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Existence and uniqueness of periodic solution for a
discrete-time SIR epidemic model with time delays
and 1mpulses
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Abstract—In this paper, a discrete-time SIR epidemic model with
nonlinear incidence rate, time delays and impulses is investigated.
Sufficient conditions for the existence and uniqueness of periodic
solutions are obtained by using contraction theorem and inequality
techniques. An example is employed to illustrate our results.
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I. INTRODUCTION

PIDEMICS play a key role in the development and

survival of biological species, not in the least of our
own human species. Their study has thus attracted interest
since ancient times. In 1927, Kermack and McKendrick [1]
constructed a famous SIR epidemic model to study the law
of the black plague. In 1932, an SIS mathematical model
was constructed, and the “threshold theory” was established
[2]. From then on, the theory and application of epidemic
dynamics was developed greatly.

The basic and important concern for mathematical models
in epidemiology is qualitative analysis; the persistence, perma-
nence, asymptotic stability, and the existence and uniqueness
of solutions for the model. Many influential results related in
these topics have been established and can be found in many
articles and books (see [3-15]).

Incidence rate plays an important role in the modelling
of epidemic dynamics. In many epidemic dynamic models,
the bilinear incidence rate and the standard incidence rate
are frequently used. It has been suggested by several authors
that the disease transmission process may have a nonlinear
incidence rate (see [11, 13-15]).

Recently, much attention has been given to the persistence
and global stability of epidemic model with time delays ([4-8,
14-177).

However, to the best of our knowledge, discrete-time models
are seldom considered. In a previous work we studied such
a SIR discrete-time model. The advantages of a discrete-
time approach are multiple. First, difference models are more
realistic than differential ones since the epidemic statistics are
compiled from given time intervals and not continuously (a
fact that can be of importance for fast-spreading epidemics).
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Second, the discrete-time models can provide natural simula-
tors for the continuous cases (i.e., differential models). One
can thus not only study with good accuracy the behaviour
of the continuous-time model, but also assess the effect of
larger time steps. Finally, the use of discrete-time models
makes it possible to use the entire arsenal of methods recently
developed for the study of mappings and lattice equations,
either from the integrability and/or chaos points of view.

Motivated by the above discussions, in this paper, we
investigate the existence of periodic solution for a discrete-
time SIR epidemic model with time delay and impulses of the
following form:

S(n+1)—S(n)

=B —u15(n)

_ BS(n)I(n—1(n))
1+al(n—7(n))’

I(n+1)—I(n)

_ B8mI(n —7(n))
T+ al(n—r(n)) )

— (p2 +7)I(n),

R(n+1) — R(n)

=I(n) — p3R(n),

S(nk + 1) — S(nk) = blkS(nk,),

I(nk + 1) — I(nk) = bgkf(nk),

R(ng + 1) — R(ny) = barR(ny),

n=0,1,...,n # ng,

k=1,2,...,

where S(n) denotes the number of members of a popula-
tion susceptible to the disease, I(n) the number of infec-
tive members and R(n) the number of members who have
been removed from the possibility of infection through full
immunity. The parameters pi, po, 43 are positive constants
representing the death rates of susceptibles, infectives, and
recovered, respectively. It is natural biologically to assume
that 11 < min{pus, us}. The parameters B and v are positive
constants representing the birth rate of the population and the
recovery rate of infectives, respectively.
For convenience, we use the following notations

b = max{0, by },i=1,2,3.

We denote the product of 1 + b;; when ng € [a,b) by
[T (1+4b;) with the understanding that [] (1+bs) =

a<ng<b a<ng<b
1 for all @ > b.

Throughout this paper, we assume that

1532



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:5, No:9, 2011

(Hy) 7(n) > 0 is an w-periodic function, i.e., 7(n + w) =
7(n), {bir} and {ny} real w-periodic sequence, where w
is an positive integer with w > 1, i.e., there existsaqg € N
such that Nk+q = Nk + w,bi(k+q) = bk, by > —1,0 <
ny<ng <...<np<ng <...,k=1,23,...,i=

1,2,3.
(H2) I (A+bw) I (A=) #1,
0<n<w u#ng,0<u<w
I[I (A+bw) I (A—pe—7)#1L
0<n,<w u#ng,0<u<w
T (+bw) 11 () #L

