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Some Constructions of Non-Commutative Latin
Squares of Order n
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Abstract—Let n be an integer. We show the existence of at least
three non-isomorphic non-commutative Latin squares of order n
which are embeddable in groups when n > 5 is odd. By using a
similar construction for the case when n > 4 is even, we show that
certain non-commutative Latin squares of order n are not embeddable
in groups.
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[. INTRODUCTION

ET n be a positive integer. A Latin square of order n is

an n x n matrix such that the elements in each row and
each column are different. If the n X n matrix is symmetric,
then the Latin square is said to be commutative. We use the
matrix notation L = (a;;), to denote the Latin square L of
order n where a;; is the entry in the ith row and jth column
(i, j€A{1,...,n}.

Let G be a group with an n-subset S. By designating equal
products by the same letter and unequal products by distinct
letters in the multiplication table of S, we obtain a Latin square
of order n. As the forms of squares representing multiplication
tables for a given set of elements of a group depend on
the order in which these elements are taken, the following
definition (see [3]) is necessary: Let S and 7 be Latin squares
of the same order, and let 6 be a one-to-one mapping of the
elements occurring in S onto those occurring in 7. Let 0[S]
denote the Latin square obtained by applying 6 to S. If T can
be obtained from #[S] by a permutation of rows and the same
permutation of columns of 0[S], then S and T are said to be
isomorphic. It is not difficult to see that isomorphism defined
in this manner is an equivalence relation. We may thus divide
the squares into equivalence classes where two squares belong
to the same equivalence class if they are isomorphic to one
another. We say that a square is embeddable in a group G if
it is isomorphic to the multiplication (or addition) table of a
subset of G.

In this paper we show the existence of at least three non-
isomorphic non-commutative Latin squares of order n which
are embeddable in groups when n > 5 is odd. By using a
similar construction for the case when n > 4 is even, we
show that certain non-commutative Latin squares of order n
are not embeddable in groups.

A. Main Results

It is clear that the number of non-commutative Latin squares
of order n increases as the order n increases. The following
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table lists the number of non-commutative Latin squares of
order n for n = 3,4,5,6:

TABLE I
THE NUMBER OF NON-COMMUTATIVE LATIN SQUARES OF ORDER 1

Order of square (n) | Number of squares of order n
3 1
4 20
5 1338
6 1128504

The embeddings of Latins squares of order 2 and 3 in groups
have been investigated by Freiman, see [3] and [4]. The non-
commutative Latin squares of order 4 have been studied in
[5]. For the squares of order 5 with 5 distinct elements, it
has been shown in [1] that there exist exactly 3 equivalence
classes whose squares are embeddable in groups.

1) Some Constructions of Non-Commutative Latin Squares
of Order n: Let n be a positive integer. Let L = (a;;), be
a non-commutative Latin square of order n with n distinct
elements Ay, Ao, ..., A,. We shall fix the entries in the first
row of L in the order A;, As, ..., A,. The entries in the
succeeding rows are arranged cyclically in the same order.
We look at three different patterns of L below.

(@) L1 = (aij)n where a21 = Ap,a31 = Ap_1,...,0p1 =
Ag;
Ay Ay Az ... A,
A, Ay Ay ... A,
L= Anfl An Al cee Anf2 .
Ay As Ay ... Aq

b)) G)n=2m+1:
Ly = (aij)n where az1 = Ao, az1 = Aam—2, ...,
Am+1,1 = As, Am+42,1 = A2m+1a Am+3,1 = Amela
cees Q2m41,1 = As.

Ay Ay As ... A,
A2m A2m+1 Al A2mfl
A2m72 A2m71 AQm A2m73
Lo= A A, Ay ... A
A2m+1 Al A2 “ee A2m
A2mfl A2m A2m+1 A2m72
A3 A4 A5 A A2

(i) n = 2m:
L3 = (aij)n where az1 = Ao, az1 = Aam—2, ...,
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Am+1,1 = Ao, Am42,1 = Aop—1, Am43,1 = Aopm—3,
sy A2m 1 = A3.
Ay Ay As A,
Ao Ay Ay Agpm1
A2m72 A2m71 A2m A2mf3
L3 = Ao As Ay ... Ay
A2m71 A2m Al A2mf2
A2m73 A2m72 A2m71 A2m74
As Ay As ... A,
() )n=2m+1:
Ly = (aij)n Where as1 = As, ag1 = As, ..., Gmy1,1 =
A2m+1, am42,1 = A, Um+43,1 = Ay oo, a2m41,1 =
AQm-
Ay Ay Az ... A,
As Ay As ... Ay
As Ag Ar ... Ay
Li= Ao Ay Ay ... Aoy
Aq As Ay ... Ay
A4 A5 A(,' N A3
A2m A2m+1 Al A2m—l
(i) n = 2m:
Ls = (a;j)n where agy = As, az1 = As, ..., Gm,1 =
Aopp—1, Am+4+1,1 = A, Um421 = Ay oo a2m,1 =
Aoy
Ay Ay Az ... A,
As Ay As ... Ao
A5 AG A7 PN A4
Ls= Agpo1 Ao A1 ... Agpeo
Ay As Ay ... Ay
A4 A5 As .o A5
A2m Al A2 A2m71

In [2], it was shown that for each integer n > 3, there
exists a non-commutative Latin square of order n which is
embeddable in a group. Consider the dihedral group

