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Abstract—Excavators are high power machines used in the 

mining, agricultural and construction industry whose principal 
functions are digging (material removing), ground leveling and 
material transport operations. During the digging task there are 
certain unknown forces exerted by the bucket on the soil and the 
digging operation is repetitive in nature. Automation of the digging 
task can be performed by an automatically controlled excavator 
system, which is not only control the forces but also follow the 
planned digging trajectories. To develop such a controller for 
automated excavation, it is required to develop a dynamic model to 
describe the behavior of the control system during digging operation 
and motion of excavator with time. The presented work described a 
dynamic model needed for controller design and which is derived by 
applying Lagrange-Euler approach. The developed dynamic model is 
intended for further development of an automated excavation control 
system for light duty construction work and can be applied for heavy 
duty or all types of backhoe excavators. 
 

Keywords—Backhoe excavator, controller, digging, excavation, 
trajectory. 

I. INTRODUCTION 
ACKHOE excavators are used primarily to excavate 
below the natural surface of the ground on which the 

machine rests. According to forestry, earthmoving, and 
excavator statistics program a backhoe excavator is defined as 
“A ride-on dual purpose self propelled wheeled machine for 
on and off road operation. One end with loader arms that can 
support a full width bucket or attachment and the other end 
incorporating a boom and arm combination capable of 
swinging half circle for the purpose of digging or attachment 
manipulation.” In other words a backhoe excavator is actually 
three pieces of construction equipment combined into one 
unit. These three pieces are a tractor, a loader, and a backhoe 
[4]. The third piece of the equipment of a backhoe also known 
as a backhoe excavator attachment is the area of research 
reported in this paper. Earthmoving machines, such as 
bulldozers, wheel loaders, excavators, scrapers and graders are 
commonly used in construction work. An excavator is a 
typical hydraulic heavy-duty human-operated machine used in 
general versatile construction operations, such as digging, 
ground leveling, carrying loads, dumping loads and straight 
traction. However, there are many tasks, such as hazard 
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environment (nuclear decomposition, earthquake, etc.) which 
is not suitable for human to work on site. The remotely 
controllable excavators are required to work in such 
environment [5].  

However, operators who control hydraulic excavators must 
be trained for many years to do such work quickly and 
skillfully. A hydraulic backhoe excavator has three links: 
boom, dipper and bucket; and an operator have two arms. 
Thus, it is not easy for beginners to execute elaborate work 
that manipulates three links at the same time. Moreover, 
because the operators have to run work in various dangerous 
and dirty environments, the number of skillful operators is 
ever decreasing. For that reason, studying the automation of 
hydraulic excavators is necessary for improving productivity, 
efficiency, and safety [3].  

For an autonomous operation it is very important to study 
the motion of the various links to operate the machine in 
planned digging trajectory as well as to control the same 
during excavation task, i.e. kinematics of the backhoe 
excavator. The various forces exerted during the digging 
operation can be understand and evaluated by developing a 
dynamics model for backhoe excavator. 

II.  PROBLEM FORMULATION 
Due to severe working conditions, excavator parts are 

subjected to high loads. The excavator mechanism must work 
reliably under unpredictable working conditions. The 
excavation task is in cyclic nature. Poor strength properties of 
excavator parts like boom, arm and bucket limit life 
expectancy of the excavator. Dynamic modeling is an 
important step in the design of excavator parts. The dynamic 
behavior of the backhoe provides relationship between joint 
actuator torques and motion of links for simulation and design 
of control algorithms. During the work cycle of the backhoe, 
at some point of time it needs to be accelerated, move at 
varying speeds, and then decelerate. This time varying 
position and orientation of the backhoe is termed as the 
dynamic behavior of the backhoe. These time varying torques 
are applied at the pin joints between swing and boom link, 
between boom and arm link, and between arm and bucket link 
by the corresponding hydraulic actuators to balance out the 
internal and external forces. The internal forces are caused by 
motion (velocity, and acceleration) of links, inertia, Coriolis, 
centripetal and frictional forces. On the other hand load (a load 
vector of reaction forces due to bucket ground interaction, 
acting on the bucket) and gravitational forces are considered to 
be external forces in context of robotics. Moreover; the 
excavation operations can be made automated by an 
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automatically controlled backhoe system. Such a system is 
able to perform autonomously a planned digging work and to 
quickly comply with interacting forces experienced during 
excavation. The development of such an automated control 
system is usually based on a dynamic model of the system that 
describes the motion with the time [1].  

The dynamic model of the backhoe is useful in computation 
of the required torques for execution of a typical work cycle, 
which is vital information for design of links, joints, and 
actuators. Apart from this in designing the controller for the 
backhoe also requires the dynamic model to obtain the desired 
performance, because the controller directly depends on the 
accuracy of the dynamic model and control algorithms. The 
backhoe is a serial link manipulator (open kinematic chain) 
and represents a complex dynamic system, which can be 
modeled by systematically using the known physical laws of 
Lagrangian mechanics or Newtonian mechanics. Approaches 
such as Lagrange-Euler (L-E) which is energy based, and 
Newton-Euler (N-E) based on force balance, can be 
systematically applied to develop the backhoe equation of 
motion (EOM). The resulting EOM are a set of second order, 
coupled, nonlinear differential equations, consisting of inertia 
loading and coupling reaction forces between joints. The next 
section described research work reported by other researchers 
in the field of dynamics of backhoe excavator with their 
limitations and the scope of the further work to be carried out.  

III. RELATED WORK 
P. K. Vaha and M. J. Skibniewski have developed a 

dynamic model of a hydraulic excavator in the digging mode 
(for the three degrees of freedom only) in 1993. Vaha used the 
Newton-Euler approach (a force balance approach) for the 
development of the mathematical dynamic model. But few of 
his assumptions were not realistic in practice, and these are: 
For the determination of the mass moment of inertia tensor, 
and to make it less computationally complicated, he assumed 
(i) The axes of the link frame are aligned with the principle 
axes of the link for all links, to make the products of inertia 
Ixy, Iyz and Ixz to be zero, which is a valid assumption, (ii) The 
origin of frame of the link is made to coincide with the centre 
of mass or centroid of the link to make the last raw and last 
column of the moment of inertia tensor to be zero raw and 
zero column respectively, which is not true in actual practice 
because if the origin of the frame is translated to the centroid 
of the link, then whole previously derived kinematic relations 
will no longer be valid for the dynamic model. He also 
assumed that the gravity centre or the centre of mass of all 
links lie on the line joining the two end points of the links, 
which is also not true [8].  

S. Singh has attempted to develop a dynamic model for the 
excavator in 1995. But as his main part of the research was to 
develop tactical plans for the robotic excavation; not to 
develop a dynamic model for the hydraulic excavator, his 
dynamic model was incomplete and only torques resulted 
from the gravitational forces were presented in an appendix of 
his Ph D thesis. So his dynamic model was incomplete in 

context of the application of the model for controlling of the 
excavator [11].  

A. J. Koivo et al. developed a complete dynamic model in 
1996 using the same Newton-Euler approach for three degrees 
of freedom mechanism of a hydraulic excavator, by 
overcoming the shortcomings of Vaha’s dynamic model, as he 
neglected the assumption of the centre of mass to be on the 
line joining the two end points of the link made by Vaha, and 
considered the real location of the centre of mass for each link. 
He also neglected the assumption that the origin of frame of 
the link is made to coincide with the centre of mass or centroid 
of the link as this was the assumption of Vaha’s dynamic 
model, and considered the inertia tensor in general form 
(without neglecting the last raw and last column). His dynamic 
model is so thorough that it can directly be applied as an input 
to the excavator controller to carry out the excavation 
operations in autonomous mode. He also gave a sound 
example of the utilization of his dynamic model into the PD 
(proportional plus derivative) controller for autonomous 
control of an excavator [1].  

