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Exponential Passivity Criteria for BAM Neural
Networks with Time-Varying Delays

Qingqing Wang, Baocheng Chen, Shouming Zhong

Abstract—In this paper,the exponential passivity criteria for
BAM neural networks with time-varying delays is studied.By
constructing new Lyapunov-Krasovskii functional and dividing the
delay interval into multiple segments,a novel sufficient condition is
established to guarantee the exponential stability of the considered
system.Finally,a numerical example is provided to illustrate the
usefulness of the proposed main results.
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1. INTRODUCTION

I-DIRECTIONAL associative memory (BAM) neural

networks have been extensively studied in recent years
due to its wide application in various areas such as image
processing,automatic control,pattern recognition,and so on.
Therefore,it is meaningful and important to study the BAM
neural network.They were originally introduced by Kosko
[1-3],have attracted by many researchers.The problems of
robust passivity,delay-dependent and stability have been well
investigated;see,for example,[7,8,10-24] and references cited
therein.Moreover,the problems of dissipativity of neural
networks were proposed in [4,9].

Recently,the exponential passivity of neural networks with
time-varying delays has been studied.A typical example of it
is [5],where sufficient conditions have been obtained for
considered neural networks to be exponential passivity.But in
[5,6],the information of neuron activation functions and the
involved time-varying delays has not been adequately
considered,which may lead to some conservatism.In [7], the
derivative of a time-varying delay be less than 1,but it is not
necessary to consider the derivative of a time-varying delay
less than 1.

As so far,the problems of exponential passivity of BAM
neural networks with time-varying delays has not been
widely studied,which motivates this work.in the present
paper,we investigate the problem of delay-dependent
exponential passivity for BAM neural networks with
time-varying delays.The delay belongs to a given interval,and
the restriction that the derivative of a time-varying delay be
less than 1 is removed. A novel sufficient condition is
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established by dividing the delay interval into multiple
segments,and ~ constructing new  Lyapunov-Krasovskii
functional which contains some new integral terms.Finally, in
order to show the feasibility of the proposed criteria in this
paper,a numerical example is considered.

II. PROBLEM STATEMENT

Consider the following BAM neural networks with time
varying delays described by

#(t) =—Ax(t) + Cf(y(t) + Ef (y(t — h(1))) + p(t)

21(t)=f(y(1) + f(y(t = h(D))) + u(t)
y(t) =—By(t) + Dg(x(t)) + Fg(z(t — <(t))) + v(t)
() =g(x(t)) + g(a(t —<(t))) + v(t)
1)
where z(t) = [z1(t),z2(t),...,2,(t)]T € R™ and y(t) =

,yn(®)]T € R™ denote the neuron state

vectorS,g( () =[g1(21(1)), ga(@2(t)), - . -, gn(wn(t))]" € R"
and f(y(t))=[f1(y1(t)), f2(y2(t)), -, fu(yn(t))]" € R" are

the neuron activation function;A = diag{a;} € R™ and
B = diag{b;} € R™ are positive diagonal matrices;C and D
are the connection weight matrices,E and F are the delayed
connection weight matrices;u(t) and v(t) are the external
input vector to neurons;z; (t) and z2(t) are the output vector
of neuron networks.

The following assumptions are adopted throughout the paper.
Assumption 1: The delay h(t) and ¢(¢) are time-varying
continuous functions and satisfies:

[y1(8), y2(t), - -

0 <) <6,¢(t) <sp,0< h(t) < hh(t) < hp )

where <, h,sp and hp are constants.
Assumption 2: Neuron activation function g¢;(-), f;(-) in (1)
satisfies the following condition:

5 < Jile) — fi(B) < st

a—f -
o < gi(@) *?(5) <ot 3)
o

gi(o):O’fi(o):07aa5€R7a#ﬁvi:1’27"'7”'

where

St = diag{6],65,...,6 1,5 = diag{07,05,...,0, },
't = diag{o],05,...,00},T_ = diag{oy ,05,...,0,}
Thus,under this assumption,the following inequalities hold for
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any diagonal matrices Ry, Ry > 0
y (TR Sy(t) — [T (y() Ruf(y(t) = 0
el ()T RoLz(t) — g7 (2(t)) Rag(a(t)) 2 0
where
=di — 15T
Y =diag{d1,02,...,0n},0; 11;1;2(ﬂ{|5l [, 10,1},

