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The Spanning Laceability of k-ary n-cubes
when £ is Even

Yuan-Kang Shih, Shu-Li Chang, and Shin-Shin Kao

Abstract—Q¥ has been shown as an alternative to the hypercube
family. For any even integer k& > 4 and any integer n > 2, QX is
a bipartite graph. In this paper, we will prove that %iven any pair of
vertices, w and b, from different partite sets of @, there exist 2n
internally disjoint paths between w and b, denoted by {P; | 0 <14 <
2n — 1}, such that |J>" " P; covers all vertices of Q¥. The result is
optimal since each vertex of Q¥ has exactly 2n neighbors.
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I. INTRODUCTION

The k-ary n-cube, denoted by Qfl, has been proposed as an
alternative to the hypercube since it shares many nice prop-
erties of ), such as regular degrees, vertex symmetry, edge
symmetry, recursive structure, etc.. The underlying topology
of many machines is based on k-ary n-cubes, such as the Cray
T3E, the iWARP, the Cray T3D and so on. Please see [1], [4],
[11], [17]. Many reseachers have been working on k-ary n-
cubes. For example, Stewart and Xiang [20] proved that the k-
ary n-cube is edge-bipancyclic and bipanconnected for &k > 3
and n > 2 and k being even. Namely, any edge of a k-ary n-
cube QF lies on a cycle of any even length r for 4 < r < |QF],
where |QF| is the total number of vertices of Q%. Besides,
given two vertices u and v of Qﬁ,, there exists a path of
any even length 7 between w and v for d(u,v) < r < |Q’fb|,
where d(u, v) is the distance between u and v. Other studies
about fault tolerance on k-ary n-cubes can be found in [8],
[23]. Recently, there are many studies about the spanning
connectivity for interconnection networks and graphs [9]. A
graph H = (B\JW, E) is bipartite if V(H) is the union of
two disjoint sets B and W such that every edge joins B with
W. It is easy to see that any bipartite graph with at least three
vertices is not hamiltonian connected except K. Note that any
(nontrivial) bipartite graph except K cannot be hamiltonian
connected, whereas a bipartite graph is hamiltonian laceable
if there exists a hamiltonian path between any two vertices u,
v with w € B and v € W [22]. A graph H = (BUW, E) is
a balanced bipartite graph if |V (B)| = |V/(W)|. Throughout
this thesis, we only work on QF with k > 4 an even integer
and n > 2, which are balanced bipartite graphs. A bipartite
graph H = (BUW,E) is m*-laceable if given a white
vertex w € W and a black vertex b € B, there exist(s) m
internal disjoint paths between w and b, denoted by P; for
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0 <47 < m —1, such that Uomf1 P; covers V. The spanning
laceability of a graph H, k*(H), is the largest integer &k such
that H is m™*-laceable for every m with 1 < m < k. A
higher spanning connectivity/laceability of the interconnection
network implies a more efficient communication between
processors. About the spanning connectivity and the spanning
laceability, readers can refer to [6], [7], [12]-[15].

In this paper, we want to show the spanning laceability of
k-ary n-cubes for any even integer & > 4. More precisely, we
show that given a white vertex w and a black vertex b of a
k-ary n-cube QF, there exist(s) m internally disjoint path(s)
between w and b whose union covers all vertices of QF for
1 < m < 2n. The result is optimal since any vertex in Qﬁ has
exactly 2n neighbors. This paper is organized as follows. In
Section 2, we introduce the graph terminologies and symbols
that will be used in the paper and the definition of Q%. In
Section 3, we show our main results.

II. PRELIMINARIES

Throughout this paper, we follow [3] for the graph def-
initions and notations. The sets of vertices and edges of a
graph G are denoted by V(G) and E(G), respectively. If
u, v are vertices of a graph G such that there is an edge
e = (u,v) € E(G) between u and v, then we say that
the vertices v and v are adjacent in G. The degree of any
vertex z is the number of distinct vertices adjacent to .
A path P between two vertices vy and vy is represented
by P = (vg,v1,...,v), where each pair of consecutive
vertices are connected by an edge. We use P~! to denote
the path (vg,vk—1,V—2,...,v0). We also write the path
P = (vg,v1,...,0%) as (Vo,V1,...,0i, Q,Vj,Vj41,...,Vk),
where @ denotes the path (v;,viy1,...,v;). A hamiltonian
path between v and v, where u and v are two distinct vertices
of G, is a path joining w to v that visits every vertex of G
exactly once. A cycle is a path of at least three vertices such
that the first vertex is the same as the last vertex. A hamiltonian
cycle of G is a cycle that traverses every vertex of G exactly
once. A hamiltonian graph is a graph with a hamiltonian cycle.
A graph G is connected if there is a path between any two
distinct vertices in G and is hamiltonian connected if there
is a hamiltonian path between any two distinct vertices in G
[18]. A graph H = (WUB, E) is bipartite if V(H) = WUB
and E(H) is a subset of {(w,b)|w € W,b € B}. A bipartite
graph H is hamiltonian laceable if there is a hamiltonian path
between any two distinct vertices from different partite sets in

A graph G is k-connected if there exists V' C V(G) with
|V'| = k such that G — V' is disconnected and G — V" is
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connected for any V" C V(G) with |[V”| < k. It follows
from Menger’s Theorem [16] that for every k-connected graph
G, there exist k internally vertex-disjoint paths between any
pair of distinct vertices of G. A k-container C(u,v) in a
graph G is a set of k internally vertex-disjoint paths between
two distinct vertices u and v. We say that a graph G has a
spanning k-container between u and v, denoted by C(u,v),
if C(u,v) is a k-container that covers all vertices of G. A
spanning k-container is also abbreviated as a k*-container for
simplicity. A graph G is k*-connected if there is a k*-container
between any pair of vertices of G. Obviously, a graph G is
hamiltonian connected if and only if G is 1*-connected, and G
is hamiltonian if and only if GG is 2*-connected. Lin et al. [13]
defined the concept of spanning connectivity. The spanning
connectivity of a graph G, k*(G), is the largest integer k such
that GG is w*-connected for all 1 < w < k. Similarly, a bipartite
graph H is k*-laceable if there is a k*-container between any
pair of two vertices from different partite sets of H. Also, a
bipartite graph H is hamiltonian laceable if and only if H
is 1*-laceable, and H is hamiltonian if and only if H is 2*-
laceable. So, the spanning laceability of a bipartite graph H,
k*(H), is the largest integer k such that H is m™*-laceable for
all 1 <m < k.

