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On Fourier Type Integral Transform for a Class of
Generalized Quotients
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Abstract— In this paper, we investigate certain spaces of
generalized functions for the Fourier and Fourier type integral
transforms. We discuss convolution theorems and establish certain
spaces of distributions for the considered integrals. The new Fourier
type integral is well-defined, linear, one-to-one and continuous with
respect to certain types of convergences. Many properties and an
inverse problem are also discussed in some details.
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I. INTRODUCTION

NTEGRAL transforms had provided a well established

method for solving several physical and mathematical
problems. Hartley and Fourier transforms are the powerful
tools employed in diverse fields of science as spectral
analysis, signal and image processing, filtering, encoding, data
compression and reconstruction. They also find applications
in many different research areas, such as computer science,
quantum physics, biomedical and electrical engineering, etc.
The Hilbert transform via the Fourier transform of f (z) was

defined as [11]
/ ) cos (zy) —
0

where ff() = [ f

f7f (@) sin (zy)) dz

:aw

Ycos (zt)dt and ff(z) =

fo )sin (xt) dt are respectlvely the real and imaginary
components of the Fourier transform of f, related by f!f =
frf—if'f.

In recent years convolution theorems of various integral
transforms such Stieltjes transform [5], Hilbert transform [4],
Hankel transform [1], Fourier cosine and sine transforms [3];
Sumudu transform [7]; Fourier cosine and sine transforms [2]
were given in many citations. In this section of this paper we
define the convolution theorem for f% as follows.

Theorem 1. Let f3f, f5¢ be the f5s of f and g respectively.
Then, we have

Fi(ftg) (x) = £5f (2) fig (2), (1

where

(i) ) = | (f (1) g (n) cos (xn)

() f7g (n)sin <xn>)dn.
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(z) fig (x) =
(f*f (&) cos (x&) + f7 f (&) sin (x€)) d

g O —g T T—g o —y

x [ (f'g(n)cos(zn) + f g (n)sin (zn)) dn

ff(f)f (z) g (n) cos (zn)
O/< +f'g (&) f7g (n) sin (xn) )dn cos z€d¢

avie

0 0

+f1f (&) f7g (n)sin (xn)

The equation above can be expressed as
oo

F5f @) fig(z) = / (9 (€) cos (x€) + O (€) sin (a£)) d

where

i - | (fl (2) £ (€) £ (2) g () cos ()
0

CF (@) £ (&) fg (n)sin <xn>) dn
and

9= [ (fff (©) F' () 9 (n) cos (en)

+f(x) f (&) fg(n)sin (m)) dn

Therefore, we can write ¥ (§) as

[o ol o)

e = [ ( / (f(t)f”"g(n)COS(xn)
0 0
F () g (n)sin (xm) dn> sin (1€) de
- 7 (Fig) (1) sin (1€) de
where

) cos (zn)

(29) 07(

( )fz () g (n) cos (zn) ) dn | sinz&d§.
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+/(t) fg(n)sin (m)) dn 2)

Similarly, we proceed to get 9 (§) = f" (fg) (§), where
ffg has its usual meaning of (2). Hence the theorem is
completely established.

Theorem 2. Let f,¢g and h be integrable functions over
(0,00). Then, the following identity holds f% (ffg) =
£¥(g) -
Proof. Let f, g be integrable functions over (0,00). By aid
of Theorem 1 we write f%(ftg) = fS5ff8qg = figf8f =
15 (g) -

By considering the inverse transform our theorem follows.
Theorem 3. Let f,g and h be integrable functions over
(0,00). Then, the following identity holds f% ((flg) th) =
S5 (F4(gah)) = £5 (g2 (F3h) = 5 (t (f19)) -

Proof is similar to that of the previous theorem.

This completes the proof of the theorem.

Theorem 4. Let f, g and h be integrable functions over (0, c0).
Then the following identities are truely hold

(i) F2 (5 (g + b)) = 2 (fhg) + F3 (feh).

(i0) 5 (f + (98h) = 19 ((f + 9) £ (F3h).

