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Estimating the Population Mean by Using Stratified
Double Extreme Ranked Set Sample

Mahmoud I. Syam, Kamarulzaman lbrahim, Amer I. Al-Omari

Abstract—Stratified double extreme ranked set sampling
(SDERSS) method is introduced and considered for estimating the
population mean. The SDERSS is compared with the simple random
sampling (SRS), stratified ranked set sampling (SRSS) and stratified
simple set sampling (SSRS). It is shown that the SDERSS estimator
is an unbiased of the population mean and more efficient than the
estimators using SRS, SRSS and SSRS when the underlying
distribution of the variable of interest is symmetric or asymmetric.

Keywords—Double extreme ranked set sampling, Extreme
ranked set sampling, Ranked set sampling, Stratified double extreme
ranked set sampling.

|. INTRODUCTION

OONE denies the importance and the benefit of ranked
set sampling method which was first proposed by
Mcintyre [11] for estimating the mean pasture and forage
yields, and without proving he claimed that Xgs iS an
unbiased estimator for the population mean y , his method

was developed and modified by many authors. Takahasi and
Wakimoto [16] have established an accurate mathematical
theory of ranked set sampling and they get the same results.
Dell and Clutter [9] showed that the mean of the RSS is an
unbiased estimator of the population mean, whatever or not
there are errors in ranking. Samawi et al. [14] investigated the
variety of extreme ranked set sample (ERSS) for estimating
the population mean. Samawi [13] introduced the stratified
ranked set sample method for estimating the population mean.
Al-Saleh and Al-Kadiri [5] introduced double ranked set
sampling for estimating the population mean. Samawi [15]
suggested double extreme ranked set sample with application
to regression estimator. Jemain et al. [10] suggested multistage
extreme ranked set samples for estimating the population
mean and they showed that the efficiency of the mean
estimator using MERSS can be increased for specific value of
the sample size n by increase the number of stages. For more
about RSS see [4], [7], [12], [1] and [2], [3], and [8].

In this paper, new estimator using stratified double extreme
ranked set sampling is suggested to estimate the population
mean of symmetric and asymmetric distributions. The
organization of this paper is as follows: In Section II, we
present the stratified double extreme ranked set sampling. In
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Section Il some notations and basic results are introduced. A
simulation study is considered in Section IV. Finally,
conclusions are introduced in Section V.

Il.STRATIFIED DOUBLE EXTREME RANKED SET SAMPLING

In stratified sampling the population of N units is first
divided into L subpopulations of N,,N,,---,N_  units,
respectively. These subpopulations are no overlapping and
together they comprise the whole population, so that
N,+N,+--+N_=N. The subpopulations are called
strata. To obtain the full benefit from stratification, the values
of the N, (h =12, L) must be known. When the strata

have been determined, a sample is drawn from each, the
drawings being made in different strata. The sample sizes
within the strata are denoted by n,,n,,---,n , respectively.

The appropriate allocation of samples to different strata is very
important in stratified sampling, in this article, the type of
allocation method is proportional to stratum size. If a simple
random sample is taken in each stratum, the whole procedure
is described as stratified simple random sampling (SSRS).

The stratified double extreme ranked set sampling (DERSS)
is described as:
Step 1.1dentify n® elements from the target population and

divide these elements randomly into n? sets each of
size n elements.
Step 2.For each set in step 2, if the sample size is even, select

from the first ﬁ sets the smallest ranked unit, and

2
from the second N” sets the largest ranked unit. If the
2
sample size is odd, select from the first N(N—1) sets

2
choose the smallest ranked unit, and from the next n
sets choose the median of each set, and from the other

n(n—-1) sets choose the largest ranked unit. This step
2

yields n sets each of size n.

Step 3.Apply the ERSS procedure again on the sets obtained
from Step (2) to obtain a DERSS of size n.

The cycle can be repeated m times if needed to get a sample

of size nm units.

Step 4.1f the double extreme ranked set sample is used in each
stratum, the whole procedure is described as stratified
double extreme ranked set sampling (SDERSS).
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To illustrate the method, let us consider the following
example, which combines an even and an odd sample size in
two strata.