0<n<w u#ng,0<u<w
There exist two positive numbers r, L such that

0 < r=max{r;,re,r3},0 < L =max{r,rs} < 1,

where
w I (Q—m) I Q+b5)8
= n#ng,0<n<w 0<ni<w
1= I (+bw) I (A-ma
0<n <w n#ng,0<n<w
T2
w I (—pa—r) II (1+b5)8
o n#ng,0<n<w 0<n,<w
1= 01 (+bw) I (-m-9a
0<n<w n#ng,0<n<w
w I (—ps) I (400
- n#ng,0<n<w 0<n,<w
3 — )
1= T (bw) I (=)
0<ng<w n#ng,0<n<w
T4
w I (=pa—7) II (+b5)8
_ n#ng,0<n<w 0<n<w
= T Qb)) T (=7
0<ng<w n#ng,0<n<w
M
1—7r
and
w T (-m) II (+b)B
M= n#ng,0<n<w 0<n,<w
1= I (+bwe  II (1= m)
0<ni<w uFug,0<u<w

The remaining parts of this paper are organized as follows.
In Section 2, we shall derive sufficient conditions for the
existence of unique periodic solution for system (1) by using
contraction theorem. We then, in Section 3, give an example
to illustrate the new results of this paper.

II. EXISTENCE OF UNIQUE PERIODIC SOLUTION

Consider the following non-impulsive equation:

S(n+1)—S(n)

= S+ [I (+bw)'|B
0<n<n

(tbi)(n—r(n) T
0<ny <n—7(n)

(14bak)

BS(m) I

0<ng<n

)

1+al(n—7(n)) 11
0<n<n—r(n)

(14bak) :|

I(n+1)—1I(n)

= —(E+NIn)+ TI (1+bx)™" @)
. 0§’r£;¢<n
BSn) I (I4+bix)I(n—7(n)) I1

0<ng<n

0<ny <n—7(n)
1+al(n—7(n)) I (14bog) ’
0<ny <n—7(n)

(1+b2k)
X

R(n+1) - R(n)
= —p3R(n)
+ I

0<ni<n

(1+bsx) *71(n) TI

0<nr<n

(1 + b21€)7

where

B={
0,

i — Vs

0,
Lemma 1. Assume that (Hy) holds. Then

(i) if #(n) = (S(n),I(n), R(n))T is a solution of (2), then
<§(n> IT a+buw),

0<ni<n

n # ny,
0, n=ng,

n#nk‘v = {ﬁ?

[ =
n = ng,

n # ng,

~ {/1‘17 ’I'L7é7lk,i: 1,2,3,
i =
n = ng, 07 n=ng.

z(n) =

Im) [ @+ ba),

0<ni<n

R(n) ]]

0<ni<n

T
(1+ b3k)> 3)

is a solution of (1);
(i1) if x(n) = (S(n),I(n), R(n))T is a solution of (1), then

(S(n) I a+owm)t,

0<ni<n

In) ] (+bar)",

0<n<n

R(n) ]

T
(1 +b3k>*1> @)
0<n<n

is a solution of (2).

Proof: First, we prove (i). When n = 0,1,2,...
ng, k=1,2,..., we have

n

4 B5m)I(n —7(n))

S +1) = (1= pm)Sn) = B+ 7 T al(n—1(n))

=Sm+1) J[ @+bw
0<ngp<n+1
~(1=p)Sm) [ +bw)-B
0<n<n
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+(5800 T 0+ 0o~ r(a

0<n<n

< ]I (1+b2k)><1+af(n4(n))

Rin+1) J] (1+0bs)

0<n<n+1

—(1—p3)R(n) [ (1 +bsk)

0< (n) o<
<np<n—1(n ~
-1 —v1(n) H (14 bax)
% H (1 + ka)> 0<nk<n
osmcn=r() = I s mo|fe -0 wfio)
= J] a+ blk){E(n +1) = (1= 1)S(n) osnesn ~
0<nig<n - H (1 + bag,) " tyI(n) H (1+ bgk)]
) 0<nr<n 0<ni<n
— H (1 + blk)7 B = 0. @)
0<n<n
~ ~ On the other hand, for every n = ny, k= 1,2,..., from (2),
7<ﬁ5(n) H (1+blk)l(n77—(n)) we get S(’I"Lk—‘rl) :S(nk),I(TLk—‘rl) :I(nk),R(nk—‘rl) =
0<ni<n R(nk), SO
<~ I a+ b2k)> <1 +al(n—7(n)) Str+1) =St +1)  J[ Q+bi)
0<np<n—7(n) 0<ns<ngp+1