The k-ary n-cube, QF, is defined for all integers k& > 2
and n > 1. The subclass Q2 is the well-studied hypercube
family. The subclass QF with k > 3 is defined as the cycle
of length k. The k-ary n-cube, QF, for &k > 3 and n > 2
is defined as follows. Let u € V(QF) be represented by
(u(0),u(1),...,u(n — 1)), where 0 < u(i) < k — 1. Two
vertices u and v are adjacent if and only if |u(i) —v(i)| =1
or k — 1 for some ¢ and u(j) = v(j) forany 0 < j<n-—1
with j # i. It is shown that Q¥ is bipartite if k is even [10].
Here we mention some properties of Qfl that will be used in
this paper.

Q’fb is vertex symmetric (and edge symmetric) [10]. It means
that given any two distinct vertices v and v’ of Qfl, there is an
automorphism of Q mapping v to v'. Note that each vertex
of QF is represented by a n-bit tuple. We will call the dth-
bit the dth dimension. We can partition QF over dimension
d by fixing the dth element of any vertex tuple at some
value a for every a € {0,1,.. k — 1}. This results in &
copies of QF_,, denoted by Qn 1> Qﬁll, - QZ kl_l, with
corresponding vertices in Qn 15 f; 13- ,Qn 1 ! joined in a
cycle of length & (in dimension d) [19]

In this article, we always partition Q¥ over the 0-th dimen-
sion by letting V( ') = {((),v(1),v(2),...,0(n—1)) |
0<w(j) <k-1, Vlgj§n—1}for0§i§k—1.Given
avertex = (2(0),2(1),...,z(n—1)) € V(QF), the symbol
al = ((j),2(1),2(2),...,x(n — 1)), where 0 < j < k — 1,
is defined to be the vertex corresponding to x in Qfl’ﬁl for
simplicity. So, if P = (xo,%1,...,Tn-1), PJ is represented
by (x),2],... 2} _,). Throughout this paper, let n > 2 be an
integer and k£ > 4 an even integer.

Theorem 1. [I10] For any even integer k > 4, QF is
hamiltonian laceable for n > 2. In other words, QfL is 1*-
laceable.

Theorem 2. [5] The graph QF is hamiltonian. In other words,

QF is 2*-laceable.

III. MAIN RESULTS

Lemma 1. Given QF and its k subcubes, Qn 1» where 0 <
i < k—1. Let j and j' be two integers satisfying 0 < j <
j < k- 1 w e V(QM)) an arbitrary white vertex, and

b e V(Q 7 ) an arbitrary black vertex. Then there exists a
path between w and b that visits each vertex in Q,L " Q:ﬂ‘l,
QrI¥2 QM| exactly once.

Proof: There are three cases.

Case 1. j = j/. WL.O.G, let j = 5/ = 0. By Theorem 1,

is hamiltonian laceable. Thus, there is a hamiltonian

k-0 is hamil laceable. Thus, th hamil

path between w and b that visits each vertex of Qn_l exactly
once.
Case 2. j —j =1. WL.O.G, wecanletj—Oandj’—l
Let w be a white vertex in Q ", and b a black Vertex in
Qﬁ 11 We can find a pair of adjacent vertlces 20 and 2! where
20 is a black vertex of QF?°
Qﬁ,ll By Theorem 1, there exists a hamiltonian path P, of
Qﬁ’gl between w and z°, and a hamiltonian path P; of Qﬁfl
between ! and b. Let P = (w, Py, 2°, 2!, P;,b). Hence P
is the path between w and b that visits every vertex of Qfl’_ol
and Qifl exactly once.
Case 3. j — j' > 2. Let w be a white vertex in Q’:L’ﬂl and
b be a black vertex in Qk’ .- There are j — j' + 1 k-ary

n — l-cubes, Q%9 QUL QRi¥2  QRI'm1 and QR
There are j' — j pairs of adjacent Vemces z" € befl
and y"t* € QF"T' where 27 is a black vertex and y" T
is a white vertex for j < r < j' — 1. By Theorem 1,
there is a hamiltonian path R, of Qﬁfl joining y" to z",
where j +1 < r < j' — 1. Again, with Theorem 1, there
exists a hamiltonian path 7' of Qiﬁl joining w to x7, and
a hamiltonian path U of Q:"_jll joining 37’ to b. Let P =
<U),T,.Tj,yj+17Rj+1 @I it Ry a2yl

Ry, 2l ,yj U, b). Therefore, P is a path covering all the
vertices Oan 1,QJ’]H,QTL’JJ{Q,...,Q Jfor0<j<j <
k —1 between w and b. Please see Figure 1 for an illustration.

®, and z! is a white vertex of

or or!
Fig. 1. The illustration for Case 3 of Lemma 1.
|
Lemma 2. Given QF and its k subcubes Q Cyfor 0 <i <
k—1. Let w be a white vertex, b a black vertex in Qn 1, and

j an integer with 0 < i < j < k — 1. There €XZSIS a path

k,i+1

between w and b that covers all the vertices of Qn v Qi1
.., and an

Proof: We consider the following two cases.
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Case 1. j = . There is only one k-ary (n — 1)-cube Qfl’il
By Theorem 1, the lemma holds in this case.

Case 2. j # i. There are j — i + 1 k-ary (n — 1)-cubes.
According to Theorem 1, there is hamiltonian path F; that
covers all the vertices of Qifl between w and b of the form
(w, S;,xt,y*, T;,b), where {a’,y'} is an edge of Q" 1 with
{2%,y*} N{w, b} = 0. Notice that by Theorem 1, Q "L s
hamiltonian laceable and hence there exists a hamiltonian path
P, between z" and y" of the form (z", S, 2", w",T,.,y") for
i+ 1 <r <j. Let the required path between w and b be R,
we have the following two subcubes.

