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Almost periodicity in a harvesting Lotka-Volterra
recurrent neural networks with time-varying delays

Yongzhi Liao

Abstract—By using the theory of exponential dichotomy and
Banach fixed point theorem, this paper is concerned with the problem
of the existence and uniqueness of positive almost periodic solution
in a delayed Lotka-Volterra recurrent neural networks with harvesting
terms. To a certain extent, our work in this paper corrects some result
in recent years. Finally, an example is given to illustrate the feasibility
and effectiveness of the main result.
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[. INTRODUCTION

HE Lotka-Volterra type neural networks, derived from

conventional membrane dynamics of competing neurons,
provide a mathematical basis for understanding neural selec-
tion mechanisms [1]. It was shown that the continuous-time re-
current neural networks can be embedded into Lotka-Volterra
models by changing coordinates, which suggests that the
existing techniques in the analysis of Lotka-Volterra systems
can also be applied to recurrent neural networks [2]. In recent
years, there are some papers concerning with the dynamic
behaviours of Lotka-Volterra recurrent neural networks [1-
4]. In [3], the convergence involving global exponential, or
asymptotic, stability of the following Lotka-Volterra recurrent
neural networks is discussed:

i (t) = xi(t) [m - i:l aijz;(t)

- Z bijl‘j(t - Ti]'(t)):|, t> O,

j=
l’l(t) = d)l(t) > 0, Vit € [*’T, 0],

where x;(t) denotes the state of neuron ith at time ¢. Real
numbers a;; and b;; represent the synaptic connection weights
from neuron j to neuron 7 at time ¢ and ¢ —7;;(t), respectively,
and r; denotes the external input. The variable delays 7;;(t) for
i,j =1,2,...n are non-negative functions satisfying 7;;(¢) €
[0, 7] for t > 0, where 7 is a constant.

By using the theory of exponential dichotomy and contrac-
tion mapping principle, many scholars increasingly have their
eye on the existence and uniqueness of almost periodic solu-
tions of all kinds of neural networks (e.g., Shunting inhibitory
cellular neural networks [5], Hopfield neural networks [6],
Cohen-Grossberg neural networks [7-8], etc) in the recent ten
years. Also, Liu et al. [4] focused on studying the existence
and uniqueness of positive almost periodic solution of the
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networks extended from network (1):

n

Bt) = @alt) [rit) = - a4y (t)a; (1)

Jj=1
- il bij(t)z;(t —7i;(t)) |, t>0, @
i=
l‘l(t) = ¢Z(t) >0, Vte [*T, 0]

By using the theory of exponential dichotomy and contrac-
tion mapping principle, the authors obtained some sufficient
conditions for the existence and uniqueness of almost periodic
solution of system (2). Unfortunately, the work in [4] is not
perfect (see Remark 3.1 in Section 3).

In many earlier studies, it has been shown that harvesting
has a strong impact on dynamic evolution of a population,
e.g., see [9-12]. So the study of the population dynamics
with harvesting is becoming a very important subject in
mathematical bio-economics. This paper is concerning with
the almost periodic solution of the following delayed Lotka-
Volterra recurrent neural networks with harvesting terms:

(0) = () r(0) = S a0,

== ny(0)] - .

where r;(t) > 0, a;;(t) > 0, b(t) > 0, hi(t) > 0
and 7;;(t) > 0 are all almost periodic functions for each
i,7 =1,2,...,n, h;(t) > 0 represent harvesting terms. The
meanings of the parameters are the same as the corresponding
ones mentioned in system (1). From the point of view of biol-
ogy, we focus our discussion on the existence and uniqueness
of positive almost periodic solution of system (3) by using
the theory of exponential dichotomy and Banach fixed point
theorem. When h; (i = 1,2,...,n) is small enough and close
to zero, then system (3) is approximately equivalent to system
(2). Therefore, our work in this paper corrects the defect in
article [4] to a certain extent.

For any bounded function f € C(R), f* = sup,cg [(5).
f~ = infser f(s). We list some assumptions which will be
used in this paper.

(Hy) 7, aij, bjj and h; are nonnegative almost periodic

functions with 0 < h; < r;r, i,j=12,...,n.

(Hz) There exist positive constants  7; €
|:7':rh;r (7'?)2}1?) .

—i_t i i) (3=1,2 ...n) such that

r- 7 r h;
i i Y

sup {—7‘1(&)-‘!‘2 2a“(é)+z QbU(é)} < —N; < 0,

seR J=1
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where : =1,2,...n

The organization of this paper is as follows. In Section 2, we
give some basic definitions and necessary lemmas which will
be used in later sections. In Section 3, by using Banach fixed
point theorem, we obtain some sufficient conditions ensuring
existence and uniqueness of positive almost periodic solution
of system (3). Finally, an example is given to illustrate that
the result of this paper is feasible.

