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Abstract—Fixed-geometry hydrodynamic journal bearings are 

one of the best supporting systems for several applications of rotating 

machinery. Cylindrical journal bearings present excellent load-

carrying capacity and low manufacturing costs, but they are subjected 

to the oil-film instability at high speeds. An attempt of overcoming 

this instability problem has been the development of non-circular 

journal bearings. This work deals with an analysis of oil-lubricated 

elliptical journal bearings using the finite element method. Steady-

state and dynamic performance characteristics of elliptical bearings 

are rendered by zeroth- and first-order lubrication equations obtained 

through a linearized perturbation method applied on the classical 

Reynolds equation. Four-node isoparametric rectangular finite 

elements are employed to model the bearing thin film flow. Curves of 

elliptical bearing load capacity and dynamic force coefficients are 

rendered at several operating conditions. The results presented in this 

work demonstrate the influence of the bearing ellipticity on its 

performance at different loading conditions. 

 

Keywords—Elliptical journal bearings, non-circular journal 

bearings, hydrodynamic bearings, finite element method.  

I. INTRODUCTION 

EARINGS are mechanical components that must perform 

three basic tasks: supporting loads (dynamically and 

statically), providing stiffness and damping to the rotating 

system, and controlling the journal position [1]. The 

hydrodynamic pressure associated with the lubricant film flow 

within the bearing lands provides the capacity of supporting 

the rotating shaft loads at high speeds. Weight reduction and 

power increase have been the main design goals in the 

development of modern industrial rotating machines. The 

development of faster and more flexible rotating shafts 

requires more efficient computer procedures that can help 

engineers to predict the machine behavior and to foresee 

vibration problems in industrial applications [2]. 

The analysis of the hydrodynamic journal bearings in the 

performance of industrial rotating machinery is a fundamental 

step in the design of more efficient supporting systems. 

Curves of cylindrical journal bearing steady-state 

characteristics can be found in the vast technical literature of 

mechanical design [3]-[5]. However, cylindrical journal 

bearings are susceptible to hydrodynamic instability at high 

speeds [6]. The quest for non-cylindrical profiles of journal 

bearings that can render more adequate supporting systems is 
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still a challenge for the development of safer, faster and more 

efficient industrial rotating machinery [7].  

This work deals with a performance analysis of 

hydrodynamic elliptical journal bearings using a special finite 

element procedure devised to evaluate their steady-state and 

dynamic behavior. This finite element procedure is derived 

from a linear perturbation method applied on the classical 

Reynolds equation, which permits to obtain the zeroth- and 

first-order lubrication equations [8] for elliptical journal 

bearings. The Galerkin weighted residual method is employed 

to integrate the discrete lubrication equations within the fluid 

film domain [9]. Four-node quadrangular isoparametric finite 

elements are used to model the fluid film. Curves of steady-

state and dynamic performance characteristics of elliptical 

journal bearings are presented to provide some guidance for 

engineers dealing with the selection and design of supporting 

systems for industrial rotating machines.  

II. ELLIPTICAL JOURNAL BEARING PARAMETERS 

Fig. 1 depicts a schematic view of a elliptical journal 

bearing. The journal eccentricity is represented by e. The 

external load on the bearing is given by W. The bearing length 

and diameter are described, respectively, by L and D (D=2.R). 

The inertial frame axes (X, Y, Z) are fixed to the bearing 

center, while the rotating frame axes (x, y, z) are attached to 

the journal (x=R.θ). The journal rotating speed is described by 

Ω and the bearing attitude angle is represented by ϕ. 

 

 

Fig. 1 Schematic drawing of an elliptical journal bearing 

 

The classical Reynolds equation for isoviscous, 

incompressible film fluid flow [10] can be written in the 

following form: 
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R describes the journal radius, p the hydrodynamic pressure, h 

the fluid film thickness, U the journal surface tangential speed, 

(U=Ω.R), ρ the lubricant mass density and µ the fluid film 

viscosity. The thin fluid film flow domain is given by 0 ≤ θ ≤ 

2π and -L/2 ≤ z ≤ L/2. The bearing hydrodynamic pressure is 

subjected to the periodical boundary condition along the 

circumferential direction, p(θ, z, t) = p(θ + 2π, z, t), and the 

bearing sides are at ambient pressure pa, that is 

p(θ,L/2,t)=p(θ,-L/2,t) = pa. The Sommerfeld condition is 

employed in the computation of the fluid film pressure [10]. 