Example 1: Suppose we have two strata, L=2 (h=12), and

in the first stratum we have 64 elements divided into 16 sets, 4
elements in each set, and in the second stratum we have 27
elements divided into 9 sets, 3 elements in each set, as the
following:

Stratum (1): Assume the 64 elements are

D) D) D) 2) 2 2) 3 3 4) 4 4
)<jE[ 1X1(2)1'"1X4(14)|>(](_1)1X1F2)1”’1X§4)1)(]E[ 1)<1F§)1”’1X§4)1)(](_1)1X1Fz)1.”1x§4)

After ranking the elements in each set we obtain

{)(j(i)’..., (i)’)(g)’...’ Xg)’xg)’..., )(3(‘11)’)(‘%)’...’ Xﬁ}
2 2 2 2 2 2 2 2
{><j(_1)!“'! (4)1)(;[)1'“1 (4)1)<?E1)|'“!><(§4)|X4(11)1“'1X§4)}
3 3 3 3 3 3 3 3
{)(]EL)!'“! (4)|X(ﬂ)1“'l (4)1X§1)1“'1X§4)1X4(11)!“'!X§4)}
{>(](l)’! (j)yxg)’! (j)1xg)iax§)1xii)’;xﬁ)}

We will apply the ERSS on each of the 16 elements to get
four sets as:

. 1 1 1 1
o Set (1)- Sl:{X((li)'x((ﬁ)’X((31)’X((41)}'

— (2) (2) (2) )
e Set(2): 5, = {x(ll)’ X(Zl)’ X(31)v X(41)}

. — (©)] (3) (3 (3
o Set(3): S, —{X(m)’ X aayr Xz X(44)} '
(4) (4) (4) (4)
o Set (4): S4 _{X(14)’X(24)’X(34)’X(44)}
The notation for the sets S,, S,, S,, S, after ordering as:

={X W} Oy OF X“’*},

an - Ay A ey e

@F x @ y @ y@F
{X(n)’X<21>'X<31>'X<41)}
X @ x @ y @ x @
= {X a4y » K 2y X aay» X ay }
{X @} @y @F X(‘”*}.

(14) 1 7 (24) 1 77 (34) » 77 (44)

We apply ERSS again on the 16 elements in ERSS to get
the elements of the double extreme ranked set sample in the
first stratum (h = 1), X ®" x @ x @ x @*

(111 @) (44)1 7N (44) *
Stratum (2): Assume the 27 elements are
[V ] D v©) v© (2 v(3 yv@® (3)
A5 AR Al A1 ALITEN A A AITETR A

11 0712 33 7711 1712 1 33 7711 * 12 1

After ranking the elements in each set we obtain

@) @ v@ 0 v@ 1)
YO YEYE YR Y YR
(2) (2) v(2) (2) yv(2) (2)
Y& YOS YB Y Y

{Y ® Y® y@) YO y® v®

@1)re=r T (A3)1 T(21) 10 T(23) (3Lt t (33)}'

We will apply ERSS on each of the nine elements to get
three sets as:

_Iy® vO vO —ly@ v(©@) v(@©) —fy® v© v©E)
Sl*{Y Y(Zi)'Y(31)}’ S2 _{Y(lz)'Y(zz)’Y(sz)}‘ S3_{Y(13)1Y(23)!Y(33)}'

an
These sets after ordering will be denoted as:
. D@ v oF V@ v @ v @
51 = {Y(h)) 'Y((Zi)) vY<(31)) } ! Sz = {Y(lz) fY(zz) lY(32) } !
*_ Iy @ yE* vE)*
S, ={Y &Y Y-

13) 1 7 (23)

If we apply ERSS again on the 9 elements in the sets
S;,S,, S, we will get the elements of the double extreme

ranked set sample in the second stratum (h=2) Y YY)
So the elements of SDERSS are