J. Frankel has presented only the torque equations for 
different joints, and presented just a procedure to develop a 
dynamic model for the backhoe excavator using Lagrange-
Euler approach in 2004. But even in his procedure he did not 
include the load vector (a vector of torques on each link due to 
the interaction of the bucket with the ground while excavating) 
in his dynamic model procedure. So he just provided the 
procedure to find the dynamic model not the dynamic model 
based on Lagrange-Euler approach [7].  

P. H. Yang et al. have carried out the dynamic model for 
three degrees of freedom mechanism of an excavator in 2008. 
But as the model was developed for the testing of his designed 
controller only, he did not consider the torques due to gravity 
loading on each link, and torques due to the load vector. He 
did not give any systematic procedure, and instead directly 
presented the dynamic model, and thus leaving the model with 
too many undefined terms [8].  

To be concluded that the dynamic model of A. J. Koivo et 
al. was proved to be a thorough model over the period of time 
for many researchers to do the research work on the controller 
design for the excavator. It means for the researchers working 
in the area of designing new control algorithms for controlling 
the operations of the excavator, the dynamic model of A. J. 
Koivo proved to be a comprehensive input [1]. 

The development of such a comprehensive dynamic model 
for the backhoe excavator in digging mode (in three degrees of 
freedom only) using Lagrange-Euler approach and comparison 
of the same with A. J. Koivo’s N-E dynamic model is another 
area of the research reported in this paper. 
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Fig. 1 Schematic view of a backhoe excavator attachment 

 
IV. KINEMATICS OF BACKHOE EXCAVATOR 

Kinematics is the science of motion which treats motion 
without regard to the forces that cause it. Within the science of 
kinematics one studies the position, velocity, acceleration, and 
all higher order derivatives of the position variables (with 
respect to time or any other variables) [6]. Fundamentally a 
backhoe excavator has five links starting from the fixed link or 
base link, swing link, boom link, arm link (dipper link), and 
bucket link. These links are connected to each other by joints, 
which allow revolute motion between connected links each of 
which exhibits just one degree of freedom. This leads to the 
four degree of freedom R-RRR configuration of the backhoe, 
where R stands for a revolute joint. Fig. 1 describes the 
schematic view of the backhoe excavator attachment. To 
analyze the motion of the backhoe excavator for performing a 
specific task, it becomes necessary to define a world 
coordinate system to describe the position and orientation of 
the bucket (collectively known as configuration of the bucket). 
A right-hand Cartesian coordinate system X୵Y୵Z୵ is chosen, 
and its origin is placed at an arbitrary point on the ground 
level in the workspace of the backhoe excavator. After 
assigning the world coordinate frame the local coordinate 
frames for all links are assigned by following the DH 
guideline for link frame assignment algorithm [10].  

A backhoe excavator is designed to perform a task in the 3-
D space. The bucket of the backhoe is required to follow a 
planned trajectory to carry out the digging task in the 
workspace. This requires control of position of each link 
(swing link, boom, arm, and the bucket) and joints of the 
backhoe to control both the position and orientation of the 
bucket. To program the bucket motion and the joint link 
motions, a mathematical model of the backhoe is required to 
refer all geometrical and/or time based properties of the 
motion. In other words kinematic model purely encodes the 
geometric relationship of the mechanism. Moreover; the 

kinematic model gives relation between the position and 
orientation of the bucket and spatial positions of joint-links. A 
problem of describing the complete kinematic model for an 
autonomous operation of the backhoe excavator, and the static 
model of the backhoe considered for study. This study 
includes direct kinematic model (forward kinematic model), 
inverse kinematic model (Backward kinematic model), the 
differential motion of the backhoe refer to the differential 
motion velocity only, and static force model of the backhoe 
excavator but it is not a part of this paper, this paper focuses 
only on the dynamics of the backhoe excavator based on the 
Lagrange-Euler formulation.  

V.  LAGRANGE-EULER FORMULATION 
A scalar function called Lagrange function or Lagrangian La 

is defined as the difference between the total kinetic energy KE 
and the total potential energy PE of a mechanical system. 

 
Lୟ ൌ KE െ PE                                          (1) 

 
The Lagrange-Euler dynamic formulation is based on a set 

of generalized coordinates to describe the system variables. In 
the generalized coordinates, generalized angular displacement 
θ (radian), is used as a joint variable or joint angle, and θሶ  
(rad/sec) describes the angular velocity of the joint, and θሷ  
describes (rad/sec2) the angular acceleration of the joint. 
Similarly τ is a generalized torque required at the joint to 
produce the desired dynamics [9].  

The dynamic model based on Lagrange-Euler formulation 
is obtained from the Lagrangian, as a set of equations, 

                 

                           ୢ
ୢ୲

ቀபL౗
ப஘ሶ ౟

ቁ െ ቀபL౗
ப஘౟

ቁ ൌ τ୧       (2) 
 
The left sides of the dynamic equation refer to (2) can be 

interpreted as sum of the torques due to kinetic and potential 
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energy present in the system. In the right hand side of the 
equation refer to (2) τi is the joint torque for joint i that is 
provided by the actuator (i+1) in our case. If τi = o, it means 
that joint i does not move and if τi is not equal to zero, it 
means the backhoe movement is modified by the actuator (i + 
1) of joint i.  

Now the kinetic energy of the differential mass dmi of link 
i, for i = 2, 3, and 4 moving with velocity 0vi (= vi) with 
respect to the base frame {0} is, 

 
dKE౟ ൌ ଵ

ଶ
dm୧ሺv୧ሻଶ                          (3) 

 
The trace operator (If A is a matrix of size n  n, then trace 

operator TrሺAሻ ൌ ∑ a୧୧
୬
୧ୀଵ ) is used to obtain ሺv୧ሻଶ as,  

 
v୧

ଶ ൌ Trሺv୧v୧
Tሻ                                         (4) 

 
The total kinetic energy is then given by, 
 
KE ൌ ଵ

ଶ
∑  ∑  ∑ Trሾሺ T୨ିଵQ୨ 

଴୧
୩ୀଶ

୧
୨ୀଶ

ସ
୧ୀଶ T୧ሻI୧ሺ T୩ିଵQ୩ 

଴ T୧ 
୩ିଵ ሻTሿθሶ ୨θሶ ୩ 

୨ିଵ (5) 
 
Note that here limits are taken from i = 2 to i = 4, because 

the dynamic model presented is for the boom, arm and bucket 
linkage only (RRR configuration) and the swing motion is not 
considered. Where, 0Tj-1 is a transformation matrix of the size 
4 x 4 of frame {j-1} relative to the base frame {0}, O୨ is a 
matrix when post multiplied with 0Tj-1, and pre multiplied with 
j-1Ti gives the partial derivative of the transformation matrix 
0Ti with respect to the corresponding joint angle θi, and can be 
given by: 

 

Q୨ ൌ ቎
0 െ1 0 0
1
0
0

   0 0 0
   0 0 0
   0 0 0

቏ 

 
The mass of link contributes inertia forces during motion of 

the link. The mass properties, which reflect all the inertial 
loads with respect to rotations about the origin of frame of 
interest, are presented by a moment of inertia tensor Ii. The 
moment of inertia tensor Ii is a 4 x 4 symmetric matrix which; 
characterizes the distribution of mass of a rigid body or link i, 
and it can be defined as:  

 