The fluid film thickness “h” can be expressed as: 

 

( ) ( ) ( ) ( ) θθθ senMPcsentetech yx .cos +++=
              (2)

 

 

The vertical and horizontal components of the journal 

eccentricity are given, respectively, by ex and ey. The journal 

eccentricity ratio can be computed by ε=e/c, in which c 

represents the bearing radial clearance. The bearing preload is 

described by MP [7]. The value of MP can be considered as a 

measure of the bearing non-cylindricity and is computed by: 

 

MP=(cmax-cmin)/c                                (3)

 

 

where cmax represents the largest value of the bearing radial 

clearance and cmin is its minimum value. MP=0 implies that 

the bearing has a cylindrical profile.  

III. LUBRICATION EQUATIONS 

In order to estimate the bearing load capacity and dynamic 

force coefficients, the zeroth and first-order lubrication 

equations for elliptical journal bearings must be derived from 

a linearized perturbation method [8] applied on the Reynolds 

equation. A journal equilibrium position (
00

, yx ee ) is perturbed 

by small amplitude motions (
yx ee ∆∆ , ) at a excitation 

frequency ω [7]. Thus the film thickness can be rewritten as  
 

( ) titi

yyxx ehehehehehh ω
σσ

ω ∆∆∆ +=++= 00 . ; σ = x, y,        (4) 

 

where h0 represents the steady-state or zeroth-order fluid film 

thickness, hx=cos(θ), hy=sen(θ), and i = 1− . It is assumed that 

small perturbations on the fluid film thickness will cause small 

variations on the hydrodynamic pressure field. The perturbed 

hydrodynamic pressure field can be expressed by  

 
ti

o

ti

yyxxo epepepepetptp ω
σσ

ω ∆∆∆θθ +=++= )(),(),(     (5) 

 

The steady-state or zeroth-order pressure field is described 

by p0 and the perturbed or first-order pressure field is 

represented by px and py. Inserting (4) and (5) into (1) renders 

the zeroth-order lubrication equation (6) and the first-order 

lubrication equation (7). 
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Bilinear shape functions e

iΨ (i=1,2,3,4) [9] are employed to 

represent the discrete zeroth- and first-order pressure fields. 

The oil-lubricated elliptical journal bearing hydrodynamic 

pressure can be estimated from (6). The bearing dynamic force 

coefficients can be estimated from the perturbed pressure 

fields rendered by (7). The discrete zeroth- and first-order 

pressure fields within a finite element domain eΩ  are 

represented by e

i

e

i

e
pp 00 Ψ=  and e

i

e

i

e
pp σσ Ψ= , respectively, in 

which i=1,2,3,4 and σ = x,y.                                              

On the domain eΩ  of a finite element, the Galerkin 

weighted residual method is used to obtain the elementary 

zeroth-order lubrication equation. This equation can be 

expressed by, 
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The finite element boundary is represented by Γe and the 

normal fluid flow through the border is given by 
nmɺ . 

Similarly, the first-order finite element equation, which 

represents the perturbed form of the Reynolds equation given 

by (7), can be written as 
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The first-order normal fluid flow through the border Γe of a 

finite element is denoted by
n

mσɺ . 
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The global zeroth-order finite element equation, defined 

over the entire thin fluid film domain Ω, is obtained by 

superposing the equations provided by (8). The solution of the 

zeroth-order lubrication equation leads to the steady-state 

hydrodynamic pressure field, which can be integrated over the 

fluid domain to render the bearing load capacity and other 

static performance characteristics, such as the friction torque 

and the side flow rate. The fluid film reaction forces can be 

estimated by the following expression, in which the ambient 

pressure is given by pa. 
 

∫ ∫ −=
L

aoo
dz.d.Rh)pp(F

0

2

0

π

σσ θ ; σ=x,y.              (10)                                                                                                               

  

The computation of the perturbed or first-order pressure 

field is performed by a system of complex finite element 

equations obtained from (9). The numerical integration of the 

first-order pressure field renders an estimate for the fluid film 

complex impedances yxo
Z ,,}{ =σβσβ . The linearized stiffness 

coefficients, yxK ,,}{ =σβσβ , and damping coefficients, 

yxC ,,}{ =σβσβ , associated with the fluid film hydrodynamic 

action, assuming a shaft perfectly aligned, can be computed as 

follows. 
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The synchronous dynamic force coefficients are computed 

at ω = Ω. 