“

I'=diag{o1,02,...,0,},0;,= max {|a1ﬂ7 lo |}
1<i<n

Definition 1 The system (1) is said to be exponentially
passive from input,if there exists an exponential Lyapunov
function V' (z, y;),and a constant p > 0 such that for all p(t)
and v(t),all initial conditions z(to) and y(tg),all ¢ > tg,the
following inequality holds:

V(@e,ye) + oV (2e,4e) < 2(21 (Ou(t) + 23 (v(t)), t >t

where V (, y;) denotes the total derivative of V (z,y;) along
the state trajectories x(t) and y(t) of system (1).
Lemma 1 [26]. The following inequalities are true :

yi(t)
0< /0 (fi(s) — 67 9)ds < (Fi(ws(®) — 67 ws®)mi(t) )

~yi (1)
0< / (675 — fi(s))ds < (57 ws(t) — [i(w())w(t) (6

0

Lemma 2 (Schur complement [25]).For any constant matrix
Hy,Hy, Hy,where Hy = HT and Hy, = HI > 0.Then

H, + H'H;'Hs < 0 if and only if Hy Hj <0 or
1 3 419 3 y H3 7H2

—H, H;

[Héf Hl] <0

III. MAIN RESULTS
In this section,a new exponential passivity criterion for
BAM neural networks with time-varying delays system is
obtained.For  representation  convenience,the following
notations are introduced:

z(t) = 2(t —<(t)), y(t) = y(t — h(t))

- 0T + 07 65 +65 St +6-
lediag 1+ 17 2+ 2’.“7 n+ n
2 2 2

igzdiag{cﬁ&fﬁ;é;,...,5;{5;}

T + 4o
= o to, oy +0y o, o,
l"lfdzag{ 5 , 5 ey >
fgzdiag{UfJ;,O’;U;,...,O’:O’;}
T T T S\ ..T 25, 7 =T
‘5 (t): z (t),:[ (t_ g)ax (t_ ?)71: (t_g)vx (t)a

@), 60,170, 70,7 - 3),

2h _
yT(t - ?)7 yT(t - h)v yT(t)7 fT(y(t))a
@), (1)
Theorem 1 Given that the Assumption 1-2 hold,the system
(1) is exponentially passive if there exist symmetric positive

definite matrices P;,Q;,i = 1,2,...,6,G, M, positive
diagonal matrices Wj;,j = 1,2,3,4,R, Ry, K; =
diag{ku, ]fgi, ey km},Ll = diag{lm lgi, ey lnz} 1= 1, 2,
any symmetric matrix 7,7 = 1,2, 3,4,and a constant p > 0,
such that the following LMIs hold:

(B! NTP@- 3T p,

* —Pg 0 <0 7
| * * —Py
P, ]
- Py >0 (8)
P, ]
B >0 9)
BTy
v Py >0 (10)
(P Ty
v Py >0 (11)
where

1 1 . .
E*=[E;] (1,5 =1,2,...,16)
N= [7A7On><12n7C,E,I] ’% = [07L><5n7D7F7[77B70n><7n]
P4:hP47P6:§P6

r(ep) = —(1=<ple ™, ifep <1
0)= —(1—¢p), ifsp>1

Fhr) — 7(1*hp)67ph, ifhp <1
M) = (. ifhp > 1

El, =pP, — PLA— AP, + 2T _L1A — 2" Ly A + T RoT’
+ G11—2G19T _ 4+ 2G 130T + T _Gool' - —2I'_GosI'™
+ TGl + Q1 + Q2+ Q3+ cPs—e T3
—2p0_ Ly +2pI'" Ly — T2 W3

E%ﬁ =—I1A+ LA+ G2 — G133 —T_Goy + T _Gos
+ TG, —T1Ga3 + pLy — pLy +T1 W3

Elg=P —T_L +T"Ly
E{ 4 =PC—T_LiC+T"LyC

El ;5=PE-T_LiE+T"LE

2ps

Ejy=—e5Q1,Ey=—e 5 Q
Ej =—e " (Qs —Ty)