X DF w27 @y (4" Yy Y((2)* Y((3)*

A1) 7 @A1) M (44) T (44) T T(an) v T(22) 1 T(33) T

I1l. NOTATIONS AND SOME BASIC RESULTS

Al-Saleh and Al-Kadiri [2] studied the double ranked set
sampling, and they showed that if Xy i=12,...,n are

elements of DRSS with mean ;, and variance 2 then

14 - 1S o oy - 2
#=H§ﬂ(i) and ZHLZ;‘U(S‘F;(/UU)_;U) }

Assume that the variable of interest X has density f(x) and
cumulative distribution function F(x), with mean 4« and

variance o?. Let X Xpgreeon Xi Xops Xogy ooy
Xonieei Xogy Xogr--n X, & N independent simple random
samples each of size n. Let X. .., X, X. . be the order

i Ni)re o Nin)
statistics of the ith sample X, ,X,,,..., X;,, i=12,...,n.

Now, based on DERSS, if the sample size n is even, we
replace the ordered statistics X, . X;,,,.... X;,, (i=12,...,n)

obtained from an iid sample X, X,,..., X;,. (i=12,...,n),

in’

by X, Xowr Xq o Xy and if the sample

’ n 1.
AT

size n is odd, we replace the ordered statistics

Xy Xiyr--r Xim (i=12,...,n) by

xl(l)’ XZ(l)""'Xn—l ’ XrH—l n+l, ! n+3, (10t Xn(n) WhICh are
7(1) T(T) T(n)

independent but not identically distributed random variables,

where xi*(l) is the minimum of the ith sample, y* . is the
i
2

median of the ith sample and X is the maximum of the ith
sample in DERSS.
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Now, using SDERSS if the sample size n is even, we

replace the ordered statistics Xiicyr Xni2y s+ Xnicny)

(i=12,..,n,) and stratum h (h=12,.,1) by

Xy thi(l), USRI X ()" and if the sample size

2 2

n, is odd, we replace the ordered statistics

Xiiwr Xniyr-s Xnigy  (i=1,2,...,n,) and stratum h

h=12,...,L by X X ’

( ) h1(1) - ”h’l(l)’ thhTﬂ(Lﬁ)v
* * which are independent but not
n”+3(n) s hng (ng)

identically distributed random variables, where X is the

minimum of the ith sample in hth stratum, x* ) is the

i (1%
2
median of the ith sample in hth stratum and x- = is the

hi(ny,)
maximum of the ith sample in hth stratum. Let Fricn (%) be the

distribution function of the ith order statistic xhi(nn) based on

a random sample of size n, from a distribution F, (x) in
stratum h. Then

() |l n-
— 1-u)" du=B, [E(X <X<
Fuo =i - .+1)f (1-U"" u=B, [F ], —oo<x<oq
where Bi:nh is the Beta distribution with parameters
(i.n, —i+1), and the beta function is (o, g)= r(“)'r(ﬂ),
F(a+ﬂ)

where F(a) = (a _1)!. The mean and the variance of X i)
respectively are given by

i = J' X Ty (X) dx and variance

—o0

©

Uﬁi(nh) = _[(X_/Uhi(nh))2 fhi(n)(X) dx-

—0

The suggested estimator of the population mean using
SDERSS is defined as

uy
- L 2
Keomss1 = 1 z +thlm) , if n iseven
L =R 1N ey
Xspmss = 2
n
— L 11 &
Xomsz =YW -— ZXMD+X . z Xy pif 1, isodd
h=l rL ( 2 j r},+3
2
N, . . .
where W, =—1, N, is the stratum size and N is the total

population size.