11 (1+b2;€))_§]}

0<nr<n—r7(n)
= 0,

I(n+1) = (1= p2 —7)I(n)

:f(nJrl) H

0<n<n+1

~(1 = =NIn) [ (1+0bw)

0<np<n

1+ al(n—71(n))
(1 + bgk)

_ BSm)I(n —7(n))

= (1 +bu)Su) J] (1 +b)

0<ns<ng

(5) = (1+b1;€)S(nk), (8)

Ik +1) =TIk +1)  []

0<ns<ni+1

= (L+bw) (k) J] (1+b2)

0<ns<ng

= (1 + bax)I(n), &)

(1 + b2s)

_<ﬁ§(n) I +bwien—r(m) Ring+1) = B +1) [[ (1+bs0)
0<ni<n 0<ns<ni+1
< I (1+bgk)> = U+t Rw) ] (1+bs)
osmsnmr) B = (14 by ROne). (10)

(SIS

x (1 + al(n —7(n))

11 (1+b2k))

0<n<n—7(n)

It follows from (5)-(10) that (3) is the solution of (1).
Next, we prove (i7). When n = ng, k = 1,2,..., from (1)

- - we obtain
= JI G+ban)|in+1) = (1= p2—2I(n) _ )
0<np<n S(ﬂk + 1) = S(nk + 1) H (1 + b15)7
. (1 + ka)fl 0<ns<ni+1
ogl;,[@ = (1 +b1x)S(n) H (L4bys)7"
~ ~ 0<ns<nr+1
S 1+ byg)l(n— _
><<ﬁ (n)oglr;[<n( + 1k) (n T(n)) — S(nk)0<l_[< (1+bls) 1
X H (1+bzk)> (1+af(n77(n)) = S(nk),
0y <n—(n) . Ik+1) = Ik +1)  J[ Qb
« (1 —|—b )> 2 0<ns<ng+1
ognkg—r(n) 2" =(1 +b2k)I(n;€) H (1+525)71
=0, 6) 0<n.<ng+1
= I(’I‘Lk;) H (1+b25)_1
0<ns<np
R(n+1) = (1 = p3)R(n) —vI(n) = I(m),

1534



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:5, No:9, 2011

R(ng+1) = R(ni +1)  J[ (1 +bs)™
0<ns<ngp+1
= (L+bs)R) [ (1+bs)™
0<ns<np+1
0<ns<ng
= R(nk)
Hence,
S(ny +1) — S(ny)
= —[S(ng) + H (1+b) | B

0<ns<ng

*(Bg(nk) [[ @+b)I(ne—r(ny)

0<ns<nyg
< 1

0<n,<ng—7(nk)

X 11 (1+ bgk))_;

0<ns<ni—T(ng)

(1+ ka)> (1 + ol (ng — 7(nz))

I

I(ng+1)—I(ng)
= —(p2 + ?)Ff(nk) + H (1+ b))t

0<ns<ng

X@am>11<ymmﬂw—ﬂm»

0<ns<ng

x I1 (1+ bgk)) (1 + ol (ng — 7(nx))

0<ns<ni—7(ng)

X H (1+b2k)>_;,

0<ns<nk—7(nK)

R(nk + 1) — R(nk)
= —fisRni) + [ 1+ baw) FI ()
0<ns<ng
< ] (1 +baw).
0<ns<ng

When n > 0,n # ng, k = 1,2,..., it is easy to verify that
(S(n), I(n), R(n))T, also satisfies (2). Therefore, (4) is the
solution of (2). This completes the proof. |

Lemma 2. Suppose that (Hy) and (Hz) hold. Let xz(n) =
(S(n),I(n), R(n))T be an w-periodic solution of (1). Then

n+w—1
S(n) = Z Hy H (14 b1x)
s=n s<np<ntw
5 BSE)I(s—7(s)
{B 1—|—ozI(s—T(s))]7 an
n+w—1
In)= > Hy [[ (+bw)
s=n s<np<n+w
BS(5)1(s — 7(5)) .

