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Fixed Point Theorems for Set Valued Mappings in
Partially Ordered Metric Spaces
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Abstract—Let (X, <) be a partially ordered set and d be a metric
on X such that (X,d) is a complete metric space. Assume that X
satisfies; if a non-decreasing sequence z, — x in X, then x, =<
x, for all n. Let F' be a set valued mapping from X into X with
nonempty closed bounded values satisfying;

(i) there exists x € (0,1) with

D(F(z), F(y)) < kd(z,y), for all x Xy,

(i) if d(z,y) < e < 1 for some y € F(z) then z < v,

(iii) there exists xo € X, and some z1 € F(xo) with o <X 21
such that d(xo,z1) < 1.
It is shown that F' has a fixed point. Several consequences are also
obtained.

Keywords—Fixed point, partially ordered set, metric space, set
valued mapping.

[. INTRODUCTION

ET (X,d) be a complete metric space and CB(X) be
the class of all nonempty closed and bounded subsets of
X. For A, B € CB(X), let
D(A, B) := max{supd(b, A), supd(a,B)},
beB acA

where
d(a,B) = blg]g d(a,b).

D is said to be a Hausdorff metric induced by d.

Banach’s contraction principle [13, Theorem 2.1] is one of
the fundamental and useful tool in mathematics. A number
of authors have defined contractive type mapping [24] on
a complete metric space X which are generalization of the
Banach'’s contraction principle. Because of its simplicity it has
been used in solving existence problems in many branches of
mathematics [25]. In 1969, Nadler [15] extended the Banach’s
principle to set valued mappings in complete metric spaces and
proved the following result.

Theorem 1.1. [15] Let (X, d) be a complete metric space and
F : X — CB(X) be a set valued mapping. If there exists
k € (0,1) such that

D(F(z), F(y)) < kd(z,y), for all x,y € X.

Then F has a fixed point in X.
Various fixed point results for contractive single valued map-
pings have been extended to set valued mappings, see for
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instance [23], [14], [9], [8], [21], [12], [5] and references cited
there in. Recently Ran and Reurings [22] initiated the trend of
weaken the contraction condition by considering single valued
mappings on partially ordered metric space. They proved the
following result:

Theorem 1.2. [22] Let (X, <) be a partially ordered set such
that every pair z,y € X has an upper and lower bound. Let
d be a metric on X such that (X,d) is a complete metric
space. Let f : X — X be a continuous monotone (either
order preserving or order reversing) mapping. Suppose that
the following conditions hold:

1) there exists x € (0,1) with

d(f(x), f(y)) < kd(z,y) for all x 2 y.

2) there exists g € X with zg < f(xg) or fzg =X xg.
Then f has a unique fixed point z* € X and for each
reX,

nhﬂrrgof () = z*.

Ran and Reurings [22] result was further extended by [17],
(191, [11, [10], [20], [7], [2], 3], [4], [18], [11], [16], [6].
Aim of this paper is to obtain by following Ran and Reurings,
some results on fixed point for lower set valued mappings
on a partially ordered metric space with a weaker contractive
condition.

II. PRELIMINARIES

Let F: X — 2% be a set valued mapping i.¢, X 3 z — F(z)
is a subset of X.
Definition 2.1. A point z € X is said to be a fixed point of
the set valued mapping F' if z € F(z).
Definition 2.2. A partial order 1is a binary relation < over a
set X which satisfies the following conditions:

1) x <X x (reflexivity);

2) if x Xy and y < z then x = y (antisymmetry);

3) if z <y and y < z then x < z (transitivity);

for all x, y and 2z in X.
A set with a partial order < is called a partially ordered set.
Definition 2.3. Let (X, <) be a partially ordered set and z,y €
X. x and y are said to be comparable elements of X if either
ryory x.
Lemma 2.4. [15] If A, B € CB(X) with D(A, B) < € then
for each a € A there exists an element b € B such that
d(a,b) <e.
Lemma 2.5. [15] Let {A,} be a sequence in CB(X) and
lim,, 0o D(4,,A) = 0 for A € CB(X). If z,, € A,, and
lim, 00 d(2y, ) = 0, then = € A.
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III. MAIN RESULTS

We begin with the following theorem that gives the existence
of a fixed point (not necessarily unique) in partially ordered
metric spaces for the set valued mapping.
Theorem 3.1. Let (X, <) be a partially ordered set and d be
a metric on X such that (X, d) is a complete metric space.
Assume that X satisfies: if a non-decreasing sequence x,, —
in X, then x,, < z, for all n.

Let F: X — CB(X) satisfying:

1) there exists x € (0,1) with

D(F(z), F(y)) < rd(z,y), for all z < y.