۷ܑ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ

૚
૛

൫െ۷ܑܠܠ ൅ ܑܡܡ۷ ൅ ൯ܑܢܢ۷ ܡܠ۷ ܢܠ۷               തܑܠܑܕ               

ܡܠ۷
૚
૛

൫۷ܑܠܠ െ ܑܡܡ۷ ൅ ൯ܑܢܢ۷ ܢܡ۷                തܑܡܑܕ               

ܢܠ۷
തܑܠܑܕ

ܢܡ۷
തܑܡܑܕ

૚
૛

൫۷ܑܠܠ ൅ ܑܡܡ۷ െ ൯ܑܢܢ۷
തܑܢܑܕ

തܑܢܑܕ
ܑܕ ے

ۑ
ۑ
ۑ
ۑ
ې

(6) 

 
where, Ixx, Iyy, Izz are moment of inertias of a body with 
respect to X, Y and Z axes respectively, Ixy, Iyz, and Ixz are the 
products of inertia and are taken as zero by assuming that the 
axes of the reference frame are aligned with the principle axes 
of the body, mi is the mass of link i, and rҧ୧ 

୧ ൌ ሾxത୧ yത୧ zത୧ 1ሿT is a 
homogeneous coordinate vector defining the position of the 
centre of mass or centroid of the link i from the origin of the 

link i of O୧. So, new inertia tensor for our case will now be 
modified as: 
 

۷ܑ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ

૚
૛

൫െ۷ܑܠܠ ൅ ܑܡܡ۷ ൅ ൯ܑܢܢ۷ ૙               ૙ തܑܠܑܕ                  

૙ ૚
૛

൫۷ܑܠܠ െ ܑܡܡ۷ ൅ ൯ܑܢܢ۷               ૙ തܑܡܑܕ                   

૙
തܑܠܑܕ

૙
തܑܡܑܕ

૚
૛

൫۷ܑܠܠ ൅ ܑܡܡ۷ െ ൯ܑܢܢ۷
തܑܢܑܕ

തܑܢܑܕ
ܑܕ ے

ۑ
ۑ
ۑ
ۑ
ې

       (7) 

 
The total potential energy of backhoe mechanism is sum of 

the potential energy of the links, i.e. boom, arm and bucket, 
then given by, 

 
 PE ൌ െ ∑ m୧

ସ
୧ୀଶ gT T୧ rҧ୧ 

୧
 

଴                            (8) 
 

The negative sign indicates that the work is done on the 
system to raise link i against gravity. Where g is the vector of 
acceleration due to gravity (m/s2): 

 
g ൌ ൣg୶ g୷ g୸ 0൧ ൌ ሾ0 െ 9.81 0 0ሿ 

gT ൌ ൣg୶ g୷ g୸ 0൧T ൌ ሾ0 െ 9.81 0 0ሿT 
 
The acceleration due to gravity g is the 4 ൈ 1 gravity vector 

with respect to base frameሼOሽ. 

VI. EQUATIONS OF MOTION 
The following procedure should be adopted to develop an 

L-E dynamic model [10]. 
The Lagrangian, La = KE – PE obtained by refer to (5) and 

(8) is given by:  
 

܉ۺ ൌ ૚
૛

∑  ∑  ∑ ሾሺܚ܂  ܒۿ૚ିܒ܂
૙ܑ

ୀ૛ܓ
ܑ
ୀ૛ܒ

૝
ܑୀ૛ ሻ۷ܑሺܑ܂  ܓۿ૚ିܓ܂

૙  ܑ܂
૚ିܓ ሻ܂ሿીሶ ીሶܒ ܓ ൅ ∑ ܑܕ

૝
ܑୀ૛ ܂܏ ܑ܂  ҧܑܚ

ܑ
 

૙
 

૚ିܒ  (9) 
 
According to the Lagrange-Euler dynamic formulation, the 

generalized torque τi of actuator i+1 at joint i, to drive link i of 
the backhoe is given by (2) as: 

 

τ୧ ൌ
d
dt ቆ

∂Lୟ

∂θሶ ୧
ቇ െ ൬

∂Lୟ

∂θ୧
൰ 

 
By substituting La and carrying out the differentiation, the 

generalized torque τi applied to link i for 3 degree of freedom 
backhoe is obtained [10]. The final EOM (dynamic model) is; 

 
τ୧ ൌ ∑ M୧୨θሷ ୨ ൅ ∑  ସ

୨ୀଶ ∑ h୧୨୩
ସ
୩ୀଶ

ସ
୨ୀଶ θሶ ୨θሶ ୩ ൅ G୧ ൅ F୪୭ୟୢ,      

For i = 2, 3, 4.       (10) 
 

Where,  M୧୨ ൌ ∑ Trൣd୮୨I୮dT
୮୧൧ସ

୮ୀ୫ୟ୶ሺ୧,୨ሻ                               (11) 
 

h୧୨୩ ൌ ଵ
ଶ

൤பM౟ౠ

ப஘ౡ
൅ பM౟ౡ

ப஘ౠ
െ பMౠౡ

ப஘౟
൨                        (12) 

 
    G୧ ൌ ∑ m୮gTd୮୧

ସ
୮ୀ୧ rҧ୮ 

୮                                  (13) 
 

FL୭ୟୢሺF୲, F୬ሻ ൌ  ቎
aଶሾF୲ sinሺθଶ െ ρሻ െ F୬cosሺθଶ െ ρሻሿ

aଷሾF୲ sinሺθଶଷ െ ρሻ െ F୬cosሺθଶଷ െ ρሻሿ
aସሾെF୲sinλ ൅ F୬cosλሿ

቏  (14) 
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d୧୨ ൌ ቊ T୨ିଵ 
ଵ Q୨ T୧ 

୨ିଵ                for j ൑ i
0                                    for j ൐ ݅

       (15) 

 

        பୢ౟ౠ

ப஘ౡ
ൌ ቐ

T୨ିଵ 
ଵ Q୨ T୩ିଵ 

୨ିଵ Q୩ T୧           for i ൒ k ൒ j  
୩ିଵ

T୩ିଵ 
ଵ Q୨ T୨ିଵ 

୩ିଵ Q୩ T୧          for i ൒ j ൒ k 
୨ିଵ

0                                          for i ൏ ݅ ݎ݋ ݆ ൏ ݇
    (16) 

 

 
Fig. 2 Resistive force resolution 

 
Equation (12) has been taken from [12]. Fig. 2 shows the 

resolution of the resistive force offered by the ground on the 
teeth of the bucket. This resistive force can be resolved into 
the tangential and normal directions on the bucket teeth as 
shown in Fig. 2, and for load vector refer to (14) can be found 
as given in [1].  

Equation (10) is the dynamic model of the backhoe in 
generalized form and gives a set of 3 nonlinear, coupled, 
second order ordinary differential equations for 3 links of the 
three degree of freedom backhoe. These equations are the 
equations of motion or the dynamic equation of motions for 
the backhoe. M୧୨  represents an inertia matrix refer to (10). It is 
known as effective inertia when acceleration of joint i cause a 
torque at joint i, and coupling inertia when acceleration at joint 
j causes a torque at joint i.  

The coefficient h୧୨୩ represents the velocity induced reaction 

torque at joint i. h୧୨୩θሶ ୨
ଶ
 represents the Centrifugal or 

Centripetal force acting at joint i due to velocity at joint j, and 
term h୧୨୩θሶ ୨θሶ ୩ represents the Coriolis force acting at joint i due 
to velocities at joint j and k. Gi is the gravity loading vector, 
and Fload is the load vector acting on the bucket teeth due to the 
forceful and sudden interaction of the bucket teeth with the 
ground and (14) can be determined from the geometry of the 
backhoe link mechanism and also it can be found as given in 
[1]. 

