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Abstract—Darcy’s Law is a well-known constitutive equation
describing the flow of a fluid through a porous medium. The
equation shows a relationship between the superficial or Darcy
velocity and the pressure gradient which was first experimen-
tally observed by Henry Darcy in 1855-1856. In this study, we
apply homogenization method to Stokes equation in order to
derive Darcy’s Law. The process of deriving the equation is
complicated, especially in multidimensional domain. Thus, for
the sake of simplicity, we use the indicial notation as well as the
homogenization. This combination provides a smooth, simple
and easy technique to derive Darcy’s Law.

Keywords—Darcy’s Law, Homogenization method, Indicial
notation.

I. INTRODUCTION

ARCY’S Law is one of the most important equations

used to model porous media [3], [4], [6], [7]. Em-
ploying the equation without knowing the derivation may
cause some problems to researchers. This disadvantage
may hide them from having an appropriate equation for
their research problems. Understanding the foundation
of the equation may guide authors an appropriate way
to adjust the equation and can lead them to have a
useful model. In this article, we demonstrate the derivation
of Darcy’s Law using homogenization method and also
employing the knowledge of indicial notation, see Section
II, which is sometimes referred to as Einstein notation. In
Section III, we introduce homogenization method, which
is an upscaling technique from microscale to macroscale
equations, and then apply this method to Stokes equation
to derive Darcy’s Law. We draw conclusions in Section I'V.

II. INDICIAL NOTATION

Indicial notation 1is a convenient notation for
manipulating vectors, tensors (a generalization of
vectors to higher order), and equations involving these
quantities. This notation provides a method of writing
vector equations using indices and is valid only for
an orthonormal coordinate system. For cylindrical or
spherical coordinates we need a more general form of the
indicial notation. For more details, see e.g. [1]. In this
section, we begin with indicial notation rules and give
some examples so that ones can clearly understand and
extend this knowledge to more complicated tensors and
equations.
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Indicial Notation Rule Number 1: Unless otherwise
noted, all indices take on the values 1, 2, and 3.

Example 1: A vector v in three-dimensional Cartesian
coordinates has components (v1,v2,vs). In indicial nota-
tion, the components of the vector are denoted as v;,7 =
1, 2, 3 unless otherwise noted.

Ezxample 2: In indicial notation a comma denotes
derivative, e.g.

Ou Ou 6u> )

o= s = (G o

Indicial Notation Rule Number 2: Repeated indices
implies summation.

Ezample 3: The dot product of two vectors, u and v, in
direct notation is given by u - v while in indicial notation
the dot product is:

3

U;V; = E U;V; = U1V + U2V + U3V3. (2)
i=1

Ezample 4: The divergence of the vector field u is

8u1 GUQ 8u3
v'uiui’iiaiml*—@ixg_'_@img' (3)
Indicial Notation Rule Number 3: In each term of an
equation, the free indices must match.

Ezample 5: u; + v; = w; is correct, but u; +v; = w; is
not. In another word, u; 4+ v; is not defined.

Ezample 6: Let A be a second-order tensor or A can be
expressed as a matrix. In direct tensor notation, a linear
system of equations is usually written as v = A - u, which
in indicial notation is o

v = Ai]'u]'. (4)

Example 7: Let B be a third-order tensor. The tensor
= B, can send vectors into second-order tensors:
-ua = é or Bi]-kuk = Al]

l[seflisy

Note that, a dot product indicates one index is
repeated. For Examples 6 and 7, the free indices are ¢ and
ij, respectively.

Indicial Notation Rule Number 4: Indices repeated
more than two times in a single term are not allowed.

Example 8: Bjji Apjuy is not allowed (the subscript & is
repeated three times).
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Fig. 1.  Geometry: an cell of cylinders when the angle between
cylinders and horizontal plane is 90 degrees.

III. DARCY’S Law

Darcy’s Law is a constitutive equation that describes the
slow flow of a fluid through porous medium. In this section,
we apply homogenization method to Stokes equation as
well as the indicial notation to derive Darcy’s Law. We
summarize the homogenization method as following. For
more details, see e.g. [2], [5], [8], [9].