14+ al(s—17(s))’

n+w—1

R(n) = Z H; H

s=n s<np<ntw

(1+bse)71(s),  (13)

where

I (-m)

s+1<u<ntw

1= JI (+bw) I (1—7)
0<ng<w 0<u<w
I (-p-79
s+1<u<ntw

1= JT (b)) IT (A= —7)

0<n<w 0<u<w

I (-h)

s+1<u<ntw

1= JT (4bs) I (1—7a)

0<ni<w 0<u<w

Hy =

Hy =

H; =

Proof: By Lemma 1, that Z(n) = (S, I, R)T is a solution
of (2) is equivalent to that (3) is a solution of (1). From (2)
we have

S(n+1) = (1—p1)S(n)

_ L[5 BSMI(n—7(n)
_O§g<n(1+b1k) {B T altn (| ¥

Tn+1) - (1 -2 = D))
L BSMI(n =7 (n))

= Ogg<n(1+b2k) 1+a[(n_7(n)) ) (15)
R(n+1) — (1~ i) R(n)
- H (1+b23k)_lﬁf(n), (16)

0<ni<n

Multiplying both sides of the above equation (14) by
[T (1—p1)7L the equation (15) by  [] (1 — jiz —
0<s<n+1 0<s<n+1
)71, the equations (16) by [ (1 —fi3)~', respectively,
0<s<n+1
we get

sta+1) ] I a-m™

0<n<n+1 0<s<n+1

=Sy I a+ow)™ J] a-m)™

0<ni<n 0<s<n
= I[ a+ow™ JI -
0<nE<n 0<s<n+1

5 BSm)In— ()
[B 1+0J(nfT(n))}7 an

(1 + blk)_l

I(n+1) H H (1—fp2—7)""

0<nr<n+1 0<s<n+1

—In) J[ Q+b)™ J[ O=2a=9)""

0<ni<n 0<s<n

= H (1+b2k)71

0<n<n

(1 + bgk)il
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% H (1—fis —7)~ BS(n)I(n —7(n)) (18) Proof: It is easy to see that X* is a closed convex subset
0<iinit 2 14+al(n—71(n))’ of X. According to the definition of the norm of Banach space
- X, we get
1 ~ N1 (o]l
Rin+1) [ (1+bs) I a-ps o
0<ny<n+l 0Ss<ntl = max{ max ’ Z H, H (1+ blk)§‘7070}
*R(n) H (1 -+ bgk)il H (1 — ﬁg)il Osn<w s=n s<np<ntw
o I =) T (b
_ ~ N—1~ st+1<u<n+w s<nr<ntw ~
= I G+t J[ (=F)'FIMm). 19 = max | > =5 = —— B
0<men 0<sinit o0sn<wl & 1- 0<nl;[<w(1 + big) 0<l;[<w(1 — i)
Summing both sides of the above equations (17), (18), w 11 (1—wm) [I (+0b7)B
(19) from n to n + w — 1, noticing that S(n + w) = n#ng,0<n<w 0snp<w — M.
S(n),I(n+w) =I(n),R(n+w) =RMn)and ] 1+ ~ [1— II (Q+bu [ Q-
0<ng<w 0<ni<w uFug,0<u<w
bik) 1 (I=p) =TI QQ4bw) II (I—p)# Therefore, for Va € X*, we have
uF#ng,0<u<w 0<ni<w 0<u<w M u
1, 1+0b 1—ps—7v) = 1+ r
otk 40 I e = L O < e - ol + ol < 25 4= 2 o)
b 1—p2—7) #1, 1+b 1—- . . .
Qk)ogl;Lw( A2 =7) # 05,13<w( ) u¢nk,1;[§u<w( Now, we prove that the mapping @ is a self-mapping from
ps) =TI (1+bsk) TI (1—ps)# 1, we obtain (11), X* to X*. In fact, for Vo € X*, noticing (20), we obtain
0<ni<w 0<u<w
(12) and (13). This completes the proof. u |®S — Solo
Now, we take X = {z(n)|z(n) = (S(n),I(n), R(n))T, = max |®S — S
S(n+w) =8(n),I(n+w) =I(n), R(n+w) = R(n)}. Then 0sn<w
X is a Banach space with the norm ntw-l ﬁs(s)](g —7(s))
R PR | vy e
lall = max{[8lo, o, | Rlo}, Sl = mas [S(n)] <ol S et
B ntw—1 +1<H N (1 7:u1)
S u<n+tw
= = . < — =
o= o, Wl Rlo = e, 1R(r) S X TSI (b IT 07
s=n 0<ng<w 0<u<w