VII. ASSUMPTIONS OF THE PROPOSED DYNAMIC MODEL 
The assumptions of the proposed dynamic model are as 

follows: 
•  The model has been presented in digging mode only, so 

for the proposed dynamic model only three degrees of 
freedom RRR (excluding the swing motion) are 

considered (because while swinging, backhoe experiences 
an extra load and that is payload in the bucket that does 
not cause large amount of torques at different joints as 
compared to the digging task does, so the fourth degree of 
freedom is ignored). 

• The frictional effects are neglected. 
• The inertia tensor of the backhoe components is taken in a 

generalized form with no assumption like the frame axes 
are not coinciding with the axes of center of mass of the 
body, but it has been assumed that the link frame axes are 
coinciding with the principle axes of the body to cause the 
products of inertia to be zero in an inertia tensor. 

VIII.  BACKHOE L-E DYNAMIC MODEL 
Now the dynamic model of the backhoe in digging mode is 

presented. The procedure used to carry out the final equations 
of motion is described in section VI. The transformation 
matrices i-1Ti from the direct kinematic model is directly 
utilized in equations of motion. The final form of the 
equations of motion (or dynamic model) for the backhoe can 
be given by: 

 
τ୧ ൌ Mሺθሻθሷ ൅ H൫θ, θሶ ൯θሶ ൅ Gሺθሻ ൅ FL୭ୟୢሺF୲, F୬ሻ         (17) 

 
Mሺθሻ represents the 3 x 3 symmetric inertia matrix, θሷ  
represents the 3 x 1 joint acceleration matrix, H൫θ, θሶ ൯ 
represents the 3 x 3 velocity induced torque matrix or the 
matrix of centripetal and Coriolis torques, θሶ  represents the 3 x 
1 joint velocity matrix, Gሺθሻ is the 3 x 1 gravity induced 
torque vector, and FL୭ୟୢሺF୲, F୬ሻ is the 3 x 1 load vector acting 
on the bucket teeth offered by the ground or soil, and is the 
function of tangential force Ft and normal force Fn acting on 
the bucket teeth refer to (17). Now the calculations of the 
elements of the matrices and vectors as described above are 
presented. Note that for each matrix or vector the sample 
calculation of the single element has been shown over here, 
other elements can be found out in the similar way. 

A. Determination of the Elements of an Inertia Matrix  
Using (11) all the nine elements of the symmetric inertia 

matrix can be determined as M୧୨ for joint i = 2, 3, and 4; and 
joint j =2, 3, and 4. So total nine elements Mଶଶ, Mଶଷ, Mଶସ, Mଷଶ 
(ൌ Mଶଷ) Mଷଷ, Mଷସ, Mସଶ (ൌ Mଶସ), Mସଷ (ൌ Mଷସ), and Mସସ have 
to be determined as a function of the joint angles θ୧ for i = 2, 
3, and 4. Let us first determine the element Mଶଶ with the use 
of (11) as follows: 

 

Mଶଶ ൌ ෍ Trൣd୮ଶI୮d୮ଶ
T ൧

ସ

୮ୀ୫ୟ୶ሺଶ,ଶሻ

 

 
׵ Mଶଶ ൌ TrሾdଶଶIଶdଶଶ

T ሿ ൅ TrሾdଷଶIଷdଷଶ
T ሿ ൅ TrሾdସଶIସdସଶ

T ሿ   (18) 
 
Now from (15) let us first determine the term Tr[d_22 I_2 

d_22^T ], in this term let us first determine d_22, as both i and 
j are equal (i =2, and j = 2) the first condition of (15) can be 
applied to determine d_22 as follows: 
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dଶଶ ൌ ቎
1 0 0 0
0 1 0 0
0
0

0
0

1
0

0
1

቏ ቎
0 െ1 0 0
1
0
0

   0 0 0
   0 0 0
   0 0 0

቏ ൦

Cଶ െSଶ 0 aଶCଶ  
 Sଶ    Cଶ 0 aଶSଶ

0
0

   0
   0

 1
 0

0
1

൪ 

 

׵ dଶଶ ൌ ൦

െSଶ െCଶ  0 െaଶSଶ  
 Cଶ   െSଶ  0 aଶCଶ

0
0

     0
     0

 0
 0

0
0

൪ 

 
dଶଶ

T  is the transposition of the matrix dଶଶ. 
The inertia tensor for i = 2 can be given as follows:  
 

۷૛ ൌ

ۏ
ێ
ێ
ێ
ێ
ێ
ۍ
૚
૛ ൫െ۷ܠܠ૛ ൅ ૛ܡܡ۷ ൅ ૛൯ܢܢ۷ ૙                ૙ ത૛ܠ૛ܕ                    

૙
૚
૛ ൫۷ܠܠ૛ െ ૛ܡܡ۷ ൅ ૛൯ܢܢ۷                ૙ ത૛ܡ૛ܕ                     

૙
ത૛ܠ૛ܕ

૙
ത૛ܡ૛ܕ

૚
૛ ൫۷ܠܠ૛ ൅ ૛ܡܡ۷ െ ૛൯ܢܢ۷

ത૛ܢ૛ܕ

ത૛ܢ૛ܕ
૛ܕ ے

ۑ
ۑ
ۑ
ۑ
ۑ
ې

 

 
׵ TrሾdଶଶIଶdଶଶ

T ሿ ൌ I୸୸మ ൅ mଶሺ2aଶxതଶ ൅ aଶ
ଶሻ          (19) 

 
Similarly, the other two terms TrሾdଷଶIଷdଷଶ

T ሿ, and 
TrሾdସଶIସdସଶ

T ሿ can be determined and given as follows: 
 

TrሾdଷଶIଷdଷଶ
T ሿ ൌ IZZయ ൅ mଷሾxതଷሺ2aଷ ൅ 2aଶcଷሻ െ yതଷሺ2aଶsଷሻ ൅ aଶ

ଶ ൅ aଷ
ଶ

൅ 2aଶaଷcଷሿ 
(20) 

 
TrሾdସଶIସdସଶ

T ሿ ൌ IZZర ൅ mସሾxതସሺ2aସ ൅ 2aଶcଷସ ൅ 2aଷcସሻ
െ yതସሺ2aଶsଷସ ൅ 2aଷsସሻ ൅ aଶ

ଶ ൅ aଷ
ଶ ൅ aସ

ଶ

൅ 2aଶaଷcଷ ൅ 2aଷaସcସ ൅ 2aଶaସcଷସሿ 
(21) 

 
Equations (19), (20), and (21) when added together will 

form the first element of the inertia matrix Mଶଶ as follows: 
 

Mଶଶ ൌ IZZమ ൅ IZZయ ൅ IZZర ൅ mଶሾሺ2xതଶaଶሻ ൅ ሺaଶሻଶሿ
൅ mଷሾxതଷሺ2aଷ ൅ 2aଶcଷሻ െ yതଷሺ2aଶsଷሻ ൅ aଶ

ଶ ൅ aଷ
ଶ

൅ 2aଶaଷcଷሿ ൅ mସሾxതସሺ2aସ ൅ 2aଶcଷସ ൅ 2aଷcସሻ
െ yതସሺ2aଶsଷସ ൅ 2aଷsସሻ ൅ aଶ

ଶ ൅ aଷ
ଶ ൅ aସ

ଶ

൅ 2aଶaଷcଷ ൅ 2aଷaସcସ ൅ 2aଶaସcଷସሿ 
(22) 

 
So the final inertia matrix can be given by: 
 

Mሺθሻ ൌ ൥
Mଶଶ
Mଷଶ
Mସଶ

Mଶଷ
Mଷଷ
Mସଷ

Mଶସ
Mଷସ
Mସସ

൩ 

 
All the other elements are given in section VIII-F. In 

current section only the methodology to derive the inertia 
matrix elements have been explained with the illustration of 
the determination of the first element Mଶଶ.  