Case 2.1. If j — i+ 1 is even, then

R = (w, Si, zt, 2, Sy, 2141, 2142, (S 9) "1, 212, 293,
Siga, 23, 2 (Sip) 7L 2t 208, 20w Ty
yj717 (Tj—1)717 wj717 wj72> T]'—Q’ yj727 yj737 (Tj—3)717
wi=3 .yttt Ty, b). Please see Figure 2 for an illustra-
tion.

o ————

Fig. 2. The illustration for Lemma 2 when 7 — i 4 1 is even.

Case 2.2. If j —i+ 1 is odd, then

R = (w,S;,z%, x¥L Siqq, 2L 2742 (S;40) 7L 2t H2 i3,
Si+3,% 1+3 7+4 (S+4) 17xz+47'"7Zj’(Sj)71’xjvij
(71]) 1 ’lUJ wj 1 Tj 17yj717yj727(7},72)717u}j727,wj737
T, 3,yJ 5,... y”l y*, T;,b). Please see Figure 2 for an
illustration. ]

o ———— o

Fig. 3. The illustration for Lemma 2 when j — ¢ + 1 is odd.

Lemma 3. The graph Q4 is 3*-laceable and 4*-laceable.

Proof: The proof is by brute force. Reader can refer to
Appendix A. |

Lemma 4. The graph QS is 3*-laceable and 4*-laceable.

Proof: By brute force, we constructed all spanning con-
tainers. Please see Appendix B. |

Lemma 5. The graph Q% is 3*-laceable and 4*-laceable for
any even integer k > 6.

Proof: With Lemma 4, we have shown that QS is 3*-
laceable and 4*-laceable. Now we will present a recursive

algorithm that uses a 3*-container (resp. 4*-container) of Q%
to construct a 3*-container (resp. 4*-container) of Q2+2 Let
R be a subset of V(Q5) U E(Q5). We define a function, f,
which maps R from Q5 into Qg“ in the following way:
() If (i,5) € RNV (QL), where 0< 4,5 < k — 1, then

(4, 7) if0<i,j<k-—2

(i4+2,9) ifi=k—-1,0<j<k—-2
@GN =9 6,5 +2) ifj=k—1,0<i<k—2

(t+2,5+2) ifi=k—1=3j.

Q) If ((4,4), (', 7)) € RNE(QE), where i <4',j < j’, then

F(G, LOJW)

(o), (7, ) if0<ij<k-3,
1§i/7j/§k_2;
1<j <k-2;

(5,5 +2), (7,5 +2)) ifj=j5=k-1,
0<i<k-—3,
1< <k-2;

if0<i=i<k-—2,
§=04 =k—1;
if0<j=j <k-2

((5,9), (@, 5" +2))

((,9), (" +2,5"))

i1=0, =k—1;
(1, +2),("+2,57+2) ifi=0,¢=k—1,

j=i'=k-1;

=1 =k—1.

Let w be a white vertex and b be a black vertex of Q5. We
say that a 3*-container (resp. 4*-container) C(u,v) of Q} is
regular if C'(w, b) contains some edges in {((«o, k—2), (o, k—
1) [0<a<k-1}and {((k—2.8),(k—1,3) | 0< 8 <
k—1}. For example, all 3*-containers and 4*-containers of Q$
constructed in Lemma 4 are regular. Let C'(w, b) be a regular
3*-container (resp. 4*-container) of Q§ with the endvertex set
P = {w = (0,0),b = (x,y)}. We construct a regular 3*-
container (resp. 4*-container) of Q§+2 with the endvertex set
f(P) using the following algorithm. Please see Figure 4 for
an illustration.

©0) 10001@8”

(0.,5)
0050808 oooo@Qo
oX XeoX Xo! O°O’®°
| JoX XoX' ¥oX ¥e)
O 00 6 SR ReX-JoX JoK )
[ ¥oX -XoX ' Yo 50@-0-0-C -0 8O
OX NoX-ToX @-o-@o@-o@b

(0 -FOR- NOX =Y o)

o 5.5)
&) - RON ‘ROX - NG} 77

(a) w=(0,0), b=(2,1) (b) w=(0,0), b=(2,1)
[ o

Fig. 4. Using the 4*-container of QS to construct the 4*-container of Q5.

Step 1. In Q5, let {vg,v1,...,v:—1} and {ho, h1,..., he_1}
be finite sequences of indices satisfying the following require-
ments:

MOy <v <...
hi>...>hgs_1>0;

<v_1<k—1land k—1> hy >
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(2) for 0 <i<k—1, ((vi,k —2), (v, k— 1)) is an edge of
C(w,b); for 0 < j < k—1, ((k—2,hy),(k—1,h;)) is an
edge of C(w,b).

Step 2. Let C(w,b) be the image in Q5™ of C(w,b) —
({((Ui7k72)> (Uivk*l)) | 0<:i< kil}u{((kflhj)v (kf
1,h;)) | 0 < j < k —1}) under the function f. Please see
Figure 5 for an illustration.

£((0,0) /((0,4)) £((0,5)
0,0 0.4) (0.5) =(0.0 =(0.4) =0,7)
o o
/ o o
TREIRES Safas
] o o
{ia5 RN buaiziat
— { o o
++*\/ 7(40) ‘r“ \
=40 e °
40y (4
(5.0) (5.5) ol ol ol ol o o ol o
o o o o o o o o o
. f((5:9))
/((5.0) o o

=(7,7)
=(7.0)

o

Fig. 5. Using function f to map a subset of edges and vertices of QS into

Q5.

Step 3. For any two positive integers = and d, we use [r]4 to
denote r(mod d). In Q5™2, define the following path patterns,
where 71, 7o are integers:

Io(ri,r2) = ((ri,a), ([r1 + kg2, @), (12, 0));
I (ra,m) = ((re, @), ([r2 = Ukyo,a), ..o (71, 0));
Hg(ry,r2) = ((B;r1), (B, [r1 + Unt2), -+, (B 72));
Hy'(ra,m) = ((B,72), (B, [ra = Upa)s -+, (B,m1))-

Lett, =v;,+2ifv;, =k—1and v, = v; if 0 < v; < k—2,
andﬁj = hj+2 lfh7 =k-—1 andﬁj = hj if 0 < h]' < k-2.
Case 1. v = k£ — 1.

