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Preconditioned Generalized Accelerated
Overrelaxation Methods for Solving Certain
Nonsingular Linear System

Deyu Sun, Guangbin Wang

Abstract—In this paper, we present preconditioned generalized
accelerated overrelaxation (GAOR) methods for solving certain
nonsingular linear system. We compare the spectral radii of the
iteration matrices of the preconditioned and the original methods. The
comparison results show that the preconditioned GAOR methods
converge faster than the GAOR method whenever the GAOR method
is convergent. Finally, we give two numerical examples to confirm our
theoretical results.
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I INTRODUCTION
SOMETIMES, one has to solve a nonsingular linear system

Ay=f, (1)
where
[I -B H ]
A=
K 1-C
Here B and C are square nonsingular diagonal matrices of

order N, andn,, respectively, H R™M and K € R™™

Yuan proposed a generalized SOR (GSOR) method to solve
linear system (1) in [1]; afterwards, Yuan and Jin [2]
established a generalized AOR (GAOR) method to solve linear
system (1). In [3]-[5], authors studied the convergence of the
GAOR method for solving the linear system (1). In [3], authors
studied the convergence of the GAOR method when the
coefficient matrices are consistently ordered matrices and gave
the regions of convergence. In [4], authors studied the
convergence of the GAOR method for diagonally dominant
coefficient matrices and gave the regions of convergence. In
[5], authors studied the convergence of GAOR method for
strictly doubly diagonally dominant coefficient matrices and
gave the regions of convergence.

In order to solve the linear system (1) using the GAOR
method, we split H as
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0 0 B -H
A=l 7[—K 0}(0 c ]
Then, for @ # 0, one GAOR method can be defined by

(k+1) _

y V=L vy +0g,k=012,,

Lr,ﬂ,:[r:( ?H(m)n(m)[?( g} a{!; ?D

=(a)((r1_f)))r<l+fks (1-o) :TCMIKH]

where

is the iteration matrix and

o~ It

In order to decrease the spectral radius of L., an effective

rw'

method is to precondition the linear system (1), namely,

pa=|' B H
K |-C

then the preconditioned GAOR method can be defined by

y(k+1) — L:,my(k) +a)g*,k =0,1,2,-..’ (2)
where
L, = (o)i+ed e
© | el-n)K -aK'B (1)l +aC +aK H’
and

[ 0y
9= )

This paper is organized as follows. In Section I, we propose
new preconditioners and give the comparison theorems
between the preconditioned and original methods. These results
show that the preconditioned GAOR methods converge faster
than the GAOR method whenever the GAOR method is
convergent. In Section 11, we give two examples to confirm
our theoretical results.

We need the following definition:

1419



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:8, No:11, 2014

Definition 1: Let A:(aij) ,and B:(bij) .Wesay A>B

if a, > by, for all i,j=12,---,n. We say A>B if a; 2b,
forall i, j=12,---,n.
In this paper, p() denotes the spectral radius of a square

matrix.

Lemma 1 [6], [7]: Let AeR™" be nonnegative and
irreducible. Then

(i) A has a positive real eigenvalue equal to its spectral
radius p(A):

(ii) for p(A) , there corresponds an eigenvector X >0 ;

(i) it 0=ax<AXSPX, ax=AXx, Axzpx for some
nonnegative vector x, then o < p(A)< g and x is a

positive vector.

Il COMPARISON RESULTS

Let Ae R™. We denote by A >0 a nonnegative matrix,
| A| the absolute value of matrix A, p(A) the spectral radius
of A,and < A> the comparison matrix of A.

In [8], [9], authors presented several kinds of preconditioners
for preconditioned GAOR method to solve systems of linear
equations. They showed that the convergence rate of the
preconditioned modified AOR methods is better than that of the
original method, whenever the original method is convergent.

In this paper, we consider the preconditioned linear system

(1+S)Ay=(1+8)f, 3

19

S isa n, xn matrix. We take S as follows:

with

0 0 -
0 0 - 00 Ky 0 -0
R Ky 0 - 0]
. S, =
S= 2 . .
e P 0 0 S
K K, 0 - 0
-2 0 0 0
(04
and let S, as
K, 0 0
S — 0 Kzz 0 (n1:n2)
3 . '
0 0 Koo,
or

K, ©0 0 0 0
0 -K, 0 0 - 0f(>n)
Sy = : 0 it
0 0 K., O 0
or
-K, 0 0
0 -K, 0
S,=| 0 0 - =K., [.(n<n,).
0
0 0o - 0