B. Determination of the Elements of a Joint Acceleration 
Vector  

The joint angle velocities θଵሶ , θଶሶ , θଷሶ  and θସሶ  and respective 
angles θଵ, θଶ, θଷ and  θସ are derived based on the joints 1, 2, 3 
and 4 but this derivation is included in kinematics of backhoe 
excavator not a part of this paper. The term θሷ  represents the 3 

x 1 joint acceleration vector, in which the acceleration of joint 
 ሷଶ can be determined by time derivative of the velocity ofߠ ,2
the joint 2,  θሶ ଶ. 

 

θଶሶ ൌ ቄ
VAఱAలሺAఱAలሻ

ିሺAభAఱሻሺAభAలሻୱ୧୬ሺ஠ିஓభିஓమି஘మሻ 
ቅ                    (23) 

 
Therefore, the acceleration of joint 2 becomes, 
 

θሷ ଶ ൌ ሺAఱAలሻ
ሺAభAఱሻሺAభAలሻ

൜
ୡ୭ୱሺ஠ିஓభିஓమି஘మሻ஘ሶ మVAఱAలିୱ୧୬ሺ஠ିஓభିஓమି஘మሻ ஑AఱAల

ୱ୧୬మሺ஠ିஓభିஓమି஘మሻ 
ൠ (24) 

 
The time derivative of (25) yields the acceleration of the 

joint 3, θሶ ଷ. 
 

θଷሶ ൌ ቄ
VAళAఴሺAళAఴሻ

ିሺAమAళሻሺAమAఴሻୱ୧୬ሺଷ஠ିஔభିஔమି஘యሻ 
ቅ               (25) 

 
Therefore, the acceleration of joint 3 becomes, 
 
θሷ ଷ ൌ ሺAళAఴሻ

ሺAమAళሻሺAమAఴሻ
൜ୡ୭ୱሺଷ஠ିஔభିஔమି஘యሻ ஘ሶ యVAళAఴିୱ୧୬ሺଷ஠ିஔభିஔమି஘యሻ஑AళAఴ

ୱ୧୬మሺଷ஠ିஔభିஔమି஘యሻ 
ൠ(26) 

 
By differentiating (27) with respect to time yields the 

acceleration of the actuator 5 piston in terms of the angle 
acceleration ζሷ ଵ, and then ζሷଵ will be determined in terms of the 
joint 4 angle acceleration θସሶ : 

Therefore,  
 

ζଵሶ ൌ ቄ
VAవAభబሺAవAభబሻ

ିሺAవAభమሻሺAభబAభమሻୱ୧୬ሺଶ஠ିகభି஖భሻ
ቅ                (27) 

 
and   

ζሷଵ ൌ ିሺAవAభబሻ
ሺAవAభమሻሺAభబAభమሻ

൜
ୡ୭ୱሺଶ஠ିகభି஖భሻ஖భሶ VAవAభబିୱ୧୬ሺଶ஠ିகభି஖భሻ஑AవAభబ

ୱ୧୬మሺଶ஠ିகభି஖భሻ
ൠ (28) 

 
The following two relations are known to us form (29) and 

(30). 
 

ζଵሶ ൅ ζሶଶ ൌ θସሶ െ ζଷሶ                               (29) 
 

      ζሶଶ ൌ ቂሺAయAభమሻሺAభబAభమሻୱ୧୬஖భ
ሺAయAభభሻሺAభబAభభሻୱ୧୬஖మ

ቃ ζሶଵ           (30) 
 

Now substituting (30) into (29) and rearranging the (29) 
yields, 

 

θସሶ ൌ ζሶଵ ቂ1 ൅ ሺAయAభమሻሺAభబAభమሻୱ୧୬஖భ
ሺAయAభభሻሺAభబAభభሻୱ୧୬஖మ

ቃ ൅ ζଷሶ                   (31) 
 

The acceleration of joint 4 becomes, 
 

θሷ ସ ൌ ζሶଵ ቈ
ሺAଷAଵଶሻሺAଵ଴Aଵଶሻ
ሺAଷAଵଵሻሺAଵ଴Aଵଵሻ ቊ

sinζଶ cosζଵ · ζሶଵ െ cosζଵ sinζଶ · ζሶଶ
sinଶζଶ

ቋ቉

൅ ζሷଵ ቈ1 ൅
ሺAଷAଵଶሻሺAଵ଴Aଵଶሻsinζଵ
ሺAଷAଵଵሻሺAଵ଴Aଵଵሻsinζଶ

቉ ൅ ζሷଷ 

(32) 



International Journal of Mechanical, Industrial and Aerospace Sciences

ISSN: 2517-9950

Vol:8, No:1, 2014

207

 

 

C. Determination of the Elements of a Velocity Induced 
Torque Matrix  

Using (12) all the nine elements of the velocity induced 
torque matrix can be determined as H୧୨ for joint i = 2, 3, and 4; 
and joint j =2, 3, and 4. So total nine elements Hଶଶ, Hଶଷ, Hଶସ, 
Hଷଶ, Hଷଷ, Hଷସ, Hସଶ, Hସଷ, and Hସସ have to be determined as a 
function of the joint angle velocities θሶ ୧ for i = 2, 3, and 4. The 
H୧୨ terms can be determined by the following equation as 
given in [12]:  

 
H୧୨ ൌ ∑ h୧୨୩θሶ ୩ସ

୩ୀଶ                           (33) 
 

Let us first determine the element Hଶଶ with the use of (33), 
and (12) as follows: 

 
               Hଶଶ ൌ hଶଶଶθሶ ଶ ൅ hଶଶଷθሶ ଷ ൅ hଶଶସθሶ ସ                  (34) 

 
Now let us first determine the term, hଶଶଶθሶ ଶ and for this hଶଶଶ 

is to be determined using (12) as follows:  
 

hଶଶଶ ൌ
1
2 ൤

∂Mଶଶ

∂θଶ
൅

∂Mଶଶ

∂θଶ
െ

∂Mଶଶ

∂θଶ
൨ ൌ

1
2 ൤

∂Mଶଶ

∂θଶ
൨ ൌ 0 

 
This is because it is clear from (22) that the element Mଶଶ is 

not a function of the joint 2 angle θଶ, thus partial derivative of 
the element Mଶଶ with respect to the joint 2 angle θଶ will 
become zero. This leads to; 

 
hଶଶଶθሶ ଶ ൌ ሺ0ሻθሶ ଶ                                   (35) 

 
Now let us determine the second term hଶଶଷθሶ ଷ of (34) and 

for this to be determined hଶଶଷ can be given as follows: 
 

hଶଶଷ ൌ
1
2 ൤

∂Mଶଶ

∂θଷ
൅

∂Mଶଷ

∂θଶ
െ

∂Mଶଷ

∂θଶ
൨ ൌ

1
2 ൤

∂Mଶଶ

∂θଷ
൨ 

 
׵ hଶଶଷ ൌ  െሺmଷxതଷሺaଶsଷሻ ൅ mଷyതଷሺaଶcଷሻ ൅ mଷሺaଶaଷsଷሻ ൅ mସxതସሺaଶsଷସሻ

൅ mସyതସሺaଶcଷସሻ ൅ mସሺaଶaଷsଷ ൅ aଶaସsଷସሻሻ 
(36) 