Let Pp = ((k+1,k—2),(k+1,k—1),(0,k—1),I;_1(0,k —
2), (k—2,k—1), (k—2,k), I, ' (k—2,0), (0, k), (k+1,k), (k+
1,k+1)).

Case 1.1. s = 1.

Let Py = ((k — 2, ho), (k = 1,ho), H; !y (ho, [ho + ky2),
(k =1, [ho + k+2), (K, [ho + 1k42), Hi([ho + 1k+2, ko),
(k, ho), (k+1, ho)). Then C(w, b)UPyUPy is the 3*-container
(or 4*-container) of Q’;*z.

Case 1.2. s > 2.

Let P; = ((k — 2,hq), (k — 1, hi), H; 2y (R zfz+1 +1), (k-

L hisr+1), (k, hipa+1), Hy(hig ,h) (K, hi), (k+1, hy))
for 0 <i<s—2,and Ps_1 = ((k—2,hs_ )( —1,hs_1),
Hili (ho—1, [ho + ki), (k = 1, o + Upya), (b, [ho +
1]]€+2) Hk([h0+1]]€+2, s— 1) ( hs_ ) (/f+1 h )> Then
C(w,b) U PyU{P; |0 <i < s—1} is the 3*-container (or

4*-container) of Qk+
Case 2. v, 1 <k—2and ((k—2,k—1),(k—1,k—1)) €
E(C(w,b)) in Q5.

Case 2.1. t = 1.

Let PO = <(§0,k’—2), (Eo,k— 1),[}6_1(50,]6—2), (k‘—2,l€—
1), (k—2,k), I; ' (k — 2,), (Do, k), (Do, k + 1)).

Case 2.1.1 s =1.

Let Py = ((k — 2,ho), (k — 1,ho), H;*, (ho,0), (k — 1,0),

(k70)7Hk'(07k - 1)7(k7k - 1)7(k + 1ak - 1)7Ik71(k +

1, [00 = Ur+2)s ([00 = s, k= 1), (00— Ups2, k), I, (00—
1]k+2,k‘ + 1), (k + 1,k), (k, k), (k, ko), (k + 1,ho)). Then
C](cqu)2 b) U Py U Py is the 3*-container (or 4*-container) of
Case 212 s =2.
Let Py = ((k—2,ho), (k—1,ho), Hy ', (ho, ha + 1), (k — 1,
hi+1),(k,hy +1),Hy(h1 + 1,k = 1), (k,k—1), (k+ 1,
k — 1)7Ik—1(k +1, [50 - 1]k+2)7 ([50 - 1}k+27 k — 1)7
(o — U2 k), Iy ([0 = Upgo, k4 1), (k + 1,k), (k, k),
(k‘ h()) (k +1, h0)>, and P, = <(k‘ 772, h1)7£k' — 1’h1)L
H, - 1(hl, 0), (k—1,0), (k,0), Hr(0, hy), (k, h1), (k+1, h1)).
Then C(w,b) U Py U Py U Py is the 3*-container (or 4*-
container) of Qk+2.
Case 2.1.3 s > 3.
Let Py = ((k — 2,ho), (k — 1,ho), H; ' (ho, h1 + 1), (k —
1,h1+1),(k,h1+1), He(h1 +1,k—1), (k,k—1), (k+1,k—
1), Ie—1(k +1, [vo — 1t2), ([v0 — Ut2, kb — 1),
To — Unya k), I ([Uo = Ui,k +1), (k+1, k), (k, k),
ho),(k+1h0)> = ((k = 2,h), (k = 1, ki), Hi Ly (R,
+1 1) (k 1 h1+1 +1) (k hLJrl +1) Hk(h,+1—|—1 h)
i), (k4 1, h)) for 1 <i<s—2,and P;_1 = ((k — 2,
1)’( -1 h.s 1)7H];711(h57170)7(k_ 170)’(k70)7Hk(07
) (]C hs 1) (k’ + 1,%5_1». Then 6(w,b) U PO @] {FZ |
0 g i < s—1} is the 3*-container (or 4*-container) of QS”.
Case 2.2.t > 2.
Let P2 = <(6i7 k—

—
W"_‘\—/

s

D‘\ D‘\/“ =

2), (Ui bk — 1), Iy—1 (U, Vi1 — 1), (Vi1 —

Lk—=1), (@41 — L,k), I (@1 — 1,5;), (0, k), (U5, k + 1))

for 0 < i <t-—2 and P,_y = ((Ti-1,k — 2), (Te—1,k —

D), L1 (U1, k — 2),(k — 2,k — 1),(k — 2,k), I, (k —

275t71)> (@t,h k‘), (@tfl, k+ 1)>

Case 2.2.1 s = 1.

Using the same Py as in Case 2.1.1, then C(w,b)U{P; | 0 <

i<t—1} U Py is the 3*-container (or 4*-container) of Q§+2.

Case 2.2.2 s = 2.

Using the same Py and P; as in Case 2.1.2., then C(w,b) U

{P,|0<i<t—1}UPyuUP; is the 3*-container (or

4*-container) of Q472

Case 2.2.3 s > 3.

Using the same {P; | 0 < i < s — 1} as in Case 2.1.3., then

Cw,b)U{P; |0<i<t—1}U{P; |0<i<s—1}is the

3*-container (or 4*-container) of Qé’”

Case 3. v, 1 <k—2and (k—2,k—1),(k—1,k—1)) ¢

E(C(w,b)) in Q5.

Case 3.1. t =1.

Let Po— <(§0,k’ 2) (io,k 1),[}6 1(1}0,]{?—1),(1{) 1 k—

1),H,_ 1(lg—l ho+1),(k—1,ho+1), (k, ho—i—l),Hk(ho—I—

1,k—1),(kk=1),(k+ 1,k — 1) 0,k — 1), 1,1 (0, vof

1)(07171{71)(0717]{‘)7[ (607170)7(071{)7
(koK) (b k + 1), (k — 1,k + 1), (k — 1,k), I, 1(1<; -

1 vo),(v 0, k), (To, k +1)).