Let ©Q be the periodic cell domain which consists of
a fluid phase Qp, a solid phase g and a piecewise
continuous liquid-solid interface I' = I's U I'p where I'g
and I'p are the boundaries of the solid and liquid phases
respectively (see Figure 1). We assume slow fluid flow, a
fixed solid and a viscous incompressible fluid, so that the
Stokes equations are applicable:

V-v=0 in Qp (5)
-Vp+puAv+£f=0 in Qp (6)
v=0 onI'g (7)

where we also assume a no-slip boundary condition on
I's; p is the dynamic viscosity; v is the velocity; p is
the pressure and f is a source term. Next, we assume the
diameter of the cylinders, a = 2r, see Figure 1, is small
compared to a macroscopic scale length L which can be
the length of a lengthy pipe; i.e. if € = a/L, then ¢ < 1.
Let x be a macroscopic variable and define the microscopic
variable or the stretched coordinate y = x/e. The dynamic
viscosity coefficient p is assumed fixed and independent
of €. Figure 2 shows a reference cell Y which is periodic
and the period is €Y. Figure 3 demonstrates the upscaling
procedure where € > 0 is a spatial scale parameter. When
e tends to zero, we have the macroscopic scale.

Typically, with homogenization method, we begin and
consider an asymptotic expansion of v and p, in the form,

v =e*(v°(x,y) + evi(x,y) +..) and (8)
p =% y) + et (x,y) +...) 9)

where v and p’ are Q-periodic in y, and a and 3 are
nonzero parameters that yield a physically meaningful so-
lution. The choice of o and § yields different macroscopic
models, and in this case we choose a and [ to yield a
nonzero macroscopic first-order pressure and a second-
order velocity which can lead to obtaining Darcy’s Law.
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Fig. 2. A reference heterogeneities Y are periodic of period €Y and
their size is order of e.
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Fig. 3. Upscaling procedure where € > 0 is a spatial parameter.

It is known to be a reasonable equation for modeling slow
flow through a porous medium. Recall that, for a three-
dimensional domain,

x = (z1,22,23) and

1
Y= (y1,y2,v3) = E(90173€2,$3)a (10)

and then we apply the chain rule to (10), the first and
second derivatives with respect to x; are

d 9 109

— = = | =1,2,3. 11

Recall that the notation in (11) is satisfied the indicial
notation rule number 3, which is the matching of the free
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index j. For the second derivative, we have
£ _ 0 (0 10) 10 (0 10
de? Oz \Ox; €0y, €dy; \Oz;  €0y;

J
— 872 + 1 82 + } 82 -+ li?
dx3 € dx;dy; € \ Oy;0x; € dyj
12 1( & o 0?
S+ - + 2. (12)
€2 0y; € \Oz;0y;  Oy;0x;

dx3
Therefore, the vector Laplacian of the velocity field is

d21)1 d2’l)2 d27}3

Av=v, = (24U
V= Vi (dx? T da3 T da )
1 0% 1. 0% v o%v
=(@ap * < Gnay T ogen) T2
2 dy? e Ox;0y; y;0; a3
la2’02 l( 821)2 821)2 )+ 821)2
e dy; € Ox;dy;  Oy;0x; Qx5
l821}3 1, 9%vs 9%vs 9%vs

2 dy3 € x;dy; )+ dxs ) (13)
l(82’l)1 821}2 821}3 )

€2 dyr 7 dy; T dy;

1, 0%n 0%v; vy 0?vy
E(axj(?yj (‘3yj89cj ’ 8xj8yj 8yj6:cj ’

821}3 621}3 )+(62U1 62’!}2 621}3)

0y, 0x; 8x? ’ 8%2 ’ (91’32»

ayj a%'j

0x;0y;
= lA v+1A v+ A v
27V e z
where
Ay = 0%vy 0%vy 0%us Ay — O%vy O%vy 0%y
dy; " dy; T Ay )’ N dx3 " OxF’ Ox3

and

Auyv = 0%, 0%, 0?0 0?09
W 81:j8yj ﬁyj(?x]-’ Oxjayj 8yj8x]-’
821)3 82’03
dx;0y;  Jy;0x;

where the repeated index j within each single term in (12)
and (13) indicates summation such as

3
d?vy d?vy
T = )
dx? 99 £ (g2
J =1 i

Substituting (11) into (5) yields

dvj an 1 81}]' 1
=V.v=—=_——+-—=V, - v+-V,- 14
0=V-v dz; Oz; €0y, ’ V+e vy (14)
where
(91)]‘ v;
V=t d v =— 15
Vg v 9z, and Vg -v ay; (15)

Similarly, substituting (11) and (12) into the Stokes
equation (6) yields

1 1 1

Next, substituting (8) and (9) into (14) and (16), we have

Vi (€2v0(x,y) + TV (x,y) + ..)