Eé{a =7(sp)(FRoI' + G171 — 2G12T' + 2G13P+ + T _Gool'
— 2F,G23P+ + F+G33P+) — f2W4 + €_p<(T3 — T4)
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Bl =r(sp)Gra—G13 T _Goa+T _Gos+T TG — T Ga3)
+ Wy

Ejg = —Ro+ Ga2 — 2Ga3 + G33 — W3

E618 =1L — L27E619 = DTPQ — DTK12, + DTK22+

Ef14=11C— LoC+ D"K\— DKy, E§ ;= L1 E— L,E

Eé,w =—1I,El;=r1(sp)—Ra + Goz — 2Ga3 + G33)— W,
Ejg=F"P,— FTK\%_ + FTK,x"

Ej 1y =FTK| — FTKy, B} jg=—1

Egg=—2I,Eg 4=—I,Eg,5=—1

Ely=pP, — P,B—BP, +25%_K B — 251 K,B
+ SRS+ My —2M1oY +2My3St 45 Mpp¥
=28 Mas¥t + X Mas¥F + Qu+Qs+Qs+hPs
— e P —2p%_ K + 2p5t Ky — BoW)

Eg14=—BTKi + BKy + Mis — Mis — ©_Mas + 5_ Mo
+ ST My — ST Mg + S Wi + p(K1 — K>)

oh
Eg16=Py —S_K1 + X" Ky, By jp=—¢" 3 Q4

1 —2ph 1 —ph
Elinn=—€3% @5 By =—¢" (Qs — T2)

El313=7(hp SR1E + My —2M55_ +2Mys5F
3 MooX_ 2% _ My X 4 T MysX ™)
— EQWQ + eiph(Tl — T2)

Elg 5= 7(hp) Mz — Mg — S_Mas + S_Mas + X M,
— E+M33) + 21W2

Eig14= —Ri1+ My — 2Mas + Mzs — Wi
E115,15 =7(hp)(—R1+Maz—2Mo3+ Ms3)—W>

Eh,ls = K; — Ko, E116,16: —2I

All other terms are 0.

Proof: Construct a new class of Lyapunov functional
candidate as follow:

ZV Tt,Yt)

90t7 yt

with

Vi(we,ye) =" (6 Pra(t) +y" (8) Pay(t)

i(t)
2 (2, yr) QZ/y ka(fi(s 6;s)+k7;2(6js—fi(s))]ds

i (t)
+2 Z/o [lia(gi(s)—0; 8)+lia(0; s—gi(s))]ds

i=1

3(2¢, Yt) /
t h(t)
/ g(t)

(s)SR1Sy(s)—f" (y(s))Raf (y(s))]ds

()T RaT'a(s) ~" (x(5)) Rag (x(s))] ds

y(s) ’ y(s)
() / () — Z_y(s)| M|f(y(s)) — D_y(s)|ds
i h(t y(s) = fly(s)]  [ZTy(s) = f(y(s))
z(s) r z(s)
/ [ s)) —T_z(s)| Glg(x(s)) —T_xz(s)|ds
t—=<(t) I”rac (s) —g(z(s)) Trz(s) — g(z(s))
5 (24, Yt) /t . oy” (5)Quy(s)ls +/ . wy” (s)Qsy(s)ls

h t
+/t hsoy $)Qey(s )d8+/t_£ pr” (s)Q12(s)ds

3

t t
+ ()Qaa(s)ds + [ pa” (5)Qua(s)ds
tff t—g
0
Vate) = [ / (" () Pay(s) + 57 (5) Pag(s))ds
t+
:// (27 () Pya(s) + &7 () Poi ())ds
s Jt+0
where
(P:efﬂ(tﬂ)
My Mys M3 G G2 G
M= * Mss Mys| ,G=| x* Goz  Gas
* x  Mss * x (33

Then, taking the derivative of V (x4, y;) with respect to t along
the system (1) yields

V(2 ) = 227 (8) Pro(t) + 247 (£) Pag (t) (12)
V2($z7yt) 2(f (y(t)) yT(t)E—)Kly(t)
2" (O = £ (y(0) Kay(t) 0
+2(g" (x(t) — 2" ()T ) Ly (t)
+2(z" ()T — g7 (x(t))) Lo (1)