Case 3.1.1 s =1.

Let ﬁO = <(k72750)7 (kf 1750)7 Hk__ll(ﬁm 0)7 (kilv 0)7 (kv

0)7 H]g(07ﬁ0), (k,ﬁo), (k)—|— 1,50)). Then 6(11)7 b) UP Uﬁo is

the 3*-container (or 4*-container) of Qé*

Case 3.1.2 s > 2.

Let P; = ((k—2,h;), (k—1,h;), H; ', (R,

hit1 4+ 1), (K, hig1+1), Hy(hi +1 o), (ks

h7+1+1) (k 1,
hi), (k+1,h;))
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for0<i<s—2,and Py 1 = ((k—2,hs_1),(k—1,hs_1),
H];jl(hsflvo)v (k - 17 0)7 (ka 0)7 Hk:(07 hsfl)a (k7 hsfl)v (k+
1,hs—1)). Then C(w,b) U Py U{P; | 0 <1i < s—1}is the
3*-container (or 4*-container) of Q’;*Q.

Case 3.2.t > 2.

Let P2 = <(5i7 k— 2), (Ei, k— 1), Ik—l(ﬁiaai-}—l — 1), (6,‘_*.1 —
Lk—1),@ig1 — LK), I, ' (ig1 — 1,0), (05, k), (Ui, k + 1))
for 0 < i <t-—2 and P_y = ((Ti-1,k — 2), (Te—1,k —
D), o1 (U1, k—=1), (k= 1,k —1), H, ' (k—1,ho+ 1), (k—
Lho + 1), (k,ho + 1), He(ho + 1,k — 1), (k, k — 1), (k +
1,k — 1),(07]6 — 1),]]@,1(0,@0 — 1),(@0 -1,k — 1),(?0 —
1, k)a 11;1(60 - 170)7 (07 k)a (k +1, k)7 (ka k)7 (k7 k+ 1)7 (k -
Lk+1), (k—1,k), I; (k= 1,04—1), (Ts—1, k), (Ts—1, k+1)).
Case 3.2.1 s=1.

Using the same Py as in Case 3.1.1, then C(w,b) U{P; | 0 <
i <t—1}U Py is the 3*-container (or 4*-container) of QS*Q.
Case 3.2.2 s > 2.

Using the same {P; | 0 <4 < s — 1} as in Case 3.1.2., then
Clw,b)U{P, |0<i<t—1}U{P;|0<i<s—1}is the
3*-container (or 4*-container) of Q’2"+2.

Case 4. v;,_; = k — 1 for some ¢ > 2 and vy = 0.

Case 4.1. t = 2.

Let Py = <(ﬁo, k— 2), (@0, k— 1)7Ik—1(§07 k— 2), (k -2, k—
1), (k — 2,k), ' (k — 2,7), (Do, k), (To, k + 1)), and P; =
(k+1,k—=2),(k+1,k-1),(k+1,k),(E+1,k+1)).
Case 4.1.1. s = 1.

Using the same Py as in Case 1.1., then C(w, b)UPyUP,UP,
is the 3*-container (or 4*-container) of QS”.

Case 4.1.2. s > 2.

Using the same {P; | 0 < i < s — 1} as in Case 1.2., then
Clw,b) UPUPLU{P; | 0<i<s—1} is the 3*-container
(or 4*-container) of Q§+2.

Case 4.2. t > 3.

Let P, = ((@i, k— 2), (ﬁi, k— 1), Ik_l(ﬁi,iji+1 — 1), (51'4,_1 —
17 k— 1)7 (@H»l -1 k)7 [k_l(viJrl - lvﬁi% (ﬂiv k)7 (ﬂiv k+ 1)>
for 0 < i < t—3, Py = <(@t,2,k - 2)7(5,5,2,]{) —
1)7Ik71(ﬂt727k - 2)7(k - 27k - 1)7(k - 27k)7ll:1(k -
27§t72)7 (Etf% k)? (Etf%k + 1))7 and P, = <(k +1, k —
2),(k+1,k—=1),(k+1,k),(k+1,k+1)).

Case 4.2.1. s =1.

Using the same Py as in Case 1.1., then C(w,b) U {P; | 0 <
i <t—1}U Py is the 3*-container (or 4*-container) of QS“.
Case 4.2.2. s > 2.

Using the same {P; | 0 < i < s — 1} as in Case 1.2., then
Clw, ) U{P, |0<i<t—1}U{P;|0<i<s—1}is the
3*-container (or 4*-container) of Q’;“. |

Theorem 3. For any integer n > 2 and any even integer
k > 4, the graph QF is m*-laceable where 1 < m < 2n.

Proof: According to Theorem 2-3 and Lemma 3-5, the
theorem holds for any even integer k£ > 4 when n = 2. We will
give the proof of the theorem by mathematical induction on n.
By induction hypothesis, assume that Qﬁ’fl is m*-laceable for
1<m<2n—2, where 0 <i < k — 1. Given a _yvhite vertex
w € V(Q™ ) and a black vertex b € V(QF7,). We will
show that we can use the m*-containers of Qﬁ’zl to construct
a (m + 2)*-container of Q* between w and b.

Case 1. For j = j'. Without loss of generality, we let
j=j"=0.

In this case, we have {w, b} € Qﬁ’_ol. By induction hypothesis,
there are m internal disjoint paths { P;}7 ;! whose union cov-
ers all vertices of QZ’_Ol between w and b for 1 < m < 2n—2.
By Lemma 2, the exists a path S covering all vertices of
Qﬁfl for 1 < i < k — 2 between w! and b'. We can let
P,, = (w,w",S,b',b). In Q¥*!, there exist a hamiltonian
path R joining from w*~! to b*~! by Theorem 1. Also, we
can let P11 = (w,w" 1 R, b1 b). Therefore, there are
m+2 internal disjoint paths {P;}75" whose union covers all
vertices of QF between w and b. Please see Figure 6 for an
illustration.

s

i/\
b

o o [ o

w
Lt
X
o
1

Fig. 6. The illustration for Case 1 of Theorem 3.

