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Abstract—This paper investigates the parametric stability of an
axially moving web subjected to non-uniform in-plane edge
excitations on two opposite, simply-supported edges. The web is
modeled as a viscoelastic plate whose constitutive relation obeys the
Kelvin-Voigt model, and the in-plane edge excitations are expressed
as the sum of a static tension and a periodical perturbation. Due to the
in-plane edge excitations, the moving plate may bring about
parametric instability under certain situations. First, the in-plane
stresses of the plate due to the non-uniform edge excitations are
determined by solving the in-plane forced vibration problem. Then,
the dependence on the spatial coordinates in the equation of transverse
motion is eliminated by the generalized Galerkin method, which
results in a set of discretized system equations in time. Finally, the
method of multiple scales is utilized to solve the set of system
equations analytically if the periodical perturbation of the in-plane
edge excitations is much smaller as compared with the static tension of
the plate, from which the stability boundaries of the moving plate are
obtained. Numerical results reveal that only combination resonances
of the summed-type appear under the in-plane edge excitations
considered in this work.

Keywords—Axially moving viscoelastic plate, in-plane periodic
excitation, non-uniformly distributed edge tension, dynamic stability.

I. INTRODUCTION

XIALLY moving materials are frequently encountered in
industrial applications, such as magnetic tapes,
transmission belts, paper webs, plastic sheets, band saw blades,
etc.. Therefore, hundreds of references pertaining to the
dynamic behaviors of axially moving materials can be found in
the literature. Depending on the aspect ratio of the axially
moving webs between two adjacent supports, they can be
regarded as one-dimensional structures or two-dimensional
structures. Furthermore, according to the flexural rigidity of the
axially moving webs, they can be modeled as strings [1], [2] or
beams [3] for webs with large aspect ratios and as membranes
[4], [5] or plates [6], [7] for webs with small aspect ratios.
Earlier researchers deal primarily with the determination of
the critical speed of the materials moving axially with constant
speeds and subjected to static, uniformly distributed tensions.
However, recent researches focus primarily on the dynamic
response and stability of the axially moving materials under
various complicated effects, such as nonconstant moving
speeds, time-dependent and/or nonuniformly distributed
tensions, etc. In reality, the moving speed and the applied
tension of axially moving webs are generally time-dependent.
Due to the time-dependent moving speed or the time-dependent
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tension, an axially moving plate may experience parametric
instability before the moving speed of the plate exceeds the first
critical speed.

Chen and Yang [8] investigated the nonlinear response at
principal parametric resonances for viscoelastic beams moving
axially with a pulsating speed. The pulsating speed of the
moving beam is assumed to be the sum of a constant speed and
a small, harmonically varying perturbation, and the material
property of the viscoelastic beam obeys the Kelvin model.
Marynowski [9] studied the nonlinear vibrations of axially
moving viscoelastic beams with a constant speed and subjected
to a time-dependent tension. The time-dependent tension is
assumed to a small, harmonically varying perturbation
superimposed on a static tension, and the internal damping of
the viscoelastic beam is introduced by the Kelvin-Voigt model.
Both references deal with axially moving webs having large
aspect ratio. Tang and Chen [10] analyzed the parametric
instability of axially moving viscoelastic plates with a time-
dependent speed. The time-dependent speed of the moving
plate is assumed to be the sum of a constant speed and a small,
harmonically varying perturbation, and the tension is assumed
to be uniformly distributed on two opposite edges. Liu [11]
investigated the dynamic stability of an axially moving web
which translates with periodically varying speeds and is
subjected to partially distributed tensions on two opposite
simply-supported edges. The web, having a small aspect ratio,
is modeled as a viscoelastic rectangular plate which obeys the
Kelvin-Voigt model. The moving speed of the plate is
expressed as the sum of a constant speed and a small, periodical
perturbation. Dynamic instability of a moving plate subjected
to uniformly-distributed parametric in-plane forces was
analyzed by [12]. The extended Galerkin method is used to
discretize the differential equation of motion, and the harmonic
balance method is employed for investigating the instability
regions of the moving plate.