The variance of X soesss for even and odd sample size is
given, respectively by

Fot Zoﬁm if n, iseven

n“rl
2

i
A%
Mw ]

L

W(Rmz) :ig 51: (1>+zorim+02 m if ) iscctd

2

* * *

X ;
h%“(l) ! hn“2+3(nh)’ ' hny, (ng)

n, and h=12,...,L be SDERSS with even
sample size. Let X, be a continuous random variable in

Lemma 1. Let xhl(l),

where i =1,2,...,

stratum h, with pdf £ (x), cdf F, (x), mean , and variance

of . Let X, bethe minimum of X

hl(l)!xhz(l)l""x

hIh (1)
2
with cdf Fh*(l) (x), and X’ o) be the maximum of
h”“—*zmh)'xh"h*“(nn)"“’ Xy (nyy WIH CAT F[ () » then:
2 2
1) Fh*(l) (X) =1_[1_ Fh(x)]nh ,and Fh*(nh)(x) = [Fh(x)]nh .
@ frin = [1-F,00]" " £, and
* nZ-1
fh(nh)(x) = nrf [Fh(x)] fh (X) .
Proof: To prove 1),
_ 1 RO g he
Ry ™) —WL u™(1-u)" du=B, [R()].

For i=1, we get R, (x) =B, [Fy(X)]=1-[1-F,(x)]"

—1-[1-F,(0]"

and
1 YO 5
E’]i(m)(x):mjo u(1-u)* du=8,, [F()]:
For i= Ny we QEt I:h*(nh) (X) = Bnh:nh [ hn, (X):|

=8, [(F.00)" |=[F.00]"-

Part (2) of Lemma (1) can be proved by taking the first
derivative of part (1), respectively.
Lemma 2. Suppose that the population distribution is
symmetric, then l‘;m + ”;(nh) =2u, and glf(*l) = th:nh) )
the facts that f, (—x)=f,(x)and
F. (-x)=1-F,(x), and the results of Lemma 1, it will lead us

Proof: By using

to the result.
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Lemma 3. YSDERSS is an unbiased estimator of a symmetric (** ) < 1{(n-1) . * - -
E[ X = = + +
population mean. e %}N‘ nll 2 Hho ﬂh(“%l) 2 Jhew
Proof. We have two cases L 1((n -1
First. If the sample sizes in the strata n,, h=12,---,L are :th -n—[(th(#;a) +1u;(nh))+/u:m+l)hJ
even, we have i Lh n 1 ?
n —
= Wh.£( h j(Z,uh)+,th
L h=1 nh 2
X = S X S X ST
-2 =
. . T .
E(XSDER551):E th th.(1)+ Z X Lemnlal 4. If the dISTbUtIOI’I is symmetric about g, then
=t = = Var(XSDERSS)<Var(XSRS)-
L 1 z Proof. If the sample sizes in the strata n, ,h=1,---,L are
=2 W, 2 E(Xg) + Z E(Xhicn,)) . - . '
o 1 R o even, the variance of X serss IS
=>w, z > :
oy + D oy | —= L
o " o ) Var(XSDERSS:l) z Y ZG hi + Z o’ hi(ny) |
h=1 h i=1

|-—+1
2

Since the distribution is symmetric about £, then

* * * Nevertheless, for each stratum h=12,---,L, this
oy + Ly = 24 - Therefore, on <oy

implies

JR— L L J—
(X SDERSSl) [;W [Zﬂh. ]) Var(x SDERSSl) _ thz niar?: <YW .iahz =Var (X ssrs)

h=1 h (= n,

It was shown by [2] that
The proof in case of odd sample sizes is similar.

_l(iﬂ;} Example 2: For the uniform distribution with parameters «
and B; U(a, ), the probability density function and the
(X soaasm) [th ﬂ“j cumulative distribution function are defined as
0, X<a
Second: If the sample sizes in the strata n, ,h=1,2,---,L are a<x<p
l el l l and X a .
odd, we have f(x)= ﬁ— F(x)= 5 a,asx<,8
0, otherwise
-1 1 X=p
- Lo 1 & .
E(XSDERSSZ) =E ;\M E Z,Xmu) +xhi(m;1] + n; Kiitn) The mean and the variance are given, respectively by
= 1= 2 ity
2
2
) nnl i * ﬂ:a;ﬂ,and Gz:(ﬂlza) .
=YW, n_ ZE(XMD)+E(X ( +1J)+ Z E(Xii))
h=1 h| i= Mt . .
2 2t Now, for U (o,/;), the mean and the variance, respectively
nh—l 2
L are ﬂ_ﬁ, ol B
z Z /uh(l) nh+1 Z /uh(nh) 2 12
h=1 i ”h; From [6], formula for the variance of X and X o)

which are equal since the distribution is symmetric about the
Since the distribution is symmetric about the £, then we  mean, for stratum h in case of even sample size, can be

have ”:m + i o =2 4, » and the mean = median. Therefore, defined as
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. . A’
Var(Xhu)):Var(Xh(nh)):W '