Case 2. For |j' — j| = 1. Without loss of generality, we let
j=0and j = 1.

We have the following two cases.

Case 2.1. Suppose that d(w,b) = 1. It is easy to see that we
can let P41 = (w,b).

Case 2.1.1. If m = 1.

Let z be any black vertex of QZ’El. By Theorem 1, there
exist a hamiltonian path S of Qﬁ’_ol from w to z, and
a hamiltonian path T' of Qflfl from z! to b. So we set
Py = (w, S, 2,24, T,b). According to Lemma 1, a hamiltonian
path R between w*~! € QF " and 02 € Q%2 covers all
vertices of Qﬁfl for 2 < ¢ < k — 1. We can write P; as
(w,w*~' R, b% b). Hence, there are 3 internal disjoint paths
{P,, P1, P,} whose union covers all vertices of Q¥ between
w and b. Please see Figure 7 for an illustration.

4

'
2

oL o oi o

Fig. 7. The illustration for Case 2.1.1 of Theorem 3.

Case 2.1.2. If m > 2.

According to the induction hypothesis, given any black vertex
z € V(QF, — N(w)), there exist m internal disjoint paths
{R;}7," whose union covers all vertices of Q’:L’Bl between
wand z for 2 < m < 2n — 2. Let R; = (w, S;,y;, z) for
0<i<m-—1 We set Py = (w,So,%0,2 2"y, (S§)71,b)
and P; = (w, S;,vi,y}, (SH)71,b) for 1 < i < m — 1. By

K2
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Lemma 1, there is a hamiltonian path T between w*~! €
Qﬁ’ffl and b? € Q’:fl covering all vertices of Qﬁfl for
2<i<k—1 Set P, = (w,w* !, T, b b). Consequently,
there are m + 2 internal disjoint paths {P;}" ' whose union
covers all vertices of QF between w and b. Please see Figure 8

for an illustration.

w? P o
s 2
W2§#
Yo S HES Y
[

o o o

Fig. 8. The illustration for Case 2.1.2 of Theorem 3.

Case 2.2. Suppose that d(w,b) > 3.
Case 2.2.1. If m = 1.
Given any black vertex z in Qn 1» by Theorem 1, there
is a hamiltonian path R of Q o Jomrng from w to z. So
there is also a hamiltonian path S of Qn71
. We can set S = (w!,S51,b,55,21). By Lemma 1 there
exists a hamrltoman path 7' between wk e Q 1 and
b € Q “, covering all Vertrces of Q  for 2 < g k—1.
We let Py = (w, R,z 2%, (S5)71,b), P1 = (w,w!,S,b),
and Py = {(w,w*~ 17T, b2, b). Therefore, there are 3 internal
disjoint paths { Py, Py, P>} whose union covers all vertices of
QF between w and b. Please see Figure 9 for an illustration.

between w! to

P

Qi Qi Qi Qi Q!
Fig. 9. The illustration for Case 2.2.1 of Theorem 3.

Case 2.2.2. If m > 2.

Let z be a black vertex of V(Q"", — N(w)). In Q*°,,
according to the induction hypothesis, there exist m internal
disjoint paths {S;}7;! whose union covers all vertices of
Qﬁgl between w and zfor 2 < m < 2n — 2. So as in
Qﬁ‘ll, there exist m internal disjoint paths {T;}™,' whose
union covers all vertices of Q 1 between z! and b for
2 <m < 2n—2 Let Ty = {2}, 90, T}, 0, w!, Ty, b) and
T, = (2%, y;, T/, b) for 1 <i <m—1in Q"

Case 2.2.2.1. If b° ¢ V(Sp).

Without loss of generality, let 8° € V(S,,_1). In QZ’EI, we
also let Sy = (w, 8, e, 54, y3, 2), S; = (w, S}, yd, z) for 1 <
i<m-—2,and Sp,_y = (w, S, _1,0% £,8" 1,40 _1,2). A
hamiltonian path R is embedded in Qk ! between w*~! and
fF=1 by Theorem 1. Write R as (w*~! R’,ek‘l,g,R”, et
). Notice that g*~2 is a black vertex and b? is a white vertex.

According to Lemma 1, there is a hamiltonian path U between
"2 and b? covering all vertices of Qﬁ’il for2<i<k-—2.
We can set PO = (w,z8, 70, (T)) ™1, yo, 25, Ym—1, Tm—1,b),
P1 = (w, w To,b) Py, = (w, wk_l,R’7ek_17e,S('),y8,z
ym 17( m— 1) .fafk ! (RH) g7gk_27U’b27b>’ P3:<
w S;n 17b vb>’ and P, = <w7Sz—37y?—37yi—3:nl—37b> for
4 <4 < m+ 1. So, there are m + 2 internal disjoint paths
{P;};! whose union covers all vertices of QF between w

and b Please see Figure 10 for an illustration.

P

b* g

Fig. 10. The illustration for Case 2.2.2.1 of Theorem 3.

Case 2.2.2.2. If ¥ € V(Sp).

Let Sy = (w, 28, e, 55,8°, £, 54,43, 2), and S; = (w, S, 1Y,
z) for 1 <4 < m — 1. A hamiltonian path R is embedded
in Q¥* ! between w1 and f5~1 by Theorem 1. R is
written as (w*~', R ek¥=1 g, R”, f*~1). Notice that gF—2
is a black vertex and b% is a white vertex. According to
Lemma 1, there is a hamiltonian path U between g*~2 and
b% covering all vertices of Qfl’i for 2 < i< k-2 We
let PO = <w7x85$01(T6)717y01 7l/m 17Tm 1>b>’ Pl =
(w, w', T, b), Py = (w,wF 1 R ek~ 76750,12 b) Py =
<was7lnfl?y9nflvzvy87(S(l)l)_lafafk_la(R”) y 9,9 -2 U
b2,b), and Py, = (w,S]_5,y0 5, yi—3,T]_5,b) for 4 < i <
m—+ 1. Hence, there are m+ 2 internal drsjornt paths {P; }m+1
whose union covers all vertices of Q* between w and b. Please
see Figure 11 for an illustration.