This paper investigates the parametric stability of an axially
moving web subjected to nonuniform in-plane edge excitations
on two opposite, simply-supported edges. The web is modeled
as a viscoelastic plate whose constitutive relation obeys the
Kelvin-Voigt model, and the in-plane edge excitations are
expressed as the sum of a static tension and a periodical
perturbation. Due to the in-plane edge excitations, the moving
plate may bring about parametric instability under certain
situation. First, the in-plane stresses of the plate due to the
nonuniform edge excitations are determined by solving the
in-plane forced vibration problem. Then, the dependence on the
spatial coordinates in the equation of transverse motion is
eliminated by the generalized Galerkin method, which results
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in a set of discretized system equations in time. Finally, the
method of multiple scales is utilized to solve the set of system
equations analytically if the periodical perturbation of the
in-plane edge excitations is much smaller as compared with the
static tension of the plate, from which the stability boundaries
of the moving plate are obtained.

Il. EQUATIONS OF MOTION

Consider a rectangular plate of dimension a X b moving in
the x-direction with a constant speed V. The plate is simply
supported on two opposite edges x = 0 and a, and is free on the
other two edges y = 0 and b. The plate is subjected to a
periodic excitation f(y, t) arbitrarily distributed on two simply
supported edges, as shown in Fig. 1. The plate possesses an
internal damping of which the constitutive relation obeys the
Kelvin-Voigt model, i.e.

a
0'=E(E+Ca—i), Q)
where o and e are the stress and strain of the plate, respectively,
and t is the temporal variable. E and c are Young’s modulus and
internal damping coefficient of the plate, respectively.

The equations of motion for such a plate are written as:

2 2 2 2 2
E
ph(6u+zvﬁu+vzau>_1 h <6u+ 6v>
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- 2(14v) at (ﬁ + Bxay) _0’ (Zb)
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= 3 (M 5) 35 (M0 55) 35 (M 55) + 35 (M 57) (20)

where u and v are the in-plane displacements in the x- and
y-directions, respectively, and w is the transverse displacement
of the moving plate. p and h are the mass density and the
thickness of the plate, respectively. D and v are the flexural
rigidity and Poisson’s ratio of the plate, respectively. 6(-) is a
Dirac delta function, and V* is a Laplacian operator in
Cartesian coordinates. Ny, Ny, , and Ny, are the in-plane
stress resultants of the plate, and are related to the in-plane
displacements by:

Eh u v 2%u 2%y

Nox = 1202 [(a + VE) te (atax tv Btay)]’ (32)
Eh v ou a%v a%u

Nyy =157 [(5 + VE) te (atay tv 6t3x)]’ (3b)
Eh ou , v a%u a%v

Ny =25 1y +50) + < Gy + v ae)) (3c)

Equations (2a) and (2b) are reduced to those obtained by [13] if
the internal damping force terms are deleted, and (2c) is the
same as that appeared in literature [6], [7]. The boundary
conditions of the moving plate are as,

atx=0anda, Ny, =0and v=0; w=20 and %:0,(4@
. 0%w
aty=0andb, Ny, =0and N,, =0; a—yzzo and

[
G}

S+ 2-v) a‘;ajz =0, (4b)

To solve the out-of-plane equation, (2c), one has to
determine the in-plane response u and v from (2a) and (2b) first,
from which the in-plane stress resultants are obtained.
Equations (2a) and (2b) are coupled and are so complicated that
the exact solution of them is not feasible. To obtain an
approximate solution in the finite dimensional space,
discretization of the system equations is carried out. Due to the
boundary conditions of the problem, it is very difficult to find
comparison functions, the ones that satisfy both the geometric
and natural boundary conditions, as trial functions. Therefore,
the extended Ritz method, which admits admissible functions
that satisfy the geometric boundary conditions only as trial
functions, is adopted in conjunction with the extended
Hamilton principle,

f::((ST — 8U + Wy, + Wy + 5M,)dt = 0, (5)

where 8T and §U are variations of the kinetic and strain
energies of the moving plate, respective. W, and §W, are the
virtual works done by the edge excitations and the internal
damping force, respectively. §M,, is the virtual momentum
transport across the system boundaries [13].