 
So, the term hଶଶଷθሶ ଷ can be given as: 
 

hଶଶଷθሶ ଷ ൌ  െሺmଷxതଷሺaଶsଷሻ ൅ mଷyതଷሺaଶcଷሻ ൅ mଷሺaଶaଷsଷሻ ൅
mସxതସሺaଶsଷସሻ ൅ mସyതସሺaଶcଷସሻ ൅ mସሺaଶaଷsଷ ൅ aଶaସsଷସሻሻθሶ ଷ  

(37) 
 

The last term of (34) can be given by: 
 

hଶଶସθሶ ସ ൌ  െሺmସxതସሺaଶsଷସ ൅ aଷsସሻ ൅ mସyതସሺaଶcଷସ ൅ aଷcସሻ ൅ mସሺaଷaସsସ
൅ aଶaସsଷସሻሻθሶ ସ 

 (38) 
 

The first element of the H୧୨ matrix, Hଶଶ can be given as 
follows: 

 

Hଶଶ ൌ ሺ0ሻθሶ ଶ െ ሺmଷxതଷሺaଶsଷሻ ൅ mଷyതଷሺaଶcଷሻ ൅ mଷሺaଶaଷsଷሻ ൅ mସxതସሺaଶsଷସሻ
൅ mସyതସሺaଶcଷସሻ ൅ mସሺaଶaଷsଷ ൅ aଶaସsଷସሻሻθሶ ଷ
െ ሺmସxതସሺaଶsଷସ ൅ aଷsସሻ ൅ mସyതସሺaଶcଷସ ൅ aଷcସሻ
൅ mସሺaଷaସsସ ൅ aଶaସsଷସሻሻθሶ ସ 

(39) 
 

So, the final velocity induced torque matrix or matrix of 
centripetal and Coriolis torques can be given as: 

 

  H൫θ, θሶ ൯ ൌ ൥
Hଶଶ
Hଷଶ
Hସଶ

Hଶଷ
Hଷଷ
Hସଷ

Hଶସ
Hଷସ
Hସସ

൩                         (40) 

 
All the other elements are given in section VIII-F. In this 

section only the methodology to derive the velocity induced 
torque matrix elements have been explained with the 
illustration of the determination of the first element Hଶଶ. 

D. Determination of the Elements of a Gravity Torque 
Vector 

The gravity torque acting at joint 2, 3 and 4 is the function 
of joint displacement or joint angle θ୧ for joints i = 2, 3, and 4, 
and can be collectively represented by a vector as follows: 

 

Gሺθሻ ൌ ൝
Gଶ
Gଷ
Gସ

ൡ                                      (41) 

 
Using (13) let us first determine the first element of the 

gravity torque vector, Gଶ as follows:  
 

Gଶ ൌ െሺmଶgdଶଶ rҧଶ ൅ 
ଶ mଷgdଷଶ rҧଷ ൅ 

ଷ mସgdସଶ rҧସ 
ସ ሻ 

 
where, g ൌ ൣg୶ g୷ g୸ 0൧ ൌ ሾ0 െ 9.81 0 0ሿ (assuming the 
acceleration due to gravity is only acting in downward y 
direction), rҧ୧ 

୧ ൌ ሾxത୧ yത୧ zത୧ 1ሿT is a homogeneous coordinate 
vector defining the position of the centre of mass or centroid 
of the link i from the origin O୧ of the link i. This leads to: 

 
Gଶ ൌ െሺmଶgሾcଶxതଶ െ sଶyതଶ ൅ aଶcଶሿ ൅ mଷgሾcଶଷxതଷ െ sଶଷyതଷ ൅ aଶcଶ ൅

aଷcଶଷሿ ൅ mସgሾcଶଷସxതସ െ sଶଷସyതସ ൅ aଶcଶ ൅ aଷcଶଷ ൅ aସcଶଷସሿሻ                   
                   (42) 

 
All the other elements are given in section VIII-F. In this 

section only the methodology to derive the Gravity torque 
vector elements have been explained with the illustration of 
the determination of the first element Gଶ. 

E. Determination of the Elements of a Load Vector 
The loading vector resulting from the interactive forces due 

to soil tool interaction and its elements are given in [1] and 
can be written as: 

 

FL୭ୟୢሺF୲, F୬ሻ ൌ  ൝
Fଶ
Fଷ
Fସ

ൡ 

 
The elements F2, F3 and F4 of the loading vector also 

determined from the geometry of backhoe excavator by 
resolving the resistive forces offered by ground as the 
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tangential and normal components and can be written as per 
(14). 

Therefore, the load vector, 
 

FL୭ୟୢሺF୲, F୬ሻ ൌ  ቎
aଶሾF୲ sinሺθଶ െ ρሻ െ F୬cosሺθଶ െ ρሻሿ

aଷሾF୲ sinሺθଶଷ െ ρሻ െ F୬cosሺθଶଷ െ ρሻሿ
aସሾെF୲sinλ ൅ F୬cosλሿ

቏ 

 
As shown in Fig. 2 the resistive force Fr is acting at the 

bucket teeth by making an angle η with the plane defined by 
the bottom plate of the bucket. While resolving Fr in tangential 
direction will give the value of the tangential force Ft, and 
resolving Fr in the normal direction will give the value of the 
normal force Fn as follows: 

 
F୲ ൌ F୰cosሺηሻ 

 
and, 

F୬ ൌ F୰sinሺηሻ 
 

But according to A. J. Koivo [1] these two forces can be 
given by: F୲ ൌ F୰cosሺ0.1ሻ, and F୬ ൌ F୰sinሺ0.1ሻ. 

F. Determination of the Final Equations of Motions 
The final form of the equations of motion (or dynamic 

model) for the backhoe can be given as follows: 
 

 τ୧ ൌ Mሺθሻθሷ ൅ H൫θ, θሶ ൯θሶ ൅ Gሺθሻ ൅ FL୭ୟୢሺF୲, F୬ሻ        (43) 
 

where the inertia matrix and its elements are given by: 
 

Mሺθሻ ൌ ൥
Mଶଶ
Mଷଶ
Mସଶ

Mଶଷ
Mଷଷ
Mସଷ

Mଶସ
Mଷସ
Mସସ

൩ 

 
Where the elements of the inertia matrix are given as: 