P,

b*

oK o o [

Fig. 11. The illustration for Case 2.2.2.2 of Theorem 3.

Case 3. For |j — j| > 2. Without loss of generality, we let
j=0and2<j <k 5 be even.

Because b € Q Jl Where j' is even, b’ is a white (resp.
black) vertex in Qn y for 0 <@ < k—1 when i is odd
(resp. even) It is easy to see that w’ is a black (resp. white)
vertex in Q ; for 0 <4 < k—1 when 7 is odd (resp. even).
By the mductlon hypothes1s there exist m internal dlS]Omt
paths {R}}7"", ! of Q"7 between w' and b for 0 < i < j'.
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Let R, = (w',a},U},y,b") for 0 < p < m — 1 and
0<1i<y. Accordin% to Lemma 2, a hamiltonian path S
covers all vertices of Q" ; for j'+1 < i < k—2 joining from
w1 to b7 +1, There is a hamiltonian path T of Q%" from
w*~1 to ¥*~1 by Theorem 1. Hence, we can write P, = (w =
WO, Uyl yp (Up) ™, g, Up o (U )7 7,
wg,Ug/,y{:,b"/ =bfor0<p<m—1, P, =(w=uw" w!,
w2, w! wf S W B = ), and Py = (w =
w0, wh= TR =1 b0 b1, .. b7 =1 b7 = b). Therefore, there
are m +2 internal disjoint paths {P;}75! whose union covers
all vertices of QF between w and b. Please see Figure 12 for

an illustration.

T

W W, s

A e R v

g
R | ]
g b bt
i
&

o 0, o o [ o

Fig. 12. The illustration for Case 3 of Theorem 3.

Case 4. For |j' — j| > 2. Without loss of generality, we let
j=0and 3 < <%+1 be odd.

Case 4.1. If m = 1.

Choosing a black vertex z of QZ’_Ol, by Theorem 1, there is a
hamiltonian path R of QZ’EI joining from w to z. In Qi’ffl,
there exists a hamiltonian path S of Qfl’ffl between wF~!
and zF71. We can let S = (wh=1,9 e, bF~1 8" k1),
where b*~1 is a black vertex of Q':L’fl_l, so e is a white
vertex of Qi’ffl. By Theorem 1, there is a hamiltonian
path T of Q¥*? joining from eF~2 to b*2. Let
T = (b2, W, fF20F2). In QF",, we also have a
hamiltonian path T between e’ and b’ for j' < i < k —3, so
we let T% = (¢!, W?, f* b'). According to Lemma 1, there is
a hamiltonian path U between a black vertex w! € Qﬁfl and
a white vertex b/ ~! € Qﬁ’f;_l covering all vertices of Qﬁfl
for 2 < i < j —1. We set Py = (w,w',U, b/ ~1,b), P =
(w, R, z,2"=1 (8§")~L, b1 pk=2  p' L p" = b), and
P, = <w7 wk—l, Sl’ (37(3Ic—27 W fk_2, Jck—{ﬁ’.7 (Wk—g)—17 elc—S7
B L B SIS U 1 e R S S ISR A 1
b). Hence, there are 3 internal disjoint paths {Py, P, P>}
whose union covers all vertices of Q between w and b.
Please see Figure 13 for an illustration.

Case 4.2. Ift m > 2.

Given a white vertex z in QZ’Z/I such that z is adjacent to
b. So z' is a black (resp. white) vertex and w’ is a white
(reps. black) vertex of Qﬁfl if 0 < i< j —1 when i is
even (resp. odd). By the induction hypothesis, there exist m
internal disjoint paths {R;}75" of QF°, between w and
20, We write Ry = {(w,xo(1),70(2),...,z0(),2°), and
Ry, = (w,p, Sy, yp, 2°) for 1 < p < m — 1. Again, by the
induction hypothesis, there exist m internal disjoint paths

Fig. 13. The illustration for Case 4.1 of Theorem 3.

{T; ;’:01 of Qﬁfl between wi_ and 2! for 2 < i < j/ — 1.
We let T, = (w',x;,U},t,,2°) for 0 < p < m — 1 and
2 < i < j' —1. Notice that & ! is adjacent to 2/ ~!, without
loss of generality, we let t/ ~3 = b/'~1. In Q7. there
are m internal disjoint paths {W;} ;' from b to z by the
induction hypothesis. We can write W), = (2,t],Y},b) for
0<p<m-—2and W,,_1; = (2,b). According to Lemma 1,
there is a hamiltonian path V between w*~! € Qﬁffl and
by e QPP covering all vertices of QY forj +1<i
<k—1. Set Py = (w, w1, V, 07 L b), P, = (w, w!, w?
_ 1 31 prg—1
I37g02atlgvtg7(U03) 1,{1?8771)371,04,...7711] 17x(J) 7U8 )
T Yo, b), Py = (w,mo(1)7x(1)(1),xé(2),10‘§2)7 ce
.T()(CY - 1)7 x(l)(a - 1)7 xé(a),xo(a), ZO7 217 sy k2 7b>’ P3 = <
wvxm—l,Sm—lvym—lvyrln—h(S}n—l)ilvx»}n—lvx%z—lvUEn—h
2 3 3 \-1 .3 J'=1 pri'=1 45'=1 _
t7?7;717tm71,(Um,1) 7xm717'~’7xm—17Um—17tm—1 -
b1 b), and Py = (w, 23, i3, yi—3,yi_3, (Si_3) 1, xf_s,
2 2 42 3 3 y-1 .3 J'=1 ppi’=1 5'-1
957‘,/73>Ui737ti73:ti737 (Uils) s, wig U5 5,

t§73,YZ—_3, b) for 4 < i < m+ 1. So, there are m + 2 internal
disjoint paths {P;}§' whose union covers all vertices of

QF between w and b. Please see Figure 14 for an illustration.

o L‘ w E

=L

.1 o (o o [ (o

Fig. 14. The illustration for Case 4.2 of Theorem 3.