Vs (e, y¢) < —pVs + 2T (T ReT(t) — g7 (a(t)) Rag (1))
+r(sp)[E” (T ReTE(t) —g" (2(1)) Rag (2(1))]
y" ()ERiBy(t) — [T (y(t) Rif (y(1))

+f(hD)[QT(t)ERlzy() @) Ruf(5()]
(14)
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. x(t) ’ z(t) Here,using Lemma 1,we have
Vi(@e, ye) <—pVat|g(2(t)) = T-z(t)| G g(jﬂ t) —T'_(t) D ys(t)
r+x<z>)— ofa(t)] I oi<§> gl Y /0 [k fi(5) — 67 )+ ki (87 s— fi(s))] ds
z(t z(t i=1
w(gp)[g z(t)-T-z(t)| Glg -T(t))r_.f(t)] <(fly(®)=-y@) Ky )+ y(0)—f (y(1) " Kay(t)
THz(t)-g(z(1))]  [[Fa(t)-g(@ (1)) 22)
y(t) ’ y(t) n o (t)
+ [f(y(@®) —X_y()] M|f(y(t)) —E_y(t) 1i(gi(8) =07 8)+lio(o s—gi(s))]ds
L+y<t> 00 I f(y(t))] Z/ Pulssle) e ) Halors=ad)
7(t) T (t) L(g(z(t)T ()" Liz(t)+ (T z(t)—g(x(t)" Loz(t)
+7(hp) f(y(t))—zy(t)] M[f(y(t))—zy(t)] 23)
Syt —f(5(t)) Stg(t)—f(5(t)) s From (3), we can get that there exist positive diagonal matrices
Wi, Wy, W3, Wy such that the following inequalities holds:
. y(t) 17 S o] [ w(t)
Vil ) = —pVs + 27 (1)(Q1 + @ + Qa)al) e A | PR e
e F (-2 Qrx(t — s
, ( 32) ( 3)2 y(t) | B N A 17 y(t) | o 0 (25)
(= ) Qualt - %) sl [ 2 L) 2
—e 2T (t — ¢)Qsx(t — <) T -
’ (16) x(t) W3 T'hW3 x(t)
+y (f)(Q4 + C}?ls + QG)y(tf)l g(a(t))] N ,WJ {g(m(t))] =0 (26)
—e Syt - 2)Quylt - 3)
2on 32h 3 2% (f(t) 17 _—f2W4 I'yWy Z’(t) >0 27
—eiTyT(t - ?)st(t - ?) g(@@)] | = _WJ {g(j(t))] B
_efphyT(t — h)Qey(t — h) From (12)-(27),we can get
V(@e,ye) + pV (e, ye) — 221 (H)p(t) — 223 (£)v(t)
Vi (@, ye) S=pVet hly™ (¢) Pay(t) + §(t) Pag (1)) <M()(B" + RTPR + ST PQ)E()
(@ () Psa(t) + &7 (8)Pyi() [ e T,
t i(s x  Pylly(s
o - SIS s 2 g
_e_P</ (J:T(S)P51:(s) +$T(5)P@-¢(s))d5 /tzh %(;)}TL* TP4][?Z(;)}
t—¢ (s 5 3|T(S
(17) _‘/t'_q(t)|;(:(3)_ I " PG_ :’L'(S)_ dS
Now,we consider the following four zero equalities with an SO Ty (s
sy(:nmefri(::on:atreix Tleﬂ(’;(;}gﬂ% ° o e o _/t—c ngsg] {1: Z’G_ LUES;] ds

t

VT OTI02 [ 3=

(18)

t—h(t)
y"(s)Tay(s)ds =0

(19)

57 ()T (6~ (t— ) Tay (t—h)-2 /

t—h

wT(t)Tgx(t)—fT(t)Tgi'(t)—Q/ 21(s)T3i(s)ds=0  (20)

t—q(t)

t—q(t)
21(8)Tya(s)ds=0

21

T Ty (£ (b — )Ty (t— )2 /

t—¢

Using Lemma 2,and (7)-(11),we can get
V@, ye) + pV (e, ye) < 221 () — 225 (8)w(h)