 
Mଶଶ ൌ IZZమ ൅ IZZయ ൅ IZZర ൅ mଶሾሺ2xതଶaଶሻ ൅ ሺaଶሻଶሿ

൅ mଷሾxതଷሺ2aଷ ൅ 2aଶcଷሻ െ yതଷሺ2aଶsଷሻ ൅ aଶ
ଶ ൅ aଷ

ଶ

൅ 2aଶaଷcଷሿ ൅ mସሾxതସሺ2aସ ൅ 2aଶcଷସ ൅ 2aଷcସሻ
െ yതସሺ2aଶsଷସ ൅ 2aଷsସሻ ൅ aଶ

ଶ ൅ aଷ
ଶ ൅ aସ

ଶ

൅ 2aଶaଷcଷ ൅ 2aଷaସcସ ൅ 2aଶaସcଷସሿ 
 

Mଶଷ ൌ Mଷଶ ൌ IZZయ ൅ IZZర

൅ mଷሾxതଷሺ2aଷ ൅ aଶcଷሻ െ yതଷሺaଶsଷሻ ൅ aଷ
ଶ ൅ aଶaଷcଷሿ

൅ mସሾxതସሺ2aସ ൅ aଶcଷସ ൅ 2aଷcସሻ
െ yതସሺaଶsଷସ ൅ 2aଷsସሻ ൅ aଷ

ଶ ൅ aସ
ଶ ൅ aଶaଷcଷ

൅ 2aଷaସcସ ൅ aଶaସcଷସሿ 
 

Mଶସ ൌ Mସଶ ൌ IZZర ൅ mସሾxതସሺ2aସ ൅ aଶcଷସ ൅ aଷcସሻ െ yതସሺaଶsଷସ ൅ aଷsସሻ
൅ aସ

ଶ ൅ aଷaସcସ ൅ aଶaସcଷସሿ 
 

Mଷଷ ൌ IZZయ ൅ IZZర ൅ mଷሾxതଷሺ2aଷሻ ൅ aଷ
ଶሿ ൅ mସሾxതସሺ2aସ ൅ 2aଷcସሻ

െ yതସሺ2aଷsସሻ ൅ aଷ
ଶ ൅ aସ

ଶ ൅ 2aଷaସcସሿ 
 

Mଷସ ൌ Mସଷ ൌ IZZర ൅ mସሾxതସሺ2aସ ൅ aଷcସሻ െ yതସሺaଷsସሻ ൅ aସ
ଶ ൅ aଷaସcସሿ 

 
and  

Mସସ ൌ IZZర ൅ mସሾxതସሺ2aସሻ ൅ aସ
ଶሿ. 

 

The joint acceleration column matrix can be written as 
follows and derived in Section VIII-B; 

 

θሷ ൌ ቎
θሷ ଶ
θሷ ଷ
θሷ ସ

቏ 

 
The velocity induced torques matrix or the matrix of 

centripetal and Coriolis torques and its elements are given by: 

H൫θ, θሶ ൯ ൌ ൥
Hଶଶ
Hଷଶ
Hସଶ

Hଶଷ
Hଷଷ
Hସଷ

Hଶସ
Hଷସ
Hସସ

൩ 

 
where the elements of the velocity induced torques are given 
as: 

 
Hଶଶ ൌ ሺ0ሻ൫θሶ ଶ൯ െ ሺmଷxതଷሺaଶsଷሻ ൅ mଷyതଷሺaଶcଷሻ ൅ mଷሺaଶaଷsଷሻ

൅ mସxതସሺaଶsଷସሻ ൅ mସyതସሺaଶcଷସሻ ൅ mସሺaଶaଷsଷ
൅ aଶaସsଷସሻሻ൫θሶ ଷ൯
െ ሺmସxതସሺaଶsଷସ ൅ aଷsସሻ ൅ mସyതସሺaଶcଷସ ൅ aଷcସሻ
൅ mସሺaଷaସsସ ൅ aଶaସsଷସሻሻ൫θሶ ସ൯ 

 
Hଶଷ ൌ െ൫mଷxതଷሺaଶsଷሻ ൅ mଷyതଷሺaଶcଷሻ ൅ mଷሺaଶaଷsଷሻ ൅ mସxതସሺaଶsଷସሻ

൅ mସyതସሺaଶcଷସሻ ൅ mସሺaଶaଷsଷ ൅ aଶaସsଷସሻ൯൫θሶ ଶ൯
െ ൫mଷxതଷሺaଶsଷሻ ൅ mଷyതଷሺaଶcଷሻ ൅ mଷሺaଶaଷsଷሻ
൅ mସxതସሺaଶsଷସሻ ൅ mସyതସሺaଶcଷସሻ
൅ mସሺaଶaଷsଷ ൅ aଶaସsଷସሻ൯൫θሶ ଷ൯
െ ሺmସxതସሺaଶsଷସ ൅ aଷsସሻ ൅ mସyതସሺaଶcଷସ ൅ aଷcସሻ
൅ mସሺaଷaସsସ ൅ aଶaସsଷସሻሻሺθሶ ସሻ 

 
Hଶସ ൌ െሺmସxതସሺaଶsଷସ ൅ aଷsସሻ ൅ mସyതସሺaଶcଷସ ൅ aଷcସሻ ൅ mସሺaଷaସsସ ൅

aଶaସsଷସሻሻ൫θሶ ଶ൯ െ ሺmସxതସሺaଶsଷସ ൅ aଷsସሻ ൅ mସyതସሺaଶcଷସ ൅ aଷcସሻ ൅
mସሺaଷaସsସ ൅ aଶaସsଷସሻሻ൫θሶ ଷ൯ െ ሺmସxതସሺaଶsଷସ ൅ aଷsସሻ ൅ mସyതସሺaଶcଷସ ൅

aଷcସሻ ൅ mସሺaଷaସsସ ൅ aଶaସsଷସሻሻሺθሶ ସሻ  
 

Hଷଶ ൌ ሺmଷxതଷሺaଶsଷሻ ൅ mଷyതଷሺaଶcଷሻ ൅ mଷሺaଶaଷsଷሻ ൅ mସxതସሺaଶsଷସሻ ൅
mସyതସሺaଶcଷସሻ ൅ mସሺaଶaଷsଷ ൅ aଶaସsଷସሻሻ൫θሶ ଶ൯ ൅ 0൫θሶ ଷ൯ െ ሺmସxതସሺaଷsସሻ ൅

mସyതସሺaଷcସሻ ൅ mସሺaଷaସsସሻሻሺθሶ ସሻ  
 

Hଷଷ ൌ
0൫θሶ ଶ൯ ൅ 0൫θሶ ଷ൯ െ ሺmସxതସሺaଷsସሻ ൅ mସyതସሺaଷcସሻ ൅ mସሺaଷaସsସሻሻሺθሶ ସሻ  

 
Hଷସ ൌ െሺmସxതସሺaଷsସሻ ൅ mସyതସሺaଷcସሻ ൅ mସሺaଷaସsସሻሻ൫θሶ ଶ൯ െ

ሺmସxതସሺaଷsସሻ ൅ mସyതସሺaଷcସሻ ൅ mସሺaଷaସsସሻሻ൫θሶ ଷ൯ െ ሺmସxതସሺaଷsସሻ ൅
mସyതସሺaଷcସሻ ൅ mସሺaଷaସsସሻሻሺθሶ ସሻ  

 
Hସଶ ൌ ሺmସxതସሺaଶsଷସ ൅ aଷsସሻ ൅ mସyതସሺaଶcଷସ ൅ aଷcସሻ ൅ mସሺaଷaସsସ

൅ aଶaସsଷସሻሻ൫θሶ ଶ൯
൅ ሺmସxതସሺaଷsସሻ ൅ mସyതସሺaଷcସሻ ൅ mସሺaଷaସsସሻሻ൫θሶ ଷ൯
൅ 0ሺθሶ ସሻ 

 
Hସଷ ൌ ሺmସxതସሺaଷsସሻ ൅ mସyതସሺaଷcସሻ ൅ mସሺaଷaସsସሻሻ൫θሶ ଶ൯

൅ ሺmସxതସሺaଷsସሻ ൅ mସyതସሺaଷcସሻ ൅ mସሺaଷaସsସሻሻ൫θሶ ଷ൯
൅ 0ሺθሶ ସሻ 

 
and 

Hସସ ൌ 0൫θሶ ଶ൯ ൅ 0൫θሶ ଷ൯ ൅ 0ሺθሶ ସሻ. 
 

