thus

A, (Covﬁ'*)
A,(Covp3)

/1()
A(B)

e(p) = 4,(CCY DA (AP

A
2 o4

m=p

A(CCH<

2
A
Ay (A2 Fe
16,

then it is readily verified that

492 6
p mHm (4)

S
Z,(A™) = 2,((CCY'A(CC)) < 4((CC) )4, (B'CA'C)A(B),
A (A= 2, (A A < A (AHAT(A).

e,(B)=

so that
e(p) = 2 €D A ACCIBEA o
2,(Cov)  A,(B) 2(B) ‘
T,
A(CCY = 17 (cC) < 449
:um p
thus
n 6513 6 .
e, (/) 5‘3&3”2 ® 6)
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again
2o (A1) =2,((CC)A(CC)) <1,(CCYHA4(ATCC)

<A(CCYH4,(B)pYY

thus
Z(CovB)  2,(A)

= <A(COMHAAY (7
3 Co) 4B ACOYIHLAp,” (D)

e(p) =

thus analyzing p* about £ in the model of (6) and(7), we get a

z

new estimation of €,(f),

R 5422/”6 ,
e, (B) < S p).
SpApHn

IV. CONCLUSIONS

Due to the determining theorem of minimum variance
unbiased estimator, the estimation of BLUE in linear model is
used. But the co variation is not given, people are hardly to get
the solution. So that people like to use LSE. And this
substitution will take some losses. To quantitative the losses,
many scholars have presented many different relative
efficiencies in different senses.

For relative efficiency of linear model, we can make a further
research from the following several aspects:

1. Discussions are made on the lower bound of relative
efficiency, and conduct a further study about which.

2. People can make a further research about the relation with
the generalized relative coefficient and relative efficiency

3. Try to find another better relative efficiency.
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