IV. NUMERICAL RESULTS 

The presentation of the numerical results rendered in this 

work is divided into three parts, for convenience. Firstly, an 

example of elliptical journal bearing (JB) is selected to 

perform the mesh sensitivity analysis of the implemented 

finite element procedure. Secondly, a case of oil-lubricated 

elliptical journal bearing presented in [11] is analyzed to 

validate the finite element procedure (FEM) implemented to 

estimate the bearing load capacity. Finally, some performance 

characteristics of elliptical journal bearings are estimated.  

A. Mesh Sensitivity Analysis 

Table I shows the data of the example of elliptical journal 

bearing selected to perform the mesh sensitivity analysis of the 

finite element procedure implemented in this work. The values 

of load capacity (W), direct stiffness coefficient (Kxx), and 

direct damping coefficient (Cxx) are estimated for different 

mesh sizes. The predictions are presented in Table II for eight 

finite element meshes. The relative deviation between the 

values of bearing load and dynamic coefficients computed for 

a mesh with 810 finite elements and the values computed for a 

mesh with 2,945 finite elements is smaller than 0.2%. From 

this analysis, it can be stated that meshes with less than 1,000 

finite elements are able to render satisfactory results for the 

bearing characteristics analyzed.  
 

TABLE I 
ELLIPTICAL BEARING DATA FOR MESH SENSITIVITY ANALYSIS 

c = 75.0 X 10-6 m MP = 0.30 D = 0.100 m 

ρ = 892.0 kg/m3 L/D = 0.75 L = 0.075 m 

µ = 8.4 x 10-3 Pa.s ω = 2000 rpm U = 10.47 m/s 

 
TABLE II 

BEARING LOAD CAPACITY AND DIRECT STIFFNESS AND DAMPING 

COEFFICIENTS FOR DIFFERENT MESH SIZES 

Circumferential 

Nodes 

Axial 

Nodes 

Mesh Size 

(Number of 
elements) 

W 

(N) 

Kxx 

(MN/m) 

Cxx 

(kN.s/m) 

39 10 340 1106.0 2.418 2.423 

51 13 600 1112.0 2.421 2.437 

59 15 810 1114.0 2.422 2.441 

71 18 1190 1116.0 2.423 2.445 

79 20 1480 1116.5 2.423 2.447 

90 23 1960 1117.0 2.423 2.448 

98 25 2330 1117.0 2.423 2.449 

110 28 2945 1117.0 2.423 2.449 

B. Validation 

The validation of the finite element procedure (FEM) is 

performed by comparing the predictions of elliptical journal 

bearing load capacity with results available in the technical 

literature [11]. Dimensionless values of load capacity of an 

elliptical journal bearing are estimated for slenderness ratio 

(L/D) equals to 1.0. Fig. 2 depicts the curves rendered by the 

FEM, marked with circles, and by [11], marked with squares. 

The solution presented in [11] is based on a finite difference 

procedure. The finite element mesh used in this validation 

employs 1190 elements (70 circumferential and 17 axial 

elements). It can be noticed that the values of load capacity 

agree very well until the journal eccentricity ratio of 0.5. From 

this value of eccentricity ratio, the comparative values of 

bearing load present a relative difference smaller than 10%. 

These results indicate that the procedure implemented in this 

work can render reliable results for the steady-state analysis of 

elliptical journal bearings. 

C. Performance Analysis of Elliptical JB 

Some predictions rendered for elliptical journal bearings are 

presented in this section. Two very important parameters for 

elliptical journal bearings are the preload (MP) and the 

slenderness ratio (L/D). The analysis performed in this work is 

an attempt of depicting the influence of these parameters on 

the behavior of elliptical bearings. The performance 

characteristics selected for the bearing steady-state analysis 

are the bearing load capacity and friction torque and for the 

dynamic analysis are the stiffness and damping coefficients. 

The bearing friction torque is crucial to estimate the power 

loss caused by the thin film fluid viscous effects. In the vast 

technical literature of bearing design there are few data about 
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the performance of elliptical journal bearings [7]. The baseline 

parameters of elliptical journal bearing are shown in Table III. 

The finite element mesh for the bearing analysis employs 

2,000 isoparametric finite elements. 