+%Vy (eVvO(x,y) + TV (x,y) +...) =0 (17)
and

= Vo€ (x,y) + T ipt (xy) + )

—%Vy(eﬁp"(x, y)+ e Hptxy) + )

+ uéAyea(v"(x, y)+evi(x,y) +...)

+ %Azye“(vo(x,y) +evi(x,y) +...)

+ uA e (VO (x,y) + evi (x,y) +...) + £ = 0. (18)

If we let both a and 8 be zeros, equations (17) and (18)
become

Vi (V0 (x,y) + € vi(x,y) +...)

1
+€Vy (VO (x,y) + eVi(x,y) +..) =0 (19)
and
- vz(€opo(xv y) + 6lpl()(’ y) + )
1 0,0
==V (€ y) + €lp (%) + )
1 o o
+ g Ay (V) v (x5 y) + )
+EAL, e (v y) + v (x,3) + )
+pl e (VO(x,y) +evi(x,y) + ) +E =0 (20)
Collecting the same orders of ¢ (O(e7!) from (19), and
O(e72) and O(e~!) from (20)), we have the differential
equations
V, vilxy) =0 (21)
pAyvo(x,y) =0 (22)

~Vyp°(x,y) + nAy v (x,y) + pleyvo(x,y) = 0. (23)
Note the system of equations (21)-(23) does not provide a
physically meaningful solution and we also lose the source
term f in the momentum equation (23). Then, for the
homogenization method, it is important that one needs
to choose the right orders of epsilon, a and [, to have a
physically meaningful solution. This is called state-of-the-
art homogenization method.

After some trials and errors we found that in order to
find a non-zero and physically meaningful solution, we let
a=2 and 8 =0 so that
EV(x,y) +evi(x,y) +..) (24)

p o= @P°(xy) +ept(xy)+..) (25)
where, again, the function v and p’ are Q-periodic in the

microscale y. Substituting (24) and (25) into (14) and (16),
we have

v

Ve (V205 y) + Vi, y) + )
1 .
+zvy (EvOo(x,y) + Evix,y) +...) =0 (26)
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and
- Ve (p°(x,y) + ep' (x,y) + ...)
Iy e () )

1
+ M:gAyg(vo(x,y) +evi(x,y) +...)
+ %AwaQ(VO(Xa y) +evi(x,y)+...)

+ AL E(VO(x,y) Fevi(x,y)+..)+f=0.  (27)

Collecting the same orders of ¢ (O(e) from (26), and
O(e71) and O(e°) from (27)), we have the differential
equations

V- vo(x,y) =0 (28)

Vypo(x,y) =0 (29)

V.0 (x,y) = Vyp' (%,¥) + pAyvo(x,y) + £ = 0. (30)
Note that, from equation (29),

op°® Op° 5’p°>
—, —,— ] =(0,0,0).
(ayl Oya " Oys ( )

Then p° depends only on z, i.e.
P = (@), (31)
For the no-slip boundary condition, we have v = 0, i.e.,
EVo(x,y) +evi(x,y) +...) = 0.

Hence,

o

vi=0 on I'g. (32)

Since the domain is assumed to be periodic, we intro-
duce a Hilbert space of Q-periodic functions:

H(Q) = {w = (w1,ws,w3) € (H(QF))* :

w is Q — periodic, w =0 on I'g,

and V, - w =0} (33)
with scalar product:
aw]- 8(.0]'
W, w = — 34

where again the repeat indices j and k indicate summation
and H'(Qp) is the Sobolev spaces with the norm:

1/2

llmon=| 3 /Q Dl | L @)
F

lell<1

« o \™" 0 \“? O\
D“"(az) (T) (a*) - (36)

Note that the order of this derivative is given by |a|=
a1+ ag + as. Using the scalar product (34), we now define
the norm of the space H(Q2) as follows