Based on Definition 1, the system (1) is guaranteed to be
exponential passivity,which complete the proof. |

Remark 1 Firstly,in this paperthe restriction that the
derivative of a time-varying delay be less than 1 is
removed.Secondly,dividing the delay interval [0, k] and [0, ¢]
into three different ones [0,% ,[%, %]7 [%,h] and
0,5],[5, %], [%.<] .respectively,and  constructing  new
Lyapunov functional which contains some new integral
terms.It have potential to yield less conservative results.
Remark 2 Theorem 1 reduces to the LMIs exponential
stabil ity condition for delayed BAM neural networks if the
wu(t) =0 and v(t) = 0.
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Next,we consider the special case of the system (1) with
wu(t) =0,v(t) = 0.

Corollary 1 Given that the Assumption 1-2 hold,the system
(1) is exponentially passive if there exist symmetric positive
definite matrices P;,Q;,1 = 1,2,...,6,G, M ,positive
diagonal matrices Wj;,7 = 1,2,3,4, R, Ry, K; =
diag{kh-, k’gi, ey knz}’Lz = diag{lh-, lgi, ey l,m} i = ]., 2,
any symmetric matrix 7;,2 = 1,2,3,4 and a constant p > 0
such that the following LMIs hold:

[F1 NTR STP

x  —DPs 0 | <0 (28)
L * * —P4
[Py T4
v Py >0 29)
P, ]
. Py >0 30)
BTy
e Py >0 31
(P Ty
v Ry >0 (32)
where

N1 = [_Aaonxllnaca E} agl = [07L><571,7D7Fa _B’Onxfm}
1 _ 1 s g
F = [F”] (i,7=1,2,...,14)

Fly =pP, — PLA— AP, + 2T _L1A — 2" Ly A + TRT
+G11—2G12T 4+ 2G 1301 + T _Gool' . —2T_Gaal't
FTH Gl + Q1+ Qo+ Qs+ cPs—e T3
—2p0' Ly +2pT' Ly — Ty W3

Fll()' = _LlA + L2A + G12 - G13 — F_GQQ + F_Ggg
+ F+Ggs — P+G33 + le — pLQ —+ f1W3

Fli3=PC-T_LC+T"L,C

Flyy,=PE-T_LiE+T"L,E

2ps

Fiy=—e 5Q1, Fly=—¢ 5 Qs
Fjy=—e " (Qs —Tu)

Fly =r(sp)(TRol + Gi1 — 2G1ol'— + 2G5 + T_Gaol'—
— 2T _GogTT +TTG33T) — ToWy + 77 (T3 — Ty)

F517 = T(gD)(Glg—Glg—F,GQQ +F,G23 +F+G53—F+G33)
+ Ty Wy

Fjs = —Ry + Gag — 2Ga3 + G335 — W3

Fg13=L0,C— Ly,C+ D"K,— D"K,,F§ ,,= LE— L,E
Frr=1(sp)—Rz + Ga2 — 2G5 + G33)— W,
Fi=FTP, — FTK\%_ + FTK,%
Fl3=F"K, - F'K,
Fly=pP, — P,B— BP, +2%_K,B - 2" K,B
+ RN+ My —2M198 +2M 3N+ % My ¥

—28_MySt + ST M3t 4+ Qu+Q5+Qs+hPs
— e P —2p% Ky + 2p5t Ky — $oW)

F81,13:—BTK1 + BKy + Mya — Mg — X_ Moy + 3X_Mog
+ YT ML — ST Mz + S, W + p(K; — Ko)

oh

F1u=P =S K1+ STKy, Fyg=—e"5 Q4

—2ph

Flojo=—€73 Qs5,F}; ;;=—e""(Qs — T2)

Fiy 19=T(hp) SRS + My —2M155_+2M;35+
Y Mayp¥_ —2%_ My + BT M3z2T)
— Z_QW2 + e_ph(Tl — T2)

Flyq,=7(hp)(Miz — Mys — S_ Moy + S Mg + ST M3,
— E+M33) + X1 Wy

Fl313= —Ry + Moy — 2Ms3 + M3z — W)

F114,14 =7(hp)(—R1+Maz—2Mo3+ Msz3)—W>
All other terms are 0.