Case 1. The efficiency of YSDERSSl relative to X ssrs . Now,
the variance of SDERSS in case of even sample size can be
calculated as

Var (Y;DERSSl) = hith ZVar ( h() ) nzh Var ( X ;(nn) )
=1 i= iz

L 2| o ZﬁZ nZﬂZ
:Zn—hg Z“—2+Z s

(nh +2)(nh +1) i:%M(nh +2)(n§ +1)

W wp ) & W
‘z:[“w G )jz

o= (n7+2)(n7 +1)

The variance of SSRS for U (0, ) is defined as

W2 LW? g2
Var(XSSRS)ZZ 2 —;T:E

h=1 'l

The efficiency of X sperss: relative to X sses is

. _ Var (YSSRS)
eff (X SDERSS1, X SRS ) =—F5
Var ( X SDERSSI)
ZL:WhZ ﬂz ZL:
Ny 12 ~12n,

= :—>1'

L Wh L
Z ﬂ zl( W n,

o)l (a2

Algebraically it is not easy to show that the last quantity is
greater than 1, so some different cases are considered, two or
three strata, the following results are obtained:

1 If L=2,h=12 when n =4 and n,-6 with total

n=10, eff (YZDER351,YSSRS ) ~2.3011.

2. If L=2,h=12 when n, =6 and p, =g with total n=14,
off (YZDERSSI,YSSRS ) = 4.2737.

3. If L=2,h=12 when n,=8 and n,=10 with total
n=18, eff (Y;DERSSLYSSRS ) =6.9311.

4. If L=3h=123 when n, =4, n,=4 and n, =6 with
total n =14, eff (YZDERSSL X sess ) ~2.0399.

5 If L=3h=123 when n =4, n, =6 and n, =8 with
total n =18, eff (Y;DERSSLYSSRS ) =3.1112.

6. If L=3,h=12,3 when n =6, n,=6 and n, =6 with
total n=18, eff (Y;DERSSLYSSRS ) =3.2546.

Case 2: The efficiency of X soerss: relative to X sss.
Now, the variance of SRS for y (0, ,3) is given by

2

Var(f SRS )= —

The efficiency of X sperss: relative to X s is

~ L 2
eff (Y;DERSSI, X ss ) = m _ hZ:;%
Var ( X SDERSSl) - ZL: w/’n, B
= (nt+2)(n +1)
L1 L
12 1 L

= = = >1

2

W, - W,
ool M) Ry

X

1L If L=2,h=12 when -4 and n,=6 with total
n=10, eff (YZDERSSLYSRS ) —45.9415.

2. If L=2,h=12 when n, =6 and n,=8 with total
=14 eff (Xsoerss, X e ) ~119.6708.

3. If L=2,h=12 when n, =8 and n, =10 with total
n=18, eff (YZDERSSLYSRS ) — 2495197

4. If L=3h=123 when n =4, n,=4 and n, =6 with
total n=14, eff (YQDER551,YSRS ) ~85.6810.

5. If L=3h=123 when n =4, n,=6 and n, =g with

total n=18, eff (YZDER331,YSRS ) —167.9995.

IV. SIMULATION STUDY

A simulation study is conducted to investigate the
performance of SDERSS for estimating the population mean
with respect to SRS, SSRS and SRSS. Symmetric
distributions, namely; uniform and normal and asymmetric
distributions namely exponential, gamma and Weibull have
been considered for samples of sizes n=9,12,1518,
assuming that the population is partitioned into two or three
strata. Using 100000 replications, estimates of the means,
variances and mean square errors were computed.