Assume the displacement components u and v to be of the
forms;

u(X'Yl t) = %:0 Zgzo Amn(t)(g)m(%)n 1 (63)
VXY, 1) = Xhi—o Xit=0 Bmn (t) sin 2 ()™, (6b)
where A, (t) and B,,(t) are undetermined functions. The
assumed displacements satisfy the only geometric boundary

condition v = 0 at the edge x = 0. If the periodic edge excitation
is expended into a Fourier series as:

f(y,0) = T)_o(fej &) cos jQL + fj (y)sin jQ1), @
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where f; and fg; are Fourier coefficients, and Q is the
fundamental frequency of the series, on substituting the
assumed displacement components u and v into (5) yields;

MU + (VG + c[Kie DU + ([Ke] + V[Kig])U
= Zfzo(chcoszt + Fj sin jQt), (8)

where an overdot denotes a differentiation with respect to t.
The mass matrix [M;] and the elastic stiffness matrix [K;.] are
symmetric, while the moving-speed dependent matrix [G;] and
the geometric stiffness matrix [K;g] are asymmetric. F; and Fy;
are force vectors, and the response vector U is a column matrix
formed by all A, (t) and By, (t). The close-form solutions for
A (©) and B, (t) can be calculated from (8), and the in-plane
response u and v may then be determined by (6a) and (6b), from
which the in-plane stress resultants are obtained by (3a)—(3c).

Once the in-plane stress resultants are obtained, we are
readily to solve the out-of-plane equation, (2c). Because the
equation is a fourth order partial differential equation with
variable coefficients, it is unable to be solved directly.
Therefore, dependence on spatial coordinates is eliminated
first, and the equation is transformed into a set of ordinary
differential equations. Since expressions for in-plane stress
resultants are very messy, it is impossible to find the
eigensolution for (2c). Therefore, approximate methods are
utilized again to obtain discretized system equations for the
equation. In this work, the extended Galerkin method with
simpler trial functions is adopted.

Assume the transverse displacement was:

w=XK_f OCkl(t)sm(—x)( )l 9)

where Ci(t) are undetermined functions. The assumed
displacement satisfies the boundary conditions at both simply
supported edges x =0 and a, but it does not satisfy the
boundary conditions at both free edges y =0 and b. On
substituting the assumed displacement into the out-of-plane
equation and the boundary conditions yields certain residues.
The extended Galerkin method requires the overall residue
weighted by the trial functions vanish, i.e.

f f ysm —x ) dxdy+fa sm(l%ﬂx)(%)l] ~ dx

y=0,b

l
— [ My, sin(’%’x)(j—y ) )]y=0,b dx =0, (10)
where v, V, and My, are residues of the out-of-plane equation,
transverse shear resultants and bending moment resultants
along the free edges, respectively. Substituting the assumed
displacement w into (10) and nondimensionalizing all
parameters yield,

[Mo] W'+ (V[Go] + E[Koe])wl + ([Koe] + VZ[Kog] + fO[FCO])W =
—fi X ([Fej]cosjfir + [Fyy] sinjGnw,  (11)

where the nondimensional parameters:
7 _ phb2  x _ D 7o fz
V=V /T E=c | me fi=—

in which f, and f; are representative quantities of static and
dynamic components of the periodic edge -excitations,
respectively, and a prime denotes a differentiation with respect
to t. The mass matrix [M,], the elastic stiffness matrix [Koe],
the geometric stiffness matrix [K,q] and the force matrix [F,]
are symmetric, while the gyroscopic matrix [G,] is skew-
symmetric. The displacement vector W is a column matrix
formed by all undetermined functions Cy; (t).

Equation (11) is a set of simultaneous second-order
differential equations with periodic coefficients, of which an
analytic solution is still hard to find. To improve the solvability,
a modal analysis suitable for gyroscopic systems is conducted
to partially uncouple terms on the left-hand side of the equation.
First define a state vector g = [W’ W]T, and rewrite (11) as

,pmﬁﬂ andt =t / et

(12)

[N P (A0 P (0 P

01 U =K, o] [0]

2w |l0] ([FC-]cosj(~21+[Fs-]sinjﬁr)]
gl [l (faleosifralfalsiniolg - ag)
where [K,] = [Koel + V2[Kog] + To[Feo] . Next consider the

eigenvalue problem of the corresponding free, undamped
gyroscopic system,

o) e

o (14)

) olz=o

The eigenvalue of the above gyroscopic system s appears in
pure imaginary pairs, s = +iw,, n=1, 2, ..., |, where = K X L
is the total degrees of freedom of the discretized system, and the
corresponding eigenvector Z appears in complex conjugate
pairs, Z = X, £ iY,. The modal matrix [P] of the discretized
system is constituted by the real and the imaginary parts of the
normalized eigenvectors, [P] = [Xy, Yy, X5, Yo, ... X1, Y] . By the
orthogonality of the eigenvectors, the matrices in (14) can be
diagonalized by the modal matrix, i.e.