Then the preconditioned GAOR methods for solving (3) are
defined as follows:

y(k+1) — L(rlv)wy(k) +a)g‘k :O|1, 21"'! (4)

where for i =1, 2,3,

fo o)

o :{ ' Oy[(lw)lﬂakr)[ 0 0}
K4S (1-B) | {K+S(1-B) 0

are iteration matrices and

_ [ | Oj -
g= f.
-r(K+S,(1-B)) 1

*

Now, we consider new preconditioners P,

1
(V).
P = =123
s 1

where S; are defined as above, and V; are defined as:

0 0 00
0 0 00 “H, 0
- ' -H, 0 '
V, = A R
0 0 - 00 ; :
H. -H,, 0 0
-—= 0 0 0
B
and let V; as
+H, 0 0
0 H, 0
Vil . p=n)
00 - H,
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or H 0 H11C11 H12 e Hl,nz
M
H, H,C
0 —H, H+V,(1-C) = '21 zz 22 2.0, J(n =n,)
V,=| 0 0 “Hon, [ (n,>1) Hnl,l Hnl,Z Hnl,nlcnz,nz
0 0 0
: 0 or
0 0 0 KBy Ko o Ky, o K
K, KpB, - K,
or Kes(-B= "7 . K?"Z L )
H, 0 0 0 ... 0 : : . : Lo
o o 0 0o K Ko o KBy o Ky,
V3: . .. 1(n1<n2). H11C11 H12 H1‘n2
0 6 H O ' 0 H 21 H ZZCZZ 2,n,
T o : :
H +V3(I_C)= an‘l an,z an‘r\2 ny.n, Y(n1>n2)
Then : : :
Ki*:Pi*A: I-(B-V,K) H+V,(I-C) , Hoo Ho o Hon,
K+S,(1-B) 1-(C-SH)
or
where ‘ < « KuBy Ky K
11 12 7 10 K21 KZZBZZ cee KZW
Ky Ky - Kz‘n1 , : : ", :
K+S,(1-B)= - : K+S,(1-B)=| L <)
1-B ? Knll Kan T Kul‘nanzn2
Kn2,1(1*711) Kyo = Kin : : - :
a : : . :
KuiBy Ky - K1‘n1 K”z 1 an,z o anvnl
Kes, - 2 fm K h & HQCZZ o
: : . : | Hy o Hy co Hy e Hy
Kn2‘1Bll an‘z an,n1 H+V3(I 7C)_ '(nl<nZ)
Hy, Hy, - H1‘n2 H'hxl Hr12 Hmncrm Hrm
H21 sz Hz,nz , .. .
H+V,(1-C)= - : Then the preconditioned GAOR methods for solving
1—C P'Ay=P"f are defined as follows
Hnl,l(l_ 1l) Hnlz Hr\l,n2
/ y = L0y 1L gk =0,1,2, -
H11C11 le H1,n2 e ’ A
H+V,(1-C)= HaCu Hao o How where for i =1,2,3,
H, .C, H - H -
n 111 n1,2 nin, i) _ | 0 B B 0 0
bro ’(r(msiu gy 1) @@ s aomy o
Let K+S,(1—B) and H+V,(I1-C) as B-VK —(H+V,(1-C))
B c-sH J
KllBll KlZ 1n and
K K,B,, - K
K+S,(1-B)=| ' 277 ™ Lng=ny) - [ | ojf
: : . g = .
Kn2,1 Kn2,2 an‘n2 Bnl,nl I _r(K +Si(| _B)) I

Theorem 1: Let L L™ pe the iteration matrices

ro! —Tow

associated of the GAOR and preconditioned GAOR methods,
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respectively. If the matrix A is irreducible with K >0,
H>0,1-B>0,1-C>0,0<w<10<r<],
a>1-B,,$>1-C,, then either

p(Lj{2)<p(|_r,w)<1
or

p(L9)> p(L.,)>1:

Proof: By assumptions, it is easy to prove that both Lt(i), and

L,'a, are irreducible and non-negative. By Lemma 1, there is a
positive vector X such that

L, x=Ax,

where 4 =p(L, )
Then

xopels il Ve

((lfa))l +(ru—r)[_

or
L I S PR

By substituting the above equation into the following
formula

o [ 0Nl ~ 0 0
"f[gx_’lx‘[r(mslu—s)) |j {(1 ol r)[—(K+51(I—B)) 0]

+w[B VK —(H+V(I _C))ﬂ ‘i
0 C-SH

~ [ o)* o ) 0 0
_[r(K+sl(l—B» IJ oo )[—(K+51<I—B)) 0]

