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Large Deviations for Lacunary Systems

Bainian Li, Kongsheng Zhang

Abstract—Let X; be a Lacunary System, we established large II. LARGER DEVIATIONS INEQUALITY

deviations inequality for Lacunary System. Furthermore, gained L .
Marcinkiewicz Larger Number Law with dependent randomalalies In order to prove larger deviations we need the following

sequences. lemmas.

- Lemma 2.1 Let X,, be a zero-meanp — mizing and
Keywords—Lacunary system, larger deviations, Locally Generalso
ized Gaussian, Strong law of large numbers. ST ¢/2(i) < oo, for somep > 2, sup; E|X;|P < oco. There

=1
exists constant > 0 depending only om for any real-valued
|. INTRODUCTION sequencegay,;}, such that

ACUNARY systems is a class of random variables. Lai n n

and Wei[1] gave independent and identically distributed E| Za,LiXiV’ < C(Z a2,)P/2. (3)
random variable, martingale differences with, bound are ' i
Lacunary Systems. Li [2] obtained,, bounded dependent is ) ) o0 ‘
a Lacunary System in 1997. proof Let a,; = 0, i > n, since Z¢1/Q() < oo,

In this paper, we shall establish large deviations lneq,uahwp E|X;|P < oo, from the proof in [3], We have
for Lacunary System. Further, we shall get Marcinkiewicz et et

Strong law of large numbers withn—dependent random

variat?les sequencgs. P B Z aniXil* < o1 Z @ < Clza"“
We give defined of Lacunary system as follows:
Definition 1.1 Given p > 0, a sequence of real-valuedfor anyk > 0,n > 1,m < n.

random variable§ X,,, n > 1} is called a Lacunary System Using the corollary 2.1 in [4], we obtain

or an .S, system, if there exists a positive constdfif such

1=k+1 1=k+1

that n
n n X |P 2 \p/2

B Y CiXilr < Ky P (1) £l ;a’”XZ' : ;E‘a’”x i+ (; o))

for any sequence of real constg;} and alln > m. < 3(2 lani[” + (Z a2, )’?). (4)
Definition 1.2 Suppose tha{ X,,, n > 1} is a sequence of i=1 i=1

random variables on a probability spage .7, P), set.#? =  Sincep > 2, it follows that
o(Xk,a < k < b). Denote by thes-field generated by the n n n
random variables(,, X, 1,..., X}. (Z |am,‘p)1/P < (Z |am|2)1/2 o Z lani|? < (Z |am~\2)p/2.

1) Let A € ZF, B € Z535, andk,n > 1,{X,,n > 1} is

called ¢ — mizing if Then, we educe (3) from (4).

|P(AN B) — P(A)P(B)| < ¢(n)P(A) Remark 1 Lemma 2.1 implies thawn— mizing iS a
for someg(n) | 0. Lacunary System. lfi,,; = 1, we haveE| El X;[P < ent/? .
2) {X,, n > 1} is calledy — mizing, if Lemma 2.21f {X,,,n > 1} is a zero-mean) — mixing,
¥(n) = sup (F fk LT ,) = 0,n — 0o, such that
keN S
where > (i) < oo, EIXiP, p>2,
V(o B) = Aed,Be@S,lllDIZA)P(B)>O [P ﬂﬁzgplzg)P(B)y then for any real-valued sequeneg;, (3) holds.

Proof From lemma 2.1 and the proof in [5], we can obtain
Definition 1.3 Let X be a real-valued random variable, wgemma 2.2.

call a Locally Generalized Gaussian, If there exists Osuch Theorem 2.1Let {X,,n > 1} be a Lacunary System, for
that anyp > 1,z > 0, sequence of real constaf;} , then
E(exp(uz)|.Z) < explu’a?/2) a.s. 2

for anyu € R. P{|Sn| = na} < C(p) 202 PlnP, (5)
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Proof Since{X,,n > 1} is a Lacunary System, we have If there existsl/2 < r < 1,0 = 2r — 1 and positive constant
K such that>" a2, < Kn?, i=1,2,...,n, then

n
ElSy|P < KIJ(Z Cq‘?)p/z- =1
i=1 n
By using Markov’s inequality, ,-;a 50 as (7)
E|Sn‘p nr ) .S..
P{|Sy| > nzx} < n
(na)p Proof Denotez1 an; X;, by Markov’s inequality, we have
for everyp > 1, we can obtain (5). =
Remark 2 (1) If 32 C? = O h E(1Sal")
emark 2 (1) ; 2 = 0O(n), we have P(|Su| >n"e) < P (8)
E|S,[P < C(p)n~?/? From Iemma 1.2 and (8), we obtam
- ZP(IZa Xi/n"| 2 €) = EP(IS\>m)
2)If C; = 1,p > 2, by Borel-Cantelli lemma: e "
00 n 00 0o v 0 C(Z am)p/z
SPIY Xil > na) <> Clpn 2 < oo, <L EEE LY S
n S n—1 'n,o=0 oy n=
- < 3 A <o
n n=
lim P(] ZXi\ > nx) = 0. a.s., (3.1) follows from Borel-Cantelli lemma.

Remark 3. This result extends independent and identi-

= ) cally distributed Marcinkiewicz Law of large numbers for
Theorem 2.2 Let (X,,7,) be a Locally Generalized y, _ 1izing.

Gaussian sequence, dfip, X, = k < oo, then (5) holds _Theorem 3.2 Let {X,,} be a zero-mean — mizing, and
foranyp>2z > 0.

Proof Theorem 2.2 holds if only we can prove that Locall),/Z s
Generallzed Gaussian sequence is a Lacunary System. dz)estsl/Z <r <1, =1-2/pand positive constar’ such

) < 00, sup; E|X;|P < oo for somep > 2. If there

Z 2 uw=ux/k*A,, by lemma 1 in [6], then that Z a2, <Kn’ i=1,2,...,n, then
=1
n S X
Elexpuy CiX)) = E(expu(S, — Sm_ 2 aniXi
(expt 3 CixX0) (exp(u( D)) S e o)
) < expu’k?A, )2 6 minn
< explu n/2); (6) Proof By lemma 2.1 and (8), we obtain
whereS,, = 3" C;X;. Since Z P( Z ani X;/V/nlnn| > €)
i=1
P({[Sn = Sm1| > z}) < 2exp (—a®/2k*A,,) = n; P(|Sy| > evninn)
L : > __E(Sa|?)
for p > 2, by Chebyshev’s inequality, we get < P
E| Z CzXle = p/ ‘Tp_lp(lsn - Smfll > «’L')de ) C(;“ii)pm
i=m 0 < ngl epnr/2(INn)»p/2
< p—1 _2/91.2 ; = cKnP?/2
= 2[)/(; x EXFX x /2]6 An)dI < n2::1 ernr/2(INn)r/2
_ 2 2 > 2—-1_—=zx — =
= 2p/pl€pA£//O :L'p/ e “dx *ZW<OO
n And then (9) follows from Borel-Cantelli lemma.
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Theorem 3.1 Assume that{X,,,n > 1} is a zero-mean
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