PG Ul

o[ 0
o[ “[K,] 0]

[P] [7] and [P]" P] =[], (15)

where [P]T is the transpose of [P], [I] is an identity matrix, and
[A] is a block-diagonal matrix of the form

[A] = diag. [0 ‘”r]. (16)

Then, introduce a linear transformation q = [P]7, Upon
substituting this transformation into (13) and premultiplying
[P]T to the equation yields

¢+ [AIg = —¢[C1¢ — e X, ([Fj]cos jOr + [Fyj]sin jO0)¢, (17)
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. Koe
where the matrices [C] = [P]T [[0]] [0]] [P], and
[F;] S]] = To[P]"[Fey5][P]; € = T, /T, is @ small quantity.

Note that the matrix [C] is again symmetric since [K,e] is
symmetric. The terms on the left-hand side of the above
equation are uncoupled in a block sense; however, those on the
right-hand side are still coupled. To match the form of the
matrix [A], matrices on the right-hand side of the equation are
partitioned into I x I pieces of 2 x 2 blocks. Therefore, the
above equation can be rewritten as

1
Ghmnlln = =2 ) (chhén +cthmm)
m=
—EZI 1 Z‘m 1[(g]nm fm + gjnmnm)COS]Q‘[
+(h1nmg(m jnmnm)Sln]QT]: (188.)
1
_62 (Cnm m T C12172n77m)
m=1

J 1 ~
e > (G bm + gEmmm)c0s jliT
j=1 m=1
+(h]nm mt n=1,2, ..,

Nn + 0péy =

heZim)sin jQr], I (18Db)

where ci3,, g]-rﬁm and h]-r,fm are the r-sth entries of the n-mth
block of the matrices [C], [Fg] and [Fyj], respectively. &, and
N, are the (2n-1)th and the 2nth entries of . Although partially
uncoupled, the above equation is still very hard to solve.
However, if terms on the right-hand side of the equation are
small in certain sense as compared with those on the left-hand
side, perturbation method can be used to find an analytic
solution.

I1l. PERTURBATION ANALYSIS

In this work, the method of multiple scales is utilized to find
an analytical solution of (18) if terms on the right-hand side of
the equation are small in certain sense. By introducing new
temporal variables T, = édt, j=1, 2. .... It follows that the
derivatives with respective to T become expansions in terms of
partial derivatives with respective to Tj [14], i.e., d/dt = Dy +
€D, + -+, where D; = 9/0T;. It is assumed that the solution of
(18) can be represented by a uniformly valid expansion having
the form,

$n(1,€) = §no(To, Ty, ) + €601 (To, Ty, o) + - (19)

Nn(T, €) = Nno(To, Ty, o) + €Ny (To, Ty, ) + -+ (19b)

Due to the complexity of the problem, the expansion is carried
out to the order of €2. Therefore, only T, and T, variables are
needed. Substituting (19) into (18) and equating coefficients of
like power of € yields the following equations:

Order 1

DOEnO — WnpMpo = 0, (20&)

Donno + wpéno =0, n=1,2, ..., 1 (20b)

Order €

DOEnO — WpMno = _leno - 0(2 1(Cnm mo t Crlennz'LO)
- 25 1 21 1(g]11'11m f‘mO + g;nm’?mo)ws ]QTO
- Z§=1Z (h}nmfmo 1nm77m0)5ianT0]v (21&)

1
DoNno + Wnéno = —Dilno — az (Cnm mo t C%fnnmo)
m=

- 2;:1 g'n:l(g]nm EmO + g}nmnmo)cos JﬁTO
=¥y 1 (W immo + W2 Timo)sin jOTo],
n=1,2,..,1 (21b)

where € = ea is assumed to have the damping terms appear in
the same order as the first excitation terms.
The general solution of (20) is found to be

Eno = Ap(TetnTo + ¢ c., (22a)
Nno = 1A (Te ™ + c.c., n=1,2,...,1 (22b)

where c.c. denotes the complex conjugate of the preceding
term, and A,, are undetermined functions of T,. Substituting the
above equation into (21) and making use of Euler’s identity for
cos jQT, and sin jQT, yields,

Dofm WpMn1 = _(DlA )eiwnTo
—a Zin:l(c‘rllm + lC‘rllrzn)Amelmeo - _Zj 1 Zm 1(91nm
l-g]nm)Am(el(wm+]Q)Tu +el(wm ]Q)To)

=X Bt (—thi + B2 A (1 @m0 4 eilom=iB)To),
(233)

DoNno + @néno = _i(D1An)eiw"T0
—a hea (B + i B AmetonT  —=%_ Fh (gh +
l‘g]zﬁm)Am(ei(wm+jﬁ)T° +ei(@m=— ]Q)To)
.T%m)Am(ei(wm+jﬁ)TD + ei(wm—jﬁ)To),

n=1,2, .1 (23b)

1gyJ 21
- EZj:l Z!rn=1( lh)nm

To this order of approximation, there exist three possible
frequency combinations of j{, w,, and w,. All three possible
cases will be investigated separately as follows.