 

 

Fig. 2 Comparative curves of dimensionless load capacity versus the 

journal eccentricity ratio for an elliptical journal bearing with 

slenderness ratio (L/D) of 1.0 
 

TABLE III 

BASELINE PARAMETERS FOR THE ELLIPTICAL JOURNAL BEARING ANALYSIS 

c = 75.0 X 10-6 m MP = 0.1; 0.3; 0.5; and 0.7 D = 0.100 m 

ρ = 892.0 kg/m3 L/D = 0.25; 0.5; 1.0; and 

2.0 

L = 0.025 m; 0.05 m; 0.1 

m; and 0.2 m 

µ = 8.4 x 10-3 Pa.s ω = 2000 rpm U = 10.47 m/s 

 

Firstly, the influence of the bearing preload on its steady-

state performance is studied for elliptical journal bearings with 

typical industrial slenderness ratio (L/D=1). Fig. 3 depicts the 

curves of the Sommerfeld number (So) in function of the 

journal eccentricity ratio (ε) for different values o preload 

(MP). The Sommerfeld number is a dimensionless parameter 

used to characterize journal bearings, which combines some 

bearing operating and geometric parameters, and can be 

expressed as 
P

N
..

c

R
So µ

2

2

= . The journal rotating speed is 

represented by N (given in Hz) and the specific load is 

described by P ( P = W / (L/D)). Fig. 3 shows that an increase 

in the bearing preload causes an increase in the Sommerfeld 

number. For a bearing operating at constant speed, the value 

of So could be increased by decreasing the journal eccentricity 

or by using a more viscous lubricant. These results 

demonstrate that a preload increase (that is, an increase in the 

bearing non-cylindricity) tends to reduce the journal bearing 

load capacity. For similar geometric parameters (same values 

of L, D and cmín) and similar operating conditions (N and µ), 

the cylindrical journal bearings are capable of supporting 

higher loads than the elliptical journal bearings are.  

The preload MP=0.5 is considered the optimum value for 

elliptical journal bearings based on the largest capability of 

attenuating the journal dynamic response [12]. Fig. 4 depicts 

the curves of the Sommerfeld number versus the journal 

eccentricity ratio for elliptical bearings with MP=0.5 at 

different values of slenderness ratio (L/D). As expected the 

curves of Fig. 4 only show that short elliptical journal bearings 

have smaller load capacity than long bearings do. 

 

 

Fig. 3 Curves of the Sommerfeld number versus the journal 

eccentricity ratio at different values of beearing preload for L/D = 1.0 

 

 

Fig. 4 Curves of the Sommerfeld number versus the journal 

eccentricity ratio for elliptical journal bearings with MP=0.5 at 

different slenderness ratios  

 

The bearing friction torque can be estimated by using [4]: 

 

τπ .L.R..T 22=                                     (13)                                                          

 

The fluid film shear stresses are described by τ. The curves 

of the friction torque for elliptical bearings with MP=0.5 at 

different values of slenderness ratio are shown in Fig. 5. As 

expected long journal bearings offer more viscous resistance 

to the journal motion than short bearings do. Very short 

journal bearings (L/D=0.25) are not capable of generating 

friction torque for high loads (low values of the Sommerfeld 

number). The larger is the journal bearing slenderness ratio the 

larger is the bearing capability of dissipating energy. 

The curves of the bearing friction coefficient in function of 

the Sommerfeld number can provide a form to estimate the 

fluid film viscous power loss. Fig. 6 shows the curves of the 

dimensionless friction coefficient ( f.
c

R ) versus the 

Sommerfeld number for elliptical bearings with MP=0.5 at 

different values of slenderness ratio. For shafts under light 

loads (high values of Sommerfeld number); the slenderness 

ratio practically does not influence the dimensionless friction 

coefficient. The bearing friction coefficient can be estimated 

by 
R.W

T
f =  .  
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Fig. 5 Curves of the friction torque for elliptical journal bearings with 

MP=0.5 at different values of slenderness ratio  

 

 

Fig. 6 Curves of the dimensionless friction coefficient for elliptical 

journal bearings with MP=0.5 at different values of slenderness ratio  

 

The determination of the bearing stiffness and damping 

coefficients is very important for the dynamic analysis of 

rotating shafts supported on fluid film bearings [13]. Eight 

linearized force coefficients can be predicted for elliptical 

journal bearings at several operating conditions. The 

dimensionless bearing coefficients to be presented are 

computed in the following way: 

 

W

K.c
K

ij

ij =  and 
W

.C.c
C

ij

ij

ω
= , (i,j =X, Y),             (14)  

 
 

where 
ijK  and 

ijC  represent the stiffness and damping 

coefficients, respectively, rendered by the finite element 

procedure, and Kij and Cij represent their dimensionless values.  