Proof. Proof of (i). Let f,g Let f,g and h be integrable
functions. Then, by taking into account definitions we get

FE(ft (g +n)) (x)

(G Y
/

)
y) sin (zy)

1 [t (ftg + fih) (y) cos (zy)
- (—u*fm+fMM>mnmw)d”

Hence properties f%, f7 imply that f5(ft(g+h)) =
3 (ftg+ fih) . Proof of (ii) is analogous to that given for
Part (i). The theorem is therefore completely proved. Next is

a straightforward corollary of Theorem 2. Proofs are omitted.
Corollary 1. Let f,g and h be integrable functions over
(0,00) . Then, we have

(i) fig = g8 f.

(i) (fig) th = ft (gth)

(idi) f4 (g + h) = ftg + fih

() f + (g8h) = (f +9) £ (fth).

II. ft AND f5 OF THE CLASS OF DISTRIBUTIONS

The space D of testing functions consists of all complex
valued functions ¢ that are infinitely smooth and zero outside
some finite interval. The set of continuous linear forms on D
defines a distributions space, denoted by D.

The space of complex valued smooth functions is denoted
by & and its dual space is denoted by & .

By S we denote the space of all complex-valued smooth
functions ¢ such that, as |[t| — oo, they and their partlal
derivatives decay to zero faster than all powers of \t|
Elements of S are called testing functions of rapid descents
S is indeed a linear space. The dual space of S is called the
space of tempered distributions S

If ¢ € S, then its partial derivatives are in S. Indeed, D is
dense in S and S is dense in £. Moreover, £csc D/7 &
being the space of distributions of compact support.

In this section, we discuss f* and f% on the distribution
space.

Theorem 5. If f is in S then f!f is also in S.

Proof ( see [9] ).

Corollary 2. If f is in S then f°f and f"f are in S.
Corollary 3. If f is in S then f¥f is also in S.

Proof. The proof of this corollary follows from the fact that
I FfEs.

Let f € S, then, by aid of Corollary 2 and Corollary 3,
we define the distributional f* and f¥ transforms as

(Frfe) ={f. o) 3)
and

(fif. o) = {f fio). 4)

(3) and (4) are well defined since f'p and fS¢ are in S.
Further we have

firfifes

for each f € S

Corollary 4. If ¢ € S then flo, fip € S.

Theorem 6. Let f € S'. Then f*f and f% f are linear mapping
from S’ into S’

Proof. Let f, g € S'and ¢ € S, o € R be arbitrary then

(aft (f+9),¢) = (a(f+9), [
alf, fle)+alg fle)
alf'f.o)+alflg ).

Similarly, we proceed for f%f, for all f € S

1l. By (8’,S,A7*> ~ 3% AND
B, (f§S',f§S,f§A,T) & B} SPACES

One of the most youngest generalization of functions, and
more particularly of distributions, is the theory of Boehmians.
The name Boehmian space is given to all objects defined by an
abstract construction similar to that of field of quotients. The
construction applied to function spaces yields various spaces
of generalized functions.

The complete account of Boehmians was given by [6] —
[8],[10],[12] — [15] and [16] — [18] and many others.

Let us now consider the convolution theorem requested in
defining our quotient spaces of Boehmians B;% and ﬂ]‘%.
Theorem 7. Let f and ¢ be integrable functions over (0, c0) .
Then, we have

P =20 ()7 () (119)))

where * is the convolution product of f and g ( see [9] ).
Proof. By the definition of % we have

P ) @) = [ (07 (€ cos (06) + 7 (©)sin (a6)) e
©)
where 9% = fi(f*g) and 9" = f" (f x g).
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Fubiniz theorem therefore implies

(€)= 7 f(z) 79 (t — 2) sin () dtdz.