Set a mapping ¢ : X — X by setting
< I @+b5)

dz(n) = (®S(n), ®I(n), ®R(n))7,

BS()I(s —7(s))
1+al(s—17(s))

s<np<n+w
where w I1 (I-p) II O+ bﬁ)
n#ng,0<n<w 0<n,<w
N - T e 1L G-
_ - k —H
(I)S(n) - Z Hl H (1 + blk) 0<n,<w ! n#ng,0<n<w '
e FS()1(s = 7(5)
~ BS(S)I(S —7(s)) x max |28 TTAS))
X|B——————— 0<n<w |14 al(s —7(s))
1+ al(s—17(s)) N
n+w—1 = w H (1 - /’Ll) H (1 + blk)ﬂ
S(s)I(s—7(s et 0<n<w
oIn)= > H, J] (+ ka)—f_F(OBI((S - T((S)))), < rEm0sns S 110
s=n s<np<ntw ‘1 — H (1 + blk) H (1 — ul)‘a
ntw—1 0<n,<w n#ng,0<n<w
®R(n) = > Hy [ (L+bs)il(s). w TL (=m) IT (+bf)8
s=n s<np<ntw < n#ny,0<n<w 0<n, <w |$|
- I (b)) I (-m)a
It is easy to know the fact that the existence of w-periodic 0<ny<w n#ng,0<n<w
solution of (1) is equivalent to the existence of fixed point of < Mry
the mapping ® in X. “1l-r
Mr
Theorem 1. Suppose that (H1)-(Hs) hold. Then, there exists < T
a unique w-periodic solution of system (1) in the region X* = @1 i Io|
{z|z € X ¢ ||o — xo]| < ML}, where 010
= max |®] — I
n4w-—1 0<n<w )
g n+w— -
wom)=( > Hm [[ (+bu)B00). BS(s)I(s — 7(s))
= H. 1+
s=n s<np<n+tw 01%17?‘2‘1 sZn 2 < 1;[ T ( * 2k) 1 +aI(S - T(S))
= s<np<ntw
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[ (-p-7)