A.The Case of j2 Away from w, + w,.

When the excitation frequency multiples jQ are away from
the sum or the difference of any two natural frequencies of the
system w, and wg, ONe deals with a nonresonant case. In this
case, the secular terms — terms with ei®nTo — must be eliminated
from (23), which results in

A, = ape st n=1 2 | (24)
where a,, are arbitrary functions of T,. Note that the above
equation is obtained as a result of 12 = c21 since the matrix [C]

is symmetric. The amplitude A, will decay with time, and
hence the system is always stable if (cii + c22) is positive,
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which is always true because the matrix [C] is always positive
definite in this work.

B.The Case of j2 Near w, + w,.

When the excitation frequency multiples j{ are close to the
sum of two natural frequencies of the system w, and wg, a
combination resonance of the summed-type exists between the
pth and the gth modes. In this case, elimination of the secular
terms from (23) yields the expressions for the transition curves,
which separate the stable regions from unstable ones,

N € Aiququ
Q= wp + w, iE\/(T_“Z)(C” +¢g)?, (25)
where
Cp = Cop + Chpr Cq = Caq + Cag» (262)

_lp21 _ 22 o oo21 22 L 11 4 p12 _ 11
Ajpg =5 (Wjpq — thipg + Gjpq + Gjpq T thipg + hjpg—jpq +

i9jpq): (26b)
A 121 22 - 21 22 11 12 11
Ajgp = 5 (Wigp + thigy — 1G5aqp + iaqp — thigp + Migp—Gjap —

igle,). (26¢)

C.The Case of j2 Near w, — w,.

When the excitation frequency multiples jQ are close to the
difference of two natural frequencies of the system w, and wg,
a combination resonance of the difference-type exists between
the pth and the gth modes. In this case, elimination of the
secular terms from (23) yields the expressions for the transition
curves,

Q=w,—w, EJ(AMA”” —a?)(cp +¢g)?, 27

Cqu

Here c, and ¢, are the same as those in the summed-type case,
but A;,q and Ajpq have different expressions,

_ L1214 22 421 _ 22 4 ip1l _ pl2 11
Ajpg = 5 (hipg + thipg +iG5pq = Gjpq + ihipg — Ripg—jpq

ig}gq , (28a)

_1 21 122 - 21 22 211 12
Ajgp = 5 (Fhigp = ihjgy + iGiqp — Giap — thjgp+higp —
Giap ~ 9jap)- (280)

IV. NUMERICAL RESULTS AND DISCUSSIONS

As an example of the application of the general solutions
obtained in this work, the periodic excitation is taken as

f(y,t) = fo(y) (1 + ecost), (29)

where € is the small parameter in the perturbation analysis.
When the internal damping of a viscoelastic plate c=0, the
plate becomes elastic. Fig. 2 shows the stability boundaries of
an axially moving elastic square plate subjected to uniformly
distributed in-plane edge excitation. In this case f,(y) = f, is a
constant. Figs. 2 (a)—(c) show the stability boundaries
corresponding to the lowest three main resonances at twice the

1st, 2nd and 3rd natural frequencies of the axially moving plate,
respectively; Figs. 2 (d)—(f) show those corresponding to the
lowest three summed-type combination resonances. No
stability boundaries corresponding to difference-type
combination resonances are found. Each pair of stability
boundaries sprouts from the abscissa at points where the
frequency of the in-plane edge excitation is equal to twice the
natural frequencies or sum of two natural frequencies of the
axially moving plate. Every stability boundary is a line because
the problem is linear, and only the first order approximation is
carried out. Unstable regions lie within a pair of stability
boundaries. It is observed that unstable regions become smaller
with higher main resonances. Also, the unstable region at
summed-type combination resonance between the 1st and 3rd
natural modes is larger than unstable regions at the other two
summed-type combination resonances because the 1st and 3rd
modes are symmetric in the axial direction, while the 2nd mode
is antisymmetric in the axial direction. Generally, unstable
regions corresponding to main resonances are much larger than
those corresponding to summed-type combination resonances

y
e F e
£ 's.s v 55! 3 f(y.t)
bl 5
: F . .