(B—le —(H+V1(I—C))j [ I OH
+w -1 X
0 C-SH r(K+S,(1-B)) |

~ [ oY [( -aVK  —aV,(1-C)
_{r(K+Sl(I—B)) J [—a)Sl(I—B) —oS,H ]X
+(ﬂfl)[ 0 O]x},
-rs,(1-B) 0
where
-oVK  -oV(1-0) N 0 VY-w(-B —aH y
-wS(1-B) -wSH ) |§ 0\ -wK -a(1-0)

(0 VY[(@-oN+aB  aH I 0
‘(sl OM@H)K (1—@l+w)x(n< IJX

el Tl Tpeals o

So we have

I 0"
(r(K+Sl(I—B)) J

0 V)1 0 o 0
[(1_1)(31 OJ(rK |]+M—1)(7rsl(|73) ODX
(s 1) (5 S THosaom o)
=(2-1) + X
rk+s,(1-8) 1) (s, ok 1) \rsi-B) o

=(1-1) + X.
r(K+S,(1-B)) 1)\l s, o) |-rsi1-B) 0

By assumptions, we know that

*Q)
L9x—Ax=

—r(K+S,(1-B)) <0,rV,K <0,
V, <0,S, <0,-rS,(1 —B) <0.

So

[ 0)((rV,K V, 0 0,
[—r(msl(l—s» I] [ s, 0]+[—rsl<l—s) 0] o

If 1<1, then U'®Wx—ix<0. By Lemma 1, we know that

To

p(LO) < p(L,,) <1
If 1>1, then L*,fﬂx—/lx>0- By Lemma 1, we know that
p(L®) > p(L,,)>1.
Corollary 1: Let L L% be the

associated of the GAOR and preconditioned GAOR methods,
respectively. If the matrix A is irreducible with
I-B>0,-C>0,K>0,H>0,0<w<10<r<],
a>1-B,, then either

(L)< (L) <L O p{i)- (1)1

iteration matrices

By the analogous proof of Theorem 1, we can prove the
following two theorems.

Theorem 2 Let L, L:ffj be the iteration matrices associated
of the GAOR and preconditioned GAOR methods,
respectively. If the matrix A is irreducible with
I-B>0,-C>0,K>0,H>0,0<w<10<r<],
then either

p(L8) < (L) <1 O p(L2)> p(L,,)>1:
L® be the iteration matrices

Corollary 2: Let L, , L,

associated of the GAOR and preconditioned GAOR methods,
respectively. If the matrix A is irreducible with
I-B>0,1-C>0,K>0,H>0,0<w<10<r<],
then either
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p(L2)<p(L,) <10 p(L2)> p(L,,)>1. It A<l , then LOx-L7x<0 , that s
pLO) < p(LE,) <1
Theorem 3: Let L, , Lt(iz be the iteration matrices if A>1 , then L%%-1"x>0 , that s

associated of the GAOR and preconditioned GAOR methods, p(LD) > p(L ) >1.
respectively. If the matrix A is irreducible with By the analogous proof of Theorem 4, we can prove the
1-B>0,-C>0,K>0,H>0,0<®w<1,0<r<], following two theorems.
then either Theorem 5: Under the assumptions of Theorem 2, then
either
p(L9)<p(L.,)<10r p(L2)> p(L,.) >1-
p(L2) < p(L2) <10 p(L2)> p(1)>1.

L) be the iteration matrices

ro '

Corollary 3 Let L )
Theorem 6: Under the assumptions of Theorem 3, then
associated of the GAOR and preconditioned GAOR methods, either

respectively. If the matrix A is irreducible with

I-B>0,-C>0,K>0,H>0,0<w<10<r<], p(Lr,,,)<p(L(3) )<1 or p(L )>P(|—(r3l)>1'
then either Y

- Il EXAMPLES

p(Lrvw) < p(er) <lor p('—( ) )>P(L )>1 Example 1: The coefficient matrix A in (1) is given by
Theorem 4: Under the assumptions of Theorem 1, then A I-B H

either Kk 1=/

p(l_rw)<p(L )<1 if p(L,)<10r where

@) i o) B= (bii )pxp ’C = (Cij ) n-p)x(n-p)
p(L2)> (L) 1.1 (1) o2 e

K :(kij) ,and :(h")
(n-p)<p U Jpx(n-p)
Proof: By the proof of Theorem 1, we know that