n+w—1 X* and
< mex ) |3 SHS;@ZW 1—7is—7
0sn<w £ |1- Ogg@( + 21c)0§1;[<w( — iz = 7) |z — y|| = max{|Sy — Salo. |1 — La|o, | Ry — Ralo},
BS(s)I(s — 7(s we have
% H (1 b2r) er((jI((sz((s))))
s<np<n+w ‘q)sl - (I)SZ|0
w I (=pe—n) II (1408 = max |®S(n) — ®So(n)|
< n#ng,0<n<w 0<n,<w 0<n<w
- n4+w—1
1- 1+b 1— pi — ‘
‘ OSTIL_)CJ,:<LU( Qk) 7L7£7Lk,1;[§n<w( e PY) = OI<n7?§w Z Hy H (1 + blk)
~ - s=n s<np<ntw
< | PS5 = 7(5)) _ e
05now | 1+ al(s — 7(s)) y [552(5)1(5 —7(s))  BSi(s)I(s — T(S))]
I a VI (b 1+ al(s—17(s)) 1+al(s—1(s))
w —p2 = + ~
n#ng,0<n<w 0<n,<w 2k ndw—1 H (1 — ,ul) H (1 + b1k)
< ‘1 H (1 b ) H (1 ) |S|O < max Z stH1<u<ntw s<np<n+w
_ : Hp— S < = —
0<ny<w o n#ng,0<n<w Osn<w s=n |1 O<71;[<w(1 + blk)0<]';[<w(1 'ul)‘
w I (A=p2-9) TI (A+05)8 SI(e_ - B
< rmdsncy (ST | gt i =160
Tl ok TG ) . L+alls=r(s)
- 2k — H2 =) |
0<n,<w n#ng,0<n<w w H (1 - :U’l) H (1 + bi‘rk)ﬁ
]\4702 < n#ng,0<n<w 0<n,<w
=1y - 11 (G+bw [ 0 ma
Mr 0<n,<w n#ng,0<n<w
< x max [Si(n) = Sa(n)
|®R — Rolo = r1]51 — Salo
:Oglggw@R—Rol < rillz —yl|
nt+w—1 S LH$— y||7
T 0Sntw Z Hs ) 1;[ N (1 + bsr)V1(s) |1 ‘1’12|(0) o
s=n s<np<ntw _ = max (I)Il n)— ‘I)Iz n
nt+w—1 H (1 - :U’3) 0Sn<w
< max E: stlsusnitw et
“ognew —~ |[1— T[] (I+bs) [I (1—ps) = max | Y Hy [ (1+bw)
s=n 0<ni<w 0<u<w Osn<w s=n s<np<ntw
x H (14 bse) 7L (s)| y [ﬁS(s)Il(s —7(s)) B 55(8)[2(5 — 7(5))]
ssnp<ntw 1+ali(s—7(s)) 1+ al(s—17(s))
w " IO—[< (1 - :u’3) 0<H (1 + b;k)’y n+w—1
n#ng,0<n<w <ni<w - -
< K k 1o < max Z ( H (1—p2—7)
1- H (1 + b3/€) H (1 - ,LL3) Osn<w s=n st+1<u<ntw
0<n,<w n#ng,0<n<w
o T (o) I (48 « TI Gems)(n- T (e
< n#ng,0<n<w 0<ng<w ‘ZL‘| s<np<n+tw 0<nE<w
B | O I 1-ps) o\
0<n,<w n#ng,0<n<w X H (1 — U2 — ’y)|>
< MT3 0<u<w
T 1l-r x[S(s)[|L1(s — 7(s)) = L2(s — 7(s))]
< Mr w I (Q-—p2—v) II (+b3)8
—1—7 < n#ng,0<n<w 0<nE<w
= I (b)) I (A —p2—9)
Then 0<n,<w n#ng,0<n<w
Mg
|| Bz — zo|| = max{@s — Solo, | B — Iolo, |®R — Ro|0} 1Azl
Mr < raflz —yl|
=1 < Lllz —yll,
Next, we prove that the mapping @ is a contraction mapping (@R — 2Rslo
of the X*. In fact, for Vo = (S, I, R1),y = (Sa, Is, Ro) € = (22 [2R1(n) — @Ra(n)[ = 0 < Lijz — .
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Then
||z — Pyl|
= max{|q>51 — q>52|07 |q)Il — q312|0, |(I)R1 — q)R2|0}
< Lz —yll.

Notice that L < 1, it is clear that ® is a contraction. Therefore,
the mapping ® possesses a unique fixed point z* € X* such
that ®x* = z*, which implies (1) has a unique w-periodic
solution. This completes the proof. |

III. AN EXAMPLE
In this section, we give an example to illustrate that our
results are feasible. Consider the following discrete-time SIR
epidemic model with time delays and impulses:
S(n+1) —S(n)
= 0.05 — 0.065(n)
0.025(n)I(n —sin("f))
1+ I(n—sin(%F))
I(n+1)—1I(n)
0.028(n)I(n — sin(™y"))
T 1+ I(n—sin(ZE) @n
—(0.06 +0.02)I(n),
R(n+1)— R(n)
= 0.02I(n) — 0.06 R(n),
S(nk + 1) — S(nk) = 041S(nk3),
I(ng +1) = I(ng) = 0.11(ng),
where ny = 4k + 1.
Noticing that w = 8,u1 = pe2 = pus = 0.06,y =
0.02, B = 0.05,8 = 0.02,a = 1, it is easy to check that
[T (4bw)= TI (I4bax)= TI (14bsk) =121

0<n;, <8 0<n;, <8 0<n,<8
and 71 = 0.8082,79 = 0.4408,73 = 0.8082, therefore

r = max{ry, rs, 73} = 0.8082. At the moment r, = 0.8906,
then 0 < L = max{r,r4} = 0.8906 < 1. Hence, (H,) — H3
are all satisfied. By Theorem 1, (21) has a unique 8-periodic
solution in the region X* = {z|r € X, ||z — zo|| < 4.6435}.

n=20,1,...,n # ng,

k=1,2,...,
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