II. PRELIMINARIES

Now, let us state the following definitions and lemmas,
which will be useful in proving our main result.

Definition 2.1. ([13,14]) x € C(R,R") is called almost
periodic, if for any € > 0, it is possible to find a real number
I =1(e) > 0, for any interval with length [(¢), there exists a
number 7 = 7(€) in this interval such that ||z(t+7) —x ()| <
€, Vt € R. The collection of those functions is denoted by
AP(R,R™).

Definition 2.2. ([13,14]) Let y € C(R,R"™) and P(t) be a
n X n continuous matrix defined on R. The linear system

y(t) = P()y(t)

is said to be an exponential dichotomy on R if there exist
constants k, A > 0, projection S and the fundamental matrix
Y (t) satisfying

1Y (0)SY ()] < ke,
Y () = )Y ~1(s)| < ke 670, W<,

Lemma 2.1. ([13, 14]) If the linear system y(t) = P(t)y(t)
has an exponential dichotomy, then almost periodic system

y(t) = P(t)y(t) + g(t)

has a unique almost periodic solution y(¢) which can be
expressed as follows:

t) = [ Y (t)SY ~1(s)g(s)ds
- /too V()T = S)Y~(s)g(s) ds.

vVt > s,

Lemma 2.2. ([14,15]) Let a,b € AP(R,R). If
1 /7
M(a) = Tll_I};O?/(] a(s)ds # 0,
then y(t) = a(t)y(t) + b(t) exists a unique almost periodic
solution y(t) can be written as follows
Jooel @y a5, m) <o,

t) = t
o - f;roc efs a() dub(s) ds, m(a) > 0.

Lemma 2.3. (Banach fixed point theorem [16]) Assume
that (B, p) is a complete metric space, T : (B, p) — (B, p) is
a contraction mapping, i.e., there exists A € (() 1), such that

p(Tz, Ty) < Ap(z.,y), Yz, y € B.

Then T has a unique fixed point in B.

III. EXISTENCE AND UNIQUENESS OF POSITIVE ALMOST
PERIODIC SOLUTION

In this section, we study the existence and uniqueness of
almost periodic solution of system (3) by using Banach fixed
point theorem.

Let

i — 1=1,2,...n
r; TN

y (Hs), it is easy to see that k; < [; < 1,i=1,2,...n
Set

B= { x=(x1,29,...,1,)7 € AP(R,R"):

k; < Il(t) <[l VteR,i= 1,2,77,}
with the distance p(z,y) from z to y is defined by
plz,y) = 121%’%{?23 |lzi(t) — wi(t)]},

where  z(t) = (z1(t), 22(t), ..., z)T, (1) =
(y1 (1), y2(t),...,yn)T € B. Obviously, (B, p) is a complete
metric space.

Theorem 3.1. Assume that (H7)-(H2) hold, then system
(3) has a unique almost periodic solution in B.

Proof: For V¢ = (¢1,¢2,---,9n)T € B, we consider

the almost periodic solution of nonlinear almost periodic
differential

y=ri (1) t)[zaljum(t)

+Zbu o5t m())} nE, @

where i = 1,2,...n. Notice that M(r;) > 0,i=1,2,...n
Thus, by Lemma 2.2, we obtain that the system (4) has exactly
one almost periodic solution:

2?(t) = (@ (1), a5 (1), ... af ()"
where
“+o00 s n
st = [T IO o6 Y aseens)

+ 2_; bij(s)ei(s — nj(s))} + hi(s)} ds,

in which i =1,2,...n
Now, we give a mapping 7' defined on B by setting

T(p) = (T1(¢), Ta(9), - .., Tu())"
= ($f7x§~,~~-7%ﬁ)T, Yo € B.

First, we prove that the mapping 7" is a self-mapping from
B to B. In fact, Vi € B, in view of definition of 7', we have

ot
T()(t) > /

i
= F
T

e S i d"hi(s) ds

=k, YVteR,i=12,...n. (5
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+oo n
_ fffw)du{ . { (5
On the other hand, it follows that /t ¢ vile) Jz::l @53 ()95 (5)
Te)(0) 3 o) (s = )] + (o) s,
_ 7‘[‘ r(u)du{ ) |: - ) J=1
/t ' ZaU(S)%(S) where ¢ = 1,2, ...n. Under definition of p(z,y), we have
St o] o s i) -0
i=1 ' = sup|Ti(p)(t) — T(4)(1)]

<[ _fsm(u)du{”u“ —sup| | meff““““{wi(s)[jzn;aixsmw
*Zb” ]+ o f o +§bﬁ<s>¢j<s—m<s>>]+hi<s>}ds