The joint velocity column matrix can be given by: 
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ሶߠ ൌ ቎
ሶଶߠ
ሶଷߠ
ሶଶߠ

቏ 

 
The gravity torque vector and its elements are given by: 

 

Gሺθሻ ൌ ൝
Gଶ
Gଷ
Gସ

ൡ 

 
where the elements of the gravity torque vector are given as: 
 

Gଶ ൌ െሺmଶgሾcଶxതଶ െ sଶyതଶ ൅ aଶcଶሿ
൅ mଷgሾcଶଷxതଷ െ sଶଷyതଷ ൅ aଶcଶ ൅ aଷcଶଷሿ
൅ mସgሾcଶଷସxതସ െ sଶଷସyതସ ൅ aଶcଶ ൅ aଷcଶଷ ൅ aସcଶଷସሿሻ 

 
Gଷ ൌ െሺmଷgሾcଶଷxതଷ െ sଶଷyതଷ ൅ aଷcଶଷሿ ൅ mସgሾcଶଷସxതସ െ sଶଷସyതସ ൅ aଷcଶଷ

൅ aସcଶଷସሿሻ 
 
and  

Gସ ൌ െሺmସgሾcଶଷସxതସ െ sଶଷସyതସ ൅ aସcଶଷସሿሻ. 
 

The loading vector resulting from the interactive forces due 
to soil tool interaction and its elements are given in [1] and 
written as follows: 

 

FL୭ୟୢሺF୲, F୬ሻ ൌ  ൝
Fଶ
Fଷ
Fସ

ൡ 

 
where the elements of the loading vector are given as: 

 
   Fଶ ൌ aଶሾF୲ sinሺθଶ െ ρሻ െ F୬cosሺθଶ െ ρሻሿ,  
   Fଷ ൌ aଷሾF୲ sinሺθଶଷ െ ρሻ െ F୬cosሺθଶଷ െ ρሻሿ,  

and  Fସ ൌ aସሾെF୲sinλ ൅ F୬cosλሿ. 

IX. RESULTS AND DISCUSSION 
The proposed dynamic model has been derived by 

Lagrange-Euler (L-E) formulation for the three degrees of 
freedom of the backhoe excavator. The proposed dynamic 
model determines the required joint torques for the given set 
of trajectory points, joint angle vector θ, joint speed vector θሶ , 
joint acceleration vector θሷ . This proposed dynamic model will 
be useful to the autonomous controlling problem of the 
backhoe excavator. The MATLAB codes for the proposed 
dynamic model and for A. J. Koivo’s dynamic model [1] are 
developed. Parameters used for both the models are listed in 
Table I and as well as shown in Fig. 1. To obtain the joint 
velocity and acceleration the quadratic nonlinear equation is 
consider for trajectory planning. The total angle moved by 
boom, arm and bucket are 117.64°, 120.46° and 157.52° 
respectively and time required to move these angles from start 
position to end position are 9.5 seconds, 10.3 seconds and 8.48 
seconds respectively. For the validation purpose here we have 
considered the maximum breakout force condition.  

To reach at the maximum breakout force position, the 
boom, arm and bucket moves the angles of 44.13°, 107.69° 
and 137.31° respectively from its starting position and it 
required the time of 3.97 seconds, 7.54 seconds and 6.8 

seconds respectively. Based on the MATLAB codes the joint 
velocities and acceleration are obtained. This leads to the joint 
parameters θ୧, θሶ ୧, and θሷ ୧ for i = 2, 3, and 4 as shown in Table I. 

Here, the joint torques calculated for the maximum 
breakout force condition of 7626 N [2], and the parameters as 
listed in Table I are used in the MATLAB codes for both the 
proposed dynamic model and A. J. Koivo’s dynamic model 
[1], will give the following joint torque vectors. 

The calculated torque vector for the proposed model: 
 

τ୧ ൌ ൝
τଶ
τଷ
τସ

ൡ ൌ ൝
െ10518
െ5346
െ3788

ൡ 

 
The calculated torque vector for Koivo’s model: 
 

τ୧ ൌ ൝
τଶ
τଷ
τସ

ൡ ൌ ൝
െ9578.5
െ4980.3
െ3698.6

ൡ 

 
TABLE I 

PARAMETERS USED IN MATLAB CODES FOR DYNAMIC MODEL 
Description Symbol Value Unit 

Moment of inertia of link 2 (boom), 
link 3 (arm), and link (4) bucket 

with respect to z axis of the frame 
{2}, {3}, and {4} respectively 

I୸୸మ   
I୸୸య   
 I୸୸ర 

8.809856 
5.875598 
2.343296 

Kg·m2 

Mass of link 2 (boom), link 3 (arm), 
and link 4 (bucket) 

mଶ 
mଷ 
mସ 

51.664 
32.450 
22.007 

Kg 

The distance of centre of mass of 
boom from the origin of frame {2} 

in X2,  Y2, and Z2 directions 

xଶ 
yଶ 
zଶ 

0.566861 
0.375865 
0.000000 

m 

The distance of centre of mass of 
arm from the origin of frame {3} in 

X3,  Y3, and Z3 directions 

xଷ 
yଷ 
zଷ 

0.312503 
0.264238 
0.000000 

m 

The distance of centre of mass of 
bucket from the origin of frame {4} 

in X4,  Y4, and Z4 directions 

xସ 
yସ 
zସ 

0.400734 
0.150509 
0.000000 

m 

Acceleration due to the gravity of 
the earth g 9.81 m/s2 

Link lengths of boom, arm and 
bucket 

aଶ 
aଷ 
aସ 

1.34658 
0.72296 

0.547 
m 

Joint angles for joint 2, joint 3, and 
joint 4 

θଶ 
θଷ 
θସ 

0.2618 
5.1569 
6.2832 

radian 

Joint angle velocities for joint 2, 
joint 3, and joint 4 

θሶ ଶ 
θሶ ଷ 
θሶ ସ 

0.3156 
0.2402 
0.3442 

rad/sec 

Joint angle accelerations for joint 2, 
joint 3, and joint 4 

θሷ ଶ 
θሷ ଷ 
θሷ ସ 

0.0223 
-0.0552 
-0.1543 

rad/sec2 

The resistive force Fr 7626 N 
The digging angle 75.82 ߩ degree 

The angle between the bucket 
bottom plate plane and the positive 

X4 axis 

λ
ൌ θଶଷସ
െ 3π െ ρ 

54.63 degree 

 
It can be seen that the highest torque is acting at the joint 2, 

and lowest at joint 4 for both the models. The difference 
between the two models is 8.93 % for τଶ, 6.84 % for τଷ and 
2.36 % for τସ. The difference of torque at joint 2 of τଶ is 
higher compare to others because the of the geometrical 
difference in excavator model taken for study by A. J. Koivo 
et al. as given in [1], in which the front end of the boom 
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cylinders are attached at both side of the boom (link 2) and 
rear end of the boom supported by link 1from bottom, whereas 
in our case the front end of the boom cylinder is hinged on top 
surface of the boom and rear end hinged on swing link at 
upper side of the boom as shown in Fig. 1. The differences in 
results are very less and acceptable.  

X. CONCLUSION 
 A complete dynamic model of the backhoe in digging 

mode is presented using L-E approach. The proposed dynamic 
model can be used as the basis for automating the digging 
operation of the backhoe. This can be accomplished by 
designing the controller so that the entire system can be 
operated in autonomous mode. The approach presented can 
equally be applied to the operations of all type of backhoe 
excavators. The proposed dynamic model of the backhoe is 
useful in computation of the required torques for execution of 
a typical work cycle, which can be used for design of backhoe 
mechanism and helpful for autonomous application of 
excavator. Apart from this in designing the controller for the 
backhoe, this dynamic model can be utilized to obtain the 
desired performance, because the controller directly depends 
on the accuracy of the dynamic model and control algorithms. 
MATLAB codes are developed for our presented dynamic 
model which is based on L-E formulation and dynamic model 
presented by A. J. Koivo et al. [1] which is based on N-E 
formulation and compared them for same parameters. The 
results show the acceptable difference in values of torque. The 
variation in the torque is due to only the geometrical 
differences in the backhoe excavator models. 
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