WI
o T4 T T e
R (r(mslufs» ) (s o “Nsa-9 o % = (D)’ P
o [ oy'((o 0 0 0 0 1 1 ici 1212001 i=2...
¢ l)[r(msl(l—s» J [[81 Oj[rK IH—@(I—B) ODX =3 30xja (mhaepel gsaep
ety kI T il
a(K+s,0-8) 1S, 0/ \-s0-B) 0 1730 30x(i-j+1)+i’
ﬂ L J:112|“'1p_11
h = .S
where 4 = p(L, ). So e 1 i=12,,n-p,
" 10x(p+i+l)
Wy 1@ v —(1"Dy _ (1O y_ — _ ! 0
Lox— L9 x = (L% =A%) - (L, x - Ax) = (4 1)[4(“51('78)) ,] ; =i_;, I<], i=12--,n-p+]
30 30><(p+j)+p+|
VKV, 0 Ny | 0 .
s, o) los-g) o) kasa-By 1 j=2,n-p,

1 1

00 00 ., | 0\(IVK V, G, = |>j, i=2,n=-p,
[51 0)+[7r51(lfB) o] x=( _)[7r(K+Sl(IfB)) J[ 0 o]x' 30 30x(i—j+1)+p+i’
j=12,---,n-p-1

From the assumptions of Theorem 1, we know that 1 1 i=12,-n—p
1730 30x(p+i-j++p+it
-r(K+S,(1-B))<0,rv,;K <0,V, <0. .
1_1121"'1p1
So hij:i_;-! i=1121”'1p1 j=1’21”'1n_p-

| 0\(IV,K V, . 30 30x(p+j)+
(—r(K+Sl(I—B)) J( 0 oj>
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Table | displays the spectral radii of the corresponding
iteration matrices with some randomly chosen parameters
r, @, n, p. The randomly chosen parameters ¢t , [ satisfy
the conditions in Theorems 1-6. All numerical experiments
have been carried out using Matlab 7.0.

TABLE|
THE SPECTRAL RADII OF THE GAOR AND PRECONDITIONED GAOR ITERATION
MATRICES
n 10 15 20 40 50
p 5 5 10 25 30
® 095 0.9 0.9 0.7 0.6
r 0.9 0.8 0.8 0.75 0.5
a 098 1 1 2 2
g 1 1 1 1 3
P 02325 04158 05472 1.1875 1.3931
p 02311 04152 05467 1.1876 1.3933
p, 02260 04096 05422 1.1897 1.3984
P, 02272 04133 05427 11896 13983
o, 02301 04145 05462 1.1877 13934
0, 02216 04065 05379 11922 1.4048
0, 02229 04100 05386 11922 14024

where p:p(Lw),Pl :p(L(rl‘)m)’

py=p(L) A =(L0), £ = (L) = (L),

Py =p(L2),

From Table I, we see that these numerical results accordance
with Theorems 1-6.

Example 2: We consider the following linear
system AX = b, where
I1-B H
A= '
K 1-C
L9 00 0 0
2
o L 0o 0 0 o
2
0o 0 X o o0 o
B - 2 ) ,
00 0 = 0 O
2
0 0 0 0 L o
2
o 0 0 0o o X
2
Lo 0 0 o0
2
o L o 0 o0
2
c=lo o X o of
2
o 0 0o Lo
2
o 0 0 o I
2

o0 Lo o
8 8
O
8 8 8 8
K=o o X o % of
g8 8
1,1, 12
g8 8 8 8
L9 00 0t
8 8
o L o L 1
8 8 8
o L o o o
8
c o 5 8 °
Ho=11
= = 0 0 o0
8 8
o o L L
8 8
1 4 o L 1
8 8

Table 11 displays the spectral radii of the corresponding

iteration matrices with some chosen parameters ', @.

TABLEII
THE SPECTRAL RADII OF THE GAOR AND PRECONDITIONED GAOR ITERATION
MATRICES
w 0.95 0.95 0.65 0.65
r 0.70 0.70 0.55 0.55

a 0.55 0.95 2 5

s 0.55 0.85 3 5

P 08553 08553 09042  0.9042
0 08536 08543 09039  0.9041
£ 0.85 085 09005  0.9005
p; 08531 08531 09027  0.9027
o, 08523 08535 09037  0.9040
p, 08467 08467 08982  0.8982
o, 08517 08517 09017  0.9017

where

p=p(L.) P =p(L),

po=p(L0) A0 = (C0), 0 =), 05 = (L)

From Table IlI, we see that these numerical results

accordance with Theorems 1-6.
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