: / ok "(u)du{“u“”(s) AR Ol B E
* Z bu(0)] 4 pas + Z b (530 = o) | + Jhi<s>} ds
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/+oo —fsrz(u)du
sup e J

teR Jt

¥ Z 20 (5)] + hi<s>}st ! iaij(s) .

s)|pi(s)pj(s — Tij(s))

5)pj(s) — Yi(s);(s)
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hi
= —i(8)1i(s — T,»,»(s))‘} ds
+o0 s
N ri(u) du oo s
lz:/t {n‘(é)e Jore }ds - Sup/+ o [ i) du

teR
( s )) 4(5)

—I; /ﬁonel(g t>ds+:f: {Zaw
+0i9) (1) - 1,0 )|

+oo d t\ ri(u) du)
= 75/ ds

—l; / e’ ¥ ds + -
' ri +3 bij(s) <%(S) - %‘(8)) @j(s —7ij(s))
h+ Jj=1
:l—l/ nez(s Y ds 4 —-
o #0n(6) (505 = 75D — 55 - m(s))) s
i h; )
<(1--)i+-—+=1l, VteR,i=12,...n. (6) too s
7‘; ; < sup/ . ft 7z(u)du {Za” (s) + ¥i(s)
teR
By (5) and (6), we get that T is a self-mapping from B to
B. | N +me 38— 7ig(8)) () }ds Pl )
Next, we show that 7" : B — B is a contraction mapping.

In fact, for V¢, € B, we have

IN

sup [0 LS 0
j=1

Ti(p) = T; () teR

- /tme—ﬁ”*“)d“{wi(s)[iaij<s>%<s> +sz7 )i+ 1) as ot v)

3 by (6)ests = 7] + i) s sup [ Jmerend g 2a,(s)

j=1

IN
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3 205(5) f ds- ol )

IA

toe fs ri(u) du
sup/ e Jo T ri(s) — mil ds - ple,¥)
¢

teR

+oo s
sup </ 7"1(8)6_ ft ri(u) du ds
t

teR
T L,
‘/ e Ty, ds) -, ¥)
t
i

i

It follows from (7) that

T, 7)) < max {12 Lol 0) = Aol )

T 1<i<n
K3

IN

IN

i=1,2,...n. )

where A = maxi<;<n {1 — T”—i} € [0,1), which implies that
the mapping T : B — B is a contraction mapping. Therefore,
the mapping 7' possesses a unique fixed point

*

T
z* = (z7,25,...,2;)" €B, Tz" =z

So system (3) has a unique almost periodic solution. This
completes the proof. ]

Remark 3.1. In article [4], by using the contraction map-
ping principle, Liu et al. obtained that system (2) has a unique
positive almost periodic solution in €2, where

Q= { x=(x1,29,...,1,) € AP(R,R") :
zi(t) > 07, Y piwi(t) <1, V¥t € R,i = 1,2,...n},
i=1

in which p; (i = 1,2,...,n) are positive constants and 07 is
defined as follows:

Definition 3.1. (See Definition 1 in [4]) Define 0T as a
positive number, which is infinitely close to, yet not equal to,
0, and satisfying

0t =a0™, Vla| € (0,+0c0).

However, think carefully and we find that the number 0T
defined by Definition 3.1 (i.e., Definition 1 of [4]) does not
exist. Therefore, €) defined in [4] is invalid and their work is
not perfect.

Remark 3.2. When h; (i = 1,2,...,n) is small enough
and close to zero, then system (3) is approximately equivalent
to system (2). Therefore, our work in this paper corrects the
defect in article [4] to a certain extent.

IV. AN EXAMPLE

Example 4.1. Consider the following Lotka-Volterra recur-
rent neural networks with harvesting terms:

5(0) = ()1 = Y aira,(0)

= bij(t);(t — 1)} —0.1. (8)

j=1

where b;;(s) = 0.1sin*(v/3s) (i,j = 1,2) and

() mal) ) —oa (2 s ).

Then system (8) has a unique positive almost periodic solu-
tion.

Proof: Corresponding to system (3), a;rj =0.1, b1+ =0.1,
r; =1land hj = h; =0.1,4,j = 1,2. Taking 1 = 12 =
0.2. By a easy calculation, we obtain

seR

2 n
sup { —ri(s) + ZQaij(s) + Z2bij(s)} < —-0.2 <0,
j=1 =1

where ¢ = 1, 2, which implies that (H5) in Theorem 3.1 holds.
It is easy to verify that (H;) in Theorem 3.1 is satisfied and
the result follows from Theorem 3.1. This completes the proof.

|
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