Proof: The proof of the Corollary 1 is consequence of
Theorem 1 by choosing p(t) = 0,v(t) = 0.Hence the proof
is omitted. ]

Remark 3 In this paper,Theorem 1 and Corollary 1 require
the upper bound hp,<p to be known.However,in many cases
hp,sp is unknown,considering this situation ,we can set
R; =0,(i=1,2),M = G =0 in V(24,y:),and employ the
same methods in Theorem 1 and Corollary 1,we can derive
the delay-dependent and delay-derivative-independent
exponential passivity criteria.
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IV. EXAMPLE

In this section,we provide a example to demonstrate the

TABLE I

MAXIMUM VALUE OF p WITH DIFFERENT n1, n2 IN EXAMPLE 1

. s Method Theorem 1 Corollary 1
effectiveness and ffeamblhty of our results. ‘ TT=01,ny =04 Ta67 3557
Example 1 Consider the BAM neural networks with the n1 =0.4,ns = 0.4 1.159 3.230
following parameters: n1 = 0.6,n2 = 0.7 1.028 3.113

n1 =0.8,n2 =0.9 0.921 2.979

1.8 0 25 0 -1 0

A:{O 22}732{0 22},0:[_1 _1]7 TABLE I

MAXIMUM VALUE OF p WITH DIFFERENT h, ¢, UNKNOWN hp, sp IN

0.1 0 0.9 0.1 0.3 0.1 EXAMPLE 1
D= { 0 —0.1} B= [0.1 0.5] F= {0.1 0.4} ’
Method Theorem 1 Corollary 1
Yt =diag{0.1,0.1}, ¥~ =diag{—0.1, —0.1}, h=01,c=03 1.183 3703
. _ . h=03,¢=0.3 1.178 3.000
I =diag{1,1},T" =diag{-1,-1}, h=0.5,¢=04 1.107 2.816
and f1(s)=tanh(—0.7s), f2(s) =tanh(0.2s), h=075=08 0856 2448
g1(s) =tanh(—0.2s), g2(s) =tanh(—0.8s)
h(t) = 0.8] cost|,s(t)=0.8|sint|. 2
In Table I,we consider the case of h = ¢ = ny,hp = ¢p = \ -+ =x
ng.the upper bound of p is derived by Theorem 1 and Corollary 15 o ;28 1
1.According to Table II,we can know the maximum values of 1(1 . y;(t) |
p for various h,¢,and unknown hp,<p.By using the Matlab 4\\*
LMI toolbox,we solve LMIs (7)-(11),for the case of h = ¢ = g 05F Wy 1
0.6,sp = hp = 0.7, p = 1.028,and obtain g .
_ 8 0 ¥ R R
P 2.9045 —0.0637 P 0.7688 0.1800 g #
"7 |-0.0637 3.1610 | *7 " |0.1800 0.4953]° P ]
P [0.4171 0.2033 P 0.2005 0.1067 -1 :
#70.2033 0.1061| "'~ [0.1067 0.0829]° (‘
- -15( ]
P 0.4354  —0.1857 P 1.5861 0.1032
>7|-0.1857 2.8541 |7 %7 [0.1032 0.2407]° -2 ‘ : : :
L 0 20 40 60 80 100
Time t
Q1= [ 0(')0811;0 _001%:;310} Qo= { Oboééfl _001%%111} , Fig.1. The state response of system (1) in Example 1.
05— [ 0.8193 —0.0038 Qu= 0.1185 0.0571
57 1-0.0038  0.8689 |’ [0.0571 0.0279]° V. CONCLUSION

Qs [0.1183  0.0274] Qg |0-0808 0.0389
>~ 0.0274  0.0450] " ¢° ™ |0.0389 0.0190)°

In this paper,the issues of delay-dependent exponential
passivity analysis is investigated for BAM neural networks
with time-varying delays.The obtained criteria are less
conservative because a bounding technique of integral terms
with free-weighting matrices in different delay intervals is
utilized. Finally,for this problem,one example is provided to
show the feasibility of the proposed criteria in this paper.
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