[wlla @)=V (w,w), (37)

where

which will be used below. Equation (30) can be rewritten
in the indicial notation as

opt 0%ve  Op°
i oy Ox;
To obtain a weak form of the equation, we multiply (38) by

a test function w; € H () and then integrate the equation,
we have

opt %2 op°
— | w dy+u/ Wiy dyf/ wi——dy
/QF Ayi Qr ay‘? ap Oz

+ fiwidy =0 (39)
Qp

+/fi=0. (38)

where £ = (f1, f2, f3) and recall that the repeat indices
i and j indicate the summation. Integrating by parts the
first two terms, using the fact that w; = 0 on I'g; w is
Q-periodic, and p° and f; are functions of = only, we have

Ow; e Ow; op°

1 K] 7 (3

P o—dy—p dy— (* - fi) / widy =0
/QF 0y; ar 0Y; 0y; Ox; QF
Emplcgzing the divergence-free property of the test func-

w0
tion, — = V, - w = 0, the first integration is zero, and

v;
we have the simplified expression

Ov? Ow; 8p°> /
C dy = P A~ wid .
: ar 0yj O0y; Y (f Ox; Qr Y

Using the definition (34) of the inner product yields

W) = (£~ Vap)- [ wdy Vo HE). (40)
Qp
Consequently, the problem given by equations (28), (30),
and (32) is equivalent to the variational problem: Find
v° € H(Q) satisfying equation (40).

To show that there exists a unique solution v° € H ()
of (40) using Lax-Milgram Theorem, we define a(w,w) =
(W, w) pr(o) which is bilinear. Note that

a(w,w) = pw,w)me) = plwllie Vo€ HQ) (41)
is also coercive and

la(w,w)|= |ul|(wW, )@ < pliwlla@llwls @
Vw,we H(Q) (42)

can be shown to be continuous by applying the Cauchy-
Schwarz inequality to the last inequality. Define the linear
functional

F(w)=(f —V.p°) / wdy (43)
Qp
and note that

F(W)|= (£ — Vap?) \ / wdy\ < (EI1Vop°) ol 2o,
: (44)

so it is continuous. By applying the Lax-Milgram Theo-
rem, we know there exists a unique v° satisfying (40).
The solution v° of (40) can be used to derive Darcy’s
Law. Along the way to formulate Darcy’s Law we obtain
a system of equations that can be employed to calculate
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the permeability. Applying the linearity property, we can
write the solution v° in the form

o_ L[, 0%\
v —M(fl ax)u (45)

where u’ is the only solution of the problem: Find u’ €
H(Q) such that

(ui7w)H(Q) :/ w;dy (46)
Qp

for all w € H(Q). Thus, u® is the weak solution of the
following strong formulation

V,-u'=0 in Qp (47)
Uy AU e =0 in QF  (48)
u'=0 onT, (49)

where V,, and A, represent the Gradient and Laplacian
operators with respect to the microscopic scale y; u’
and ¢ are Q-periodic, and e’ is the unit vector in the
direction of the y; axis, i = 1,2, 3. The solution u’ of the
system of equations (47)-(49) can be used to compute the
permeability. Note that v° and u’ are defined on Q. To
obtain the Darcy’s velocity, It is natural to extend them
to € with zero values on Qg. Define

VO = — vdy,

= and ut=_—— u'dy. (50)
12 Ja,

|Q‘ Qp

Integrating (45) and then dividing by the volume of the
domain €2, we have

—~ 1 op°\ ~
o= —(fi—=—|u 51
v (5 ) (51)
which in the indicial notation, is
~ 1 op°\ ~
o= — | fi— =— | ut. 52
G- (5 ) (52)

Equation (52) is Darcy’s Law and 1:; is the permeability
tenser which depends on the geometry of the periodic
domain €. In general, we write equation (52) as

a= ‘%(Vp ) (53)

where

kij =ut = —/ widy (54)
! 1€ Jo, 7
is the permeability. Equation (53) is called Darcy’s Law.

IV. CONCLUSION

We provide basic knowledge of indicial notation that
can help one to write systems of complex vector fields in
convenient and simple scalar forms. Indicial notation rules
are introduced and examples are employed to explain how
to use the notation. We derive Darcy’s Law by beginning
with the microscale Stokes equation and assume that the
fluid is incompressible. We then apply the homogenization
method that is an upscaling technique to the Stokes equa-
tion. In the mean time, the indicial notation is employed so

that we can have simple expression while deriving Darcy’s
Law. Before having the Darcy’s Law, we obtain a system
of equations (47) - (49) which can be used to calculate the
permeability and then the constitutive equation, Darcy’s
Law, is obtained by using the linearity property.
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