The substitution t — z = y and the fact
sin (y + 2) § = sin (y§) cos (2£) + cos (y§) sin (2€)

imply

= [ I+ T ©)
Hence, invoking the identities
rrg = PO i STO-ICO
£0(6) = f'9(6) +2ftg(*§)’ Fig(€) = f'9(6) *thg(*é)
in (6) and computations yield
VO = () ©+ (S (=€)
= ()7 (119 ©
(7)) (0.
Equivalently,
o= ()7 (1)) - ®)
Similarly, we proceed to have
=21 (7 (111149)) - ©)

Hence invoking (8) and (9) in (5) completes the proof of our
theorem.
Definition 1. Denote by ,6’§ the Boehmian space with the
convolution product * as the operation, the S’ as the group,
S as a subgroup of S’ (8 dense in S/) and, the set A as the
collection of delta sequences from S such that:

Al f 6" de =1

Ay [ 6, (2 \d1<M 0< M € R

Ag supp 9, () — 0 as n — 0.

Let us consider the space B? for our next construction.

Denote by f §S’ the space of f9s of distributions from S
Indeed, f%S’ is a subspace of S’, by (4). The member ¢,, €
f§8/ is said to converge in f§$’ to a value ¢ if there are
Tn,T € S’ such that T, reaches 7 for large values of n. Also,
denote by f3S the set of fSs of test functions from S then
188 is a subspace of f8S’ by Corollary 8, In similar notations
we denote fSA.
Definition 2. Next, let us consider an operation 1 : 8" x
S — f§8/ defined by

te,0) (@) =27 (/) (' f'6)) (@), o)
for o = fig*, ¢ = fio*.
Theorem 8. Let ¢ € £35S and ¢ € f3S. Then for ¢ = fip*
and ¢ = f8¢*, we have

tlp,0) = fH(p" % ¢7).

Proof. For every ¢ € f§$/ and¢ € 35S, we have

i) @) = 27 ((1)7 (Ffe' f197)) @)
= i xo") (x). (an
where ¢ = fSp* ¢ = f35¢*. This finishes the proof of the
theorem.

Theorem 9. Let ¢1, ¢y € f3S. Then, we have 1 (¢, ¢o) =

T(¢1,2).
Proof. Using (9) we get

(o1, 62) = 2% (1) (F01f'03)) |

where ¢1 = f3¢7, ¢ = fi3.
By (9) and Theorem 8 we obtain

F(é1,02) () = f2(61 % 03) (@)
= fH(e5%0]) (@)
= 2 (1) (f1easen)) (@)
= f(d2,¢1) (2).

This finishes the proof of the theorem.
Theorem 10. Let @1, w2, 0, @ € f§8/ and ¢ € f5S. Then,
we have

(i) T (ke1,0) =1 (p1,k0) = k(T (p1,9)) . k € R.

(i) T (o1 + p2,0) = 1 (p1,9) + T (#2,¢) .-

(iii) T (o, @) = 1 (¢, ¢) as n — 0.
Proof. Proof of (i) . Linearity of f%s and f* which are obvious
by properties of the integral operators and (9) suggest to have

tlke,0) (@) = 2£1((£) 7 (k9" f'9)) (@)
= 278 (/)7 (1" (k119)) ) (@)
= 27 (1) (1 S (h9) ) (@)
= 1(p.k0) (2).

Similarly,

T (kp, ¢) =k (T (¢1,9)) -

Proof of (ii) and (iii) follows from simple computations.
This finishes the proof of the theorem.
Theorem 11 Let (ay),(s,) € f3A. Then, we have
T (am,en) € FRA.
Proof. For (), (6,) € f3A, we have

g 1 * *
Fomen) @) = 275 ()7 (fapsien)) (@)
= fianxer) (@).

Since o x e € A we get

T (an,en) (1') € f§A-

This finishes the proof of the theorem.
Theorem 12 Let ¢ € 58", ¢y, ¢ € f8S. Then, we have

T (e, b1),¢2) = T (0, 1 (01, 2)) -
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Proof. Follows from similar computations to that used for the
above theorem. In details, for ¢; = f%¢7, o = f9¢5 and
¢ = f5p* we see that

F(t(p,01),02) () = [*(t(e01) T+ 41) (@)
- f§(f§so*¢1 +93) (2)
= S 01+ 03) ()

= (@ (e1 * 3)) (x)
= T( aT(¢17¢2)) ((E
Hence our theorem is completely proved.
Theorem 13. Let 1,0 € f3S and (6,) € f%A and

T(¢1,0n) = 1 (p2,0,), Then @1 = po.
Proof. Assume 1 (¢1,0,) (z) = T (2,

25 ()7 (F191f102)) (0) = 2% (£ f'83) (a)

Hence, f§ (@1*6*)( )
oo gives f5(¢7) = fi(p

the proof of the theorem.
Theorem 14. Let (0,,) €

5 )

= fH(e" (] * ¢3)) (x)
§ )
).