a

Fig. 1 Schematic plot of an axially moving viscoelastic plate under
non-uniform in-plane edge excitation

When a rectangular plate is subjected to linearly distributed
in-plane edge excitations, the in-plane stress resultants equal
the corresponding linearly distributed in-plane edge excitation.
In that case, one can deal only with the out-of-plane equation,
(2c), and the in-plane inertia of the plate is neglected. Fig. 3
presents the stability boundaries of an axially moving elastic
square plate subjected to uniformly distributed in-plane edge
excitation with and without consideration of the in-plane inertia
of the plate. In this figure, the solid lines represent the stability
boundaries with consideration of the in-plane inertia of the
plate; while the dot lines represent the stability boundaries
without consideration of the in-plane inertia of the plate. It is
found that the sizes of unstable regions with consideration of
the in-plane inertia of the plate are almost the same as those
without consideration of the in-plane inertia of the plate. The
reason for this is attributed to the fact that the lowest few
natural frequencies of the transverse vibration are much smaller
than the natural frequencies of the in-plane vibration for a thin
plate. But the positions of unstable regions may be shifted a
little bit due to the effect of the in-plane inertia of the plate.
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Fig. 4 Stability boundaries of an axially moving elastic square plate
subjected to in-plane edge excitation. Circle: uniformly distributed;
triangular: partially distributed on the middle half of the edge

Fig. 4 illustrated the stability boundaries of an axially
moving elastic square plate subjected to in-plane edge
excitation either uniformly distributed or partially distributed
on the middle half of the edge. The intensity of the in-plane
edge excitation partially distributed on the middle half of the
edge is twice that of the uniformly distributed in-plane edge
excitation such that the total magnitude of the in-plane edge
excitation applied in both cases is the same. One finds that
unstable regions corresponding to partially distributed edge
excitation become smaller generally and shift toward the lower
frequency range.

The effect of the aspect ratio on the stability boundaries of an
axially moving elastic rectangular plate subjected to in-plane
excitation partially distributed on the middle half of the edge is
depicted in Fig. 5. Fig. 5 (a) shows the stability boundaries of a
square plate; Figs. 5 (b) and (c) show the stability boundaries of
a rectangular plate. The figure reveals that as the aspect ratio
increases, all unstable regions reduce in size, shift toward the
lower frequency range and get closer.

The effect of the internal damping on the stability boundaries
of an axially moving viscoelastic square plate subjected to
uniformly distributed in-plane edge excitation is presented in
Fig. 6. Comparing with Fig. 2, it is discovered that all unstable
regions appear at the same location but shrink upwards, and
some small unstable regions even disappear due to the presence
of internal damping. Therefore, the effect of internal damping is
favorable to the stability of the axially moving plate.

V.CONCLUSIONS

Dynamic stability of an axially moving plate subjected to
non-uniform in-plane edge excitation has been studied
analytically in this work. Due to complexity of the problem,
only the first order approximation was presented, and a simple
harmonic excitation was considered to provide numerical
illustration of the general solution sought. However, solutions
for more general periodic excitations can be easily generated
for the first few approximations.

From the above numerical results, the following conclusions
can be drawn:

1) For an axially moving plate subjected to nonuniform
in-plane edge excitation, combination resonances of the
difference-type do not exist, and unstable regions for
summed-type combination resonances are general smaller
than those for main resonances.

2) When a rectangular plate is subjected to linearly
distributed in-plane edge excitation, the in-plane stress
resultants equal the corresponding linearly distributed
in-plane edge excitation. In that case, one can deal only
with the out-of-plane equation, and the in-plane inertia of
the plate is neglected if the plate is thin.

3) When an axially moving plate is subjected to
symmetrically distributed in-plane edge excitation,
unstable regions become smaller generally and shift
toward the lower frequency range as the distribution width
of the excitation becomes narrower.

4) As the aspect ratio increases, all unstable regions of an
axially moving plate under in-plane edge excitation reduce
in size, shift toward the lower frequency range and get
closer.

5) The effect of the internal damping will make all unstable
regions of an axially moving plate shrink upwards but still
appear at the same location.
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Fig. 5 Stability boundaries of an axially moving elastic rectangular

plate subjected to in-plane excitation partially distributed on the
middle half of the edge
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