1

D2'rL = <I7y“rn = y2 = 17UI =" y>

of order 2n for n > 3. Let S be a subset of D,, con-
sisting of the elements y, xy, ...,2" 1y. By considering the
multiplication table of S with elements arranged in the or-
der y,zy,...,2" 'y, we obtain the non-commutative Latin
square of order n as given in L. For example, when n = 4,

we see that

A Ay Az Ay
Ay Ay Ay Az
As Ay A A,
Ay Az Ay Ay

L=

and the corresponding multiplication table in Dy, is given as

|y zy 2ty 2Py
y 1 T x? 23
Ty 3 1 T 22
2%y 22 23 1 T
23y x z2 z3

2) Some Non-Commutative Latin Squares of Odd Order
Which Are Embeddable in Groups: In this section we show
that the squares Lo and L4 as given in Section 2.1 are
embeddable in groups. To do this we consider the group

G = <1’7yaz|$m = yvym = 1722m+1 = 1,$_1ZIZ' = va
yilzy — Z27n>
= Cymg1 X Cp2 (m:2,3,...)

where C), denotes the cyclic group of order n.

1) Let S = {z,zz" Y 22" % ... 2z} C G. The mul-
tiplication table of S when its elements are arranged
in the order z,zz" ', 22" 2,...,zz takes the same
form as Lo. For example, in the case m = 2, we
have G = (z,y,2]2% = y,y? = 1,2° = L, 27 lz2z =

22, y~lzy = 2%) and the multiplication table below:

T zzt zz3 22 zz

x Y yz> Yz yzt Y22
xzt yzt yz? Yy yz> yz
x> yz> Yz yz yz2 Yy

z2? yz> y yz> Yz yz*

Tz Yz yz* yz> Y yz3

2) Let S = {ayz""1 ayz""2 ..., xyz,zy} C G. The
multiplication table of S when its elements are arranged
in the order zyz" ', xyz""2%,...,xyz, 2y takes the
same form as L,. For example, if m = 3, we have
G = (z,y,z|23 = y,y® = 1,27 = l,z7lzr =
23, y~1zy = 2%) and the following multiplication table:

zyzS  wy® oyt ay ® ay® zyz oy
oy [ 2822 2825 28 2Bt 28 288 282
zyz® | 2Bz 282t 2B 2823 2820 2822 B2
zyzt | 2% 2823 2828 1822 282 282 282
zyz® | 2820 2822 2825 28z a8t 2% 282
zyz? | 282° a8z 2%zt a® 2828 1828 182
zyz | a8z 2% 823 2820 2822 1825 o8z

zy | 2828 2820 2822 2825 a8z a8t o8

The smallest odd order for the existence of a non-
commutative Latin square is 3. When n = 3, we see that

A Ay Az
Lg = A2 A3 A1
As A1 As
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is a commutative Latin square which can be embedded in Zs.
We also note that when n = 3,

Ay Ay A
Li= A3 A Ay =1L
Ay Az Ay

and hence L, is embeddable in the dihedral group of order 6.

3) Some Non-Commutative Latin Squares of Even Order
Which Are Not Embeddable in Groups: We first determine
some conditions for a square to be not embeddable in any
groups.

Proposition 1: Let G be a group. There does not exist
distinct elements z,y,z € G such that 22 = 32, zy = yz
and y? # 22,

Proof. If such x,y, z exist in G, then x = yzy~
22 = y22y~ 1. But then y? = yz2y~! which gives us y? = z
a contradiction.

By using Proposition 1, we show that the squares L3 and

L5 in Section 2.1 are not embeddable in any groups.

1 and hence,

2.
B

1) Consider the square Ls. Suppose that there exists a
group G with a subset S such that the multiplication
table takes the same form as Ls3. By taking z,y, z as
the first, second and (m + 2)-th elements respectively
in the order of elements in the multiplication table of
S, we then have that z, y, z satisfy the conditions in
Proposition 1. But by Proposition 1, such a group does
not exist. For example, when n = 4, we have

A1 A As Ay
Ay A1 Ay A
As Az Ay A
Az Ay Ar A

Choose x,y, z to be the 1st, 2nd and 4th elements in S,
then 22 = 42 = Ay, xy = yz = A4 and 32 = A, #
AQ = 22.

2) Consider the square Ls. Suppose that there exists a
group G with a subset S such that the multiplication
table takes the same form as Ls. We consider two
separate cases as follows:

(a) Case 1: 3| (n—1)
We choose z, ¥, z to be the (251 +1)-th, (@—i—
1)-th and first elements respectively in the order
of elements in the multiplication table of S. Again
by Proposition 1, the elements z, y, z cannot be
contained in any group.
(b) Case 2: 31 (n—1)
(i) If 3 | n, we choose z,y,z to be the first,
(% + 1)-th and (% + 1)-th elements in S. For
example, when n = 6, we obtain

Ay Ay Ay Ay A5 Ag
Az Ay A5 Ag A Ay
As Ag Ar Ay Az Ay
Ay Az Ay A5 As Ay
A4 AS AG Al A2 AS
As Ay Ay Az Ay As

Choose x, ¥, z to be the first, third and second
elements respectively in the order of elements

Ly =

in the multiplication table of S. Then we see
that 22 = y? = Ay, xy = yz = As and 3% =
Ay # Ay = 2%. By Proposition 1, there does
not exist any group containing z, y, z.

(i) If 31 n, choose x,y, z to be the first, (@)—
th and (%4 +1)-th elements respectively in the
order of elements in the multiplication table of
S. We again have by Proposition 1 that a group
centaining x, y, 2 cannot exist.
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