) () . Then, we have

(g5 % 6%) (x) . Allowing n —
5). Hence p1 = 2. This finishes

fA and ¢ € f3S’. Then, we have
T (o, 0n) = @ as n — oo.

Proof. Since ¢ € f3S',(5,) € fiA there are o* € S, € A
such that fS¢* = ¢ and 6, = f567. Hence

He.dn) (@) = 205 (1) (F971153)) (@)
= fHe ) (@) = fle" =0
as n — oo. This finishes the proof of the theorem.
The Boehmian space B? is completely established.
A typical element in ,8? is given as [ ]{g (J;Z] . Concept of
quotients of sequences is justified by the computation,

(5 s Pom) = 205 ()7 ('l 0m))
£ (fn* 6m)
f§ (.fm * ¢n)
= ()7 hnf'n))
= (" foms [O00) -
Hence, T(f§fﬂ7f§¢m) =1 (ff§fm,f§¢n).
9
Fion ™ Fin,
the sense of [3; if 1 (f5fn, f§7'm) =1 (fS9m, fi0n) .
Sum and multiplication by a scalar of two Boehmians can
be defined in a natural way

|:f§fn:| n |:f§gn:| _ [f§fan§Tn+f§gan§¢n:|
f§¢n f§Tn B f§¢an§T7z

Two quotients

are said to be equivalent in

and

{f%} _ {af§fn
f§¢n f§¢n
The operation T and differentiation are defined by
|:f§fn:| ; {f%n} _ {f§fan§gn]
fidn fi7n fidn t fim,

} , o being a complex number.

and
pe |:f§fn:| _ D“_f?fn}
fion fSon |-
IV. f% oF GENERALIZED QUOTIENTS (BOEHMIANS)
§
Let us define the f8¢ of a Boechmian [};;n} € B by
4 {f%n} - {f%n} < 12

The operator f5¢ : ﬁ,% — 5,? is clearly well-defined.
We state without proof the following two theorems.

Theorem 15. fi¢ : B§ — ,8 is linear.

Theorem 16. f5¢ : B§ — BT is one-one.

Theorem 17. f¢ : 8¢ — /)’T is continuous with respect to §
convergence.

Proof. Let Bn RN B in B*‘ as n — co. We show that f3¢3, —
f%B in ﬁf as n — 00.
For each 3,3 € ﬁ* we, can find f, 1, fr € S’ such that

_ | fnk
ﬁn_{ﬁbk}
fr

and 8 = [(b—} and f,  — fras n — oo,Vk € N.
k
Continuity of the transforms f% implies

f§fn,k — f§fk as n — oo in f§Sl,

and, hence, i )
I8 Fok N I8
fSon  figy
Thus
B f§fn,k] {f%} o
Bn_{f%k — 0 Fion asn%oomﬁT.

This finishes the proof of the theorem.
Theorem 18. f5¢ is continuous with respect to A convergence.

Proof. Let (3, A [ in ﬁ;% as n — oo. Then there is f, € S
and ¢, € A such that

(ﬁn - 6) * d)n - |: ¢k

and f, — 0 as n — oco. Hence by Theorem 7,

n *
R
k
f§ (fn * ¢k):| §
= |—FF—|~ n — 00..
i =
as n — oo. This finishes the proof of the theorem.
Remark 1. Let § = §§§n € BT. Then, we define the

1:B,§—>B§off§eas
sey~lg_ | fn
) o= 3

which belongs to the space BE.

Properties of transform ( f §5)71 can similarly obtained by
techniques similar to that used for f%¢. We prefer to omit the
details.

inverse transform (f%¢) "
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