When the underlying distribution is symmetric, the
efficiency of SDERSS relative to SRS,SSRS,SRSS is

given by
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eff (YSDERSS ,YT ) = M

, T =SSRS, SRSS, SRS,
Var ( X sperss )

and if the distribution is asymmetric, the efficiency of
SDERSS relative to SSRS and SRSS is defined in terms of
mean square error (MSE) as

eff (X soeses, X ):M, T = SSRS, SRSS,
SDERSS 4 T MSE ( X e )

where
MSE (X, ) =Var (X, )+[Bias()?T )T :
T = SSRS, SRSS, SDQRSS .

The values of the relative efficiency and bias found under
different distributional assumptions are provided in Tables I-
"I

TABLE |
THE RELATIVE EFFICIENCY FOR ESTIMATING THE POPULATION MEAN USING
SDERSS wWITH RESPECT TO SRSS, SSRS AND SRS WITH SAMPLE SI1ZEN =9

AND N =12
n=9: n=12:
Distribution n=4.n,=5 n=5.n,=7

SRSS SSRS SRS SRSS SSRS SRS

Uniform (0,1) 20.75 26.65 26.25 33.17 3444 3567
Normal (0,1) 18.66 21.89 20.64 2945 31.01 29.85
Exponential (1)  16.95 1653 16.25 19.35 2044 19.23
Gamma (1,2) 16.02 1576 1554 1965 19.83 20.21
Weibull (1,2) 1465 13.95 1497 1978 19.82 19.37

TABLE Il
THE RELATIVE EFFICIENCY FOR ESTIMATING THE POPULATION MEAN USING
SDERSS WITH RESPECT TO SRSS, SSRS AND SRS WITH SAMPLE SizE N =15
AND N =18

n =15: n1:3,n2:5, n=18: n1=4,n2:6,
n,=7 n, =8
SRSS SSRS SRS SRSS SSRS SRS

Distribution

Uniform (0,1) 46.74 50.23 4896 60.42 63.76 61.65
Normal (0,1) 31.78 3476 3376 4654 49.78  48.98
Exponential (1) 20.97 22.64 2078 22.67 2296 2287
Gamma (1,2) 19.87 20.65 1943 2173 2123 19.87
Weibull (1,2) 19.87 2051 1998 2114 2105 21.79

TABLE 111
THE VALUES OF BIAS oF SDERSS FOR DIFFERENT DISTRIBUTIONS AND
DIFFERENT NUMBERS OF STRATA

Exponential (1) Gamma (1,2) Weibull (1,2)
When N'=9 and two strata n=4adn, =5
0.0713 0.2323 0.8573
When N =12 and two strata n=5andn, =7
0.0345 0.2427 0.4017
When N =15 and three strata n, = 3, n, = 5and n, = 7
0.0127 0.0834 0.0022
When n =18 and three strata n, =4, n, = 6andn, = 8.
0.0439 0.1119 0.0315

Based on simulation study, we can conclude that:

A gain in efficiency is attained using SDERSS method as
opposed to the other contending methods that have been
discussed when estimating the population mean of the variable
of interest. When the performance of SDERSS are compared
to either SRSS, SSRS or SRS, it is found that SDERSS is
more efficient, as shown by all the values of relative efficiency
which are greater than 1. When the performances of all
estimators are compared, the efficiency of SDERSS estimator
is found to be more superior when the underlying distributions
are symmetric as compared to asymmetric. The relative
efficiency of SDERSS estimator to those estimators based on
SRS, SSRS and SRSS are increasing as the sample size
increases.

V.CONCLUSIONS

In this paper, we have suggested a new estimator of the
population mean using SDERSS. The performance of the
estimator based on SDERSS is compared with those found
using SRSS, SSRS and SRS for the same number of measured
units. It is found that SDERSS produces estimator of the
population mean that is unbiased of symmetric distributions
and SDERSS is more efficient than SRSS, SSRS and SRS.
Thus, SDERSS should be more preferred than SRSS, SSRS
and SRS for both symmetric and asymmetric distributions.
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