2) if d(z,y) < e < 1 for some y € F(x) then z < y.
3) there exists 2o € X, and some x; € F(xg) with 29 <
z; such that d(zg,z1) < 1.

Then F has a fixed point.
Proof. Let 9 € X then by assumption 3 there exists x; €
F(xzg) with zg < 27 such that

d(zg,x1) < 1. (1)

By using assumption 1 and inequality 1 we have,
D(F(z9), F(z1)) < kd(z9,71) < K.

Using assumption 2 and Lemma 2.4, we have the existence of
x9 € F(x1) with 1 <z such that

d(x1,m2) < K. 2)
Again by assumption 1 and inequality 2 we have,

D(F(x1), F(22)) < k d(z1,72) < K2,
therefore,
d(z2, F(z2)) < 2.

Continuing in this way we obtain z,, € F'(x,—1) with z,,_; <
x,, such that,

d(Tp—1,7n) < K71
and
d(xp, F(zy,)) < £".

From the above inequality and by the assumption 2 we have
the existence of x,,1 € F(x,) with z,, < 2,11 such that,

ATy, Tpy1) < &™. 3)

Next we will show that (x,,) is a Cauchy sequence in X. Let
m > n. Then

d(.Z'n,Im) S d(xn»:rn+1) + d(£n+1;£n+2) + ..+ d(l‘mfla Im)
< [H" —FH”JFI +}£’n+2 N _|_K/m71]
= K"14+k+rE T

m—n
_ [1—/£
11—k
Kn

<

1—k"’

because x € (0,1),1 — k™" < 1.

Therefore d(x,,, x,,) — 0 as n — oo implies that (x,,) is a
Cauchy sequence and hence converges to some point (say) z
in the complete metric space X.

Next we have to show that z is the fixed point of the mapping
F. Since z,, is a non-decreasing sequence in X such that
x, — x therefore we have z,, < z for all n.

From assumption 1, it follows that

D(F(zy,), F(2)) < k d(zp,z) — 0.

Now because 41 € F(z,), it follows by using Lemma 2.5
that © € F(z), i.e., = is fixed under the set valued mapping
F.

Remark 3.2. If we replace assumption 2 in Theorem 3.1 by
the condition: if z,y € X with z < y and if for all u € F(x)
there exists v € F(y) such that d(u,v) < 1 then u < v, and
assuming all other hypothesis, we obtain that F' has a fixed
point.

The contraction condition given by Nadler [15] is stronger
than the contraction condition used in our Theorems 3.1. Also
Theorem 3.1 with the condition stated in the Remark 3.2
partially generalize the result of Ran and Reurings [22] and
Nieto et al. [17] .

Corollary 3.3. Let (X, =) be a partially ordered set and d
be a metric on X such that (X, d) is a complete metric space.
Let f: X — X be a single valued mapping satisfying

1) there exists x € (0,1) with

d(f(x), f(y)) < wkd(w,y), for all z < y.

2) f is order preserving i.e., if x,y € X, with x < y then
f(z) = f(y).
3) there exists xg € X with zg = f(z¢) = 21 (say).
4) if a non-decreasing sequence x,, — x in X, then z,, <
x, for all n.
Then f has a fixed point.
Similarly we can establish the following result which is an
analogue of Theorem 3.1.
Theorem 3.4. Let (X, <) be a partially ordered set and d be
a metric on X such that (X, d) is a complete metric space.
Assume that X satisfies: if a non-increasing sequence x,, — =
in X, then z < z,, for all n.
Let F: X — C'B(X) be a set valued mapping satisfying:

1) there exists x € (0,1) with
D(F(z), F(y)) < kd(z,y), for all y X x.

2) if d(z,y) < e <1 for some y € F(x) then y < x.
3) there exists o € X, and some 1 € F(z() with z; =
xo such that d(zg,z1) < 1.
Then F' has a fixed point.
Proof. It follows on the similar lines as Theorem 3.1.

Remark 3.5. In Theorems 3.1 and 3.3, we can also replace
the assumption of monotonicity of the terms of the sequence
by the comparability.

Theorem 3.6. Let (X, <) be a partially ordered set and d be
a metric on X such that (X, d) is a complete metric space.
Let F: X — CB(X) satisfying:
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1) there exists x € (0,1) with
D(F(x),F(y)) < kd(z,y), for all x < y.

2) if d(z,y) < € < 1 for some y € F(x) then x < y or
y =

3) there exists o € X, and some 1 € F(z() with zg =
x1 or x1 =X xo such that d(zg,z1) < 1.

4) if =, — x is any sequence in X whose consecutive
terms are comparable then x,, < x or x <X x,, for all n.

Then F has a fixed point.
Proof. It follows on the similar line by using Theorem 3.1 and
Theorem 3.4.
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