For elliptical journal bearings with MP=0.5 and L/D=1, Fig. 

7 depicts the curves of the dimensionless stiffness coefficients 

(KXX, KYY, KXY and KYX) in function of the Sommerfeld 

number. Low values of the Sommerfeld number are associated 

with high values of the bearing reaction forces. The variation 

of the dimensionless damping coefficients (CXX, CYY, CXY and 

CYX) with respect to the Sommerfeld number is shown in Fig. 

8. The stability analysis of rotating shafts supported by fluid 

film bearings depends on the predictions of the bearing 

dynamic force coefficients [14]. The adequate selection of the 

bearing coefficients can reduce the transmitted dynamic forces 

by the bearings to the non-rotating parts of the rotating 

machinery. This reduction is important to attenuate the 

vibration problems caused by the transmitting forces, 

prolonging the life of the mechanical components and 

reducing the fluid film hydrodynamic action. The dynamic 

coefficients tend to reach their maximum values at low values 

of the Sommerfeld number. Low Sommerfeld numbers mean 

high bearing loads, which represent high values of the journal 

eccentricity. The higher is the bearing load the larger are the 

dynamic force coefficients. On the other hand, bearings 

operating with low loads, at almost centered position, present 

low values of force coefficients.  

 

 

Fig. 7 Curves of dimensionless stiffness coefficients versus the 

Sommerfeld number for elliptical journal bearings with MP=0.5 and 

L/D=1.0 

 

 

Fig. 8 Curves of dimensionless damping coefficients versus the 

Sommerfeld number for elliptical journal bearings with MP=0.5 and 

L/D=1.0 

 

A relevant analysis of elliptical journal bearings consists in 

estimating the values of the direct damping coefficients (CXX 

and CYY) and cross-coupled stiffness coefficients (KXY and KYX) 

at several operating conditions. The ratio of the direct 

damping coefficient to the cross-coupled stiffness coefficient 

permits to evaluate the level of effective damping [14] 

provided by the fluid film bearing to the rotating shaft. The 

effective damping coefficient (Cef) is an important parameter 

for the bearing stability analysis and can be written as: 
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The curves of the dimensionless direct damping coefficient 

(CXX) and cross-coupled stiffness coefficient (KXY) are shown 

in Figs. 9 and 10, respectively, in function of the Sommerfeld 

number. It can be noticed that the patterns of the curves of CXX 

and KXY are similar. Fig. 9 shows that at very low Sommerfeld 

numbers the values of cross-coupled stiffness are large and not 

much influenced by L/D. The analysis also shows that, for 

elliptical journal bearings, the values of KXY are small for any 

values of L/D and So.  

 

 

Fig. 9 Curves of the dimensionless cross-coupled stiffness coefficient 

(KXY) versus the Sommerfeld number for elliptical journal bearings 

with MP=0.5 at different slenderness ratios 

 

 

Fig. 10 Curves of the dimensionless direct damping coefficient (CXY) 

versus the Sommerfeld number for elliptical journal bearings with 

MP=0.5 at different slenderness ratios 

 

The direct damping coefficients (CXX and CYY) have great 

influence on the bearing capability of attenuating the dynamic 

response of rotating shafts supported by fluid film bearings. 

From Fig. 10 it can be observed that longer elliptical journal 

bearings (L/D→1) are capable of providing viscous resistance 

to the journal rotation at very low Sommerfeld numbers (high 

loads). On the other hand, shorter bearings (L/D=0,5) are not 

capable of providing enough damping for low values of the 

Sommerfeld number.    

V. CONCLUSIONS 

The application of the finite element method in the 

development of efficient computer procedures for the analysis 

of hydrodynamic elliptical journal bearings is the core of this 

work. The solution of the Reynolds equation requires 

approximate solution methods for the prediction of the 

performance characteristics of the vast majority of industrial 

fluid film journal bearings (0.5≤L/D≤1). The numerical results 

rendered in this work are useful to understand some aspects 

about the steady-state and dynamic behavior of elliptical 

journal bearings with different preloads and slenderness ratios 

at several operating conditions. These results bring some 

insights into the steady-state and dynamic performance 

characteristics of different elliptical bearings. It is noteworthy 

to say that this work is an attempt of bringing some technical 

data about the behavior fluid film elliptical bearings, which 

are scarce in the technical literature.  
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