APPENDIX A
PROOF OF LEMMA 3

Notice that Qé is vertex symmetric. WL.O.G, let w =
(0,0). There are only two cases for b. That is, b €
{(1,0), (2, 1)},

Case 1. To prove that Q3 is 3*-laceable.
Case 1.1. Let b = (1,0).
The three disjoint paths {P;, P2, P3} between w and b whose
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(2,0), (1,0)).

Case 1.2. Let b = (2,1).

The three disjoint paths { Ry, Ra, R3} between w and b whose
union covers all vertices of Q3 are Ry = ((0,0), (1,0), (2,0),
(271)>? R, = <(0>0)7(0’1)7(171)7(271» and Rz = <( )
(3,0), (3,1), (3.2), (3,3, (2,3), (1.3), (0.3). 0,2), (1,2),
(2,2),(2,1)).

Case 2. To prove that Q3 is 4*-laceable.

Case 2.1. Let b = (1,0).

The four disjoint paths {Pi, P>, P5, P} between w and b
whose union covers all vertices of Q3 are P; = ((0,0), (1,0)),
P, = <(070)7 (07 l)a (17 1)7 (17 0)> P = <(0 0)> (07 3)a (07 2)>
(1,2),(1,3),(1,0)), and Py = ((0,0),(3,0),(3,1),(3,2),
(3,3),(2,3), (2,2), (2,1), (2,0), (1,0)).

Case 2.2. Let b= (2,1).

The four disjoint paths {Ri, R, R3, R4} between w and b
whose union covers all vertices of Q5 are Ry = ((0,0), (3,0),

(37 1)7 (27 1)>’ Ry = <(Ov 0)7 (1’0)7 (27 0)7 (27 1)>! R3 = <
(070)7 (07 1), (17 1)7 (27 1)>’ and Ry = <(070)7 (07 3)7 (07 2)7
(1,2),(1,3),(2,3),(3,3),(3,2),(2,2),(2,1)).

APPENDIX B
PROOF OF LEMMA 4

Notice that QS is vertex symmetric. W.L.O.G, let
w = (0,0). There are four cases for b. That is, b €
{(1,0),(2,1),(3,0),(3,2)}.

Case 1. To prove that Q§ is 3*-laceable.
Case 1.1. Let b = (1,0).
The three disjoint paths { P, Pg, P3} between w and b whose

5.2, 5.9), 5,10, 5 ). (4.5, (3,50, 2 5). (L5}, 0.5),
(07 4), (174), (2, 4), (374), (4,4 , (4, 3), (4, 2), (4, 1), (4, 0),
(3,0), (3.1), (3.2). (3,3), (2,3). (1,3), (0.3), 0,2), (1,2).
(2,2),(2,1),(2,0),(1,0)).

Case 1.2. Let b= (2,1).

union covers all vertices of QS are Ry = ((0,0), (1,0), (2,0)
(27 1)>’ Ry = <(0 O) (O 1)7 (17 1)7 (27 1)>’ and R3 = <(07O)7
(5,0),(5,1),(5,2),(5,3), (5,4),(5,5), (4,5), (3,5), (2,5),
(1,5),(0,5),(0,4),(1,4),(2,4),(3,4), (4,4), (4,3), (4,2),
(4,1),(4,0),(3,0),(3,1),(3,2),(3,3),(2,3), (1,3),(0,3),
(0,2),(1,2),(2,2),(2,1)).

Case 1.3. Let b = (3,0).

The three disjoint paths {51, S2, S5} between w and b whose
union covers all vertices of QS are S; = {(0,0), (1,0), (2,0),

(3,0)), S2 = ((0,0), (5,0), (4,0), (3,0)), and S5 = ((0,0),
(0,5),(1,5),(2,5),(3,5),(4,5),(5,5), (5,4), (4,4), (3,4),
(2,4),(1,4),(0,4),(0,3),(1,3),(2,3),(3,3),(4,3), (5,3),
(5,2),(5,1), (4, 1), (4,2),(3,2),(2,2),(1,2),(0,2), (0, 1),
(1,1),(2,1),(3,1),(3,0)).

Case 1.4. Let b= (3,2).

The three disjoint paths {71,7%,73} between w and b whose
union covers all vertices of QS are Ty = {(0,0), (1,0), (2,0),

(37 O)a (37 1)7 (3 2))9 T = <(0>O)7 (Oa 1)’ (07 2)7 (L 2)7 (17 1)7
(27 1)7 (27 2)7 (3 2)>’ and T3 = <( 70)7 ( 70)1 (47 0)7 (47 1)7
(5,1),(5,2),(5,3),(5,4), (5,5), (4,5), (3,5), (2,5), (1,5),
(0,5),(0,4),(0,3),(1,3), (1,4),(2,4),(2,3),(3,3), (3,4),
(4,4),(4,3),(4,2),(3,2)).

Case 2. To prove that Q$ is 4*-laceable.

Case 2.1. Let b = (1,0).

The four disjoint paths {P;, P2, P5, Py} between w and b
whose union covers all vertices of QS are P; = ((0,0), (1,0)),

P, = <(O 0)7 (07 1)’ (17 1)7 (170)>7 P = <(0a0)7 (075)7 (074)7
(0,3),(0,2),(1,2),(1,3),(1,4),(1,5),(1,0)), and P, =
(0,0),(5,0), (5,1),(5,2),(5,3), (5,4),(5,5), (4,5), (4,4),
(4,3),(4,2),(4,1),(4,0),(3,0),(3,1),(3,2),(3,3), (3, 4),
(3,5),(2,5),(2,4),(2,3),(2,2),(2,1),(2,0), (1,0)).

Case 2.2. Let b= (2,1).
The four disjoint paths {R;, Ra, R3, R4} between w and b
whose union covers all vertices of QS are R; = {(0,0), (1,0),

(2,0),(2,1)), Rz = {(0,0),(0,1), (1,1),(2,1)), Rz = (
(0,0),(5,0),(5,1),(5,2), (5,3), (5,4), (5,5), (4,5), (4,4),
(4,3),(4,2),(4,1),(4,0),(3,0),(3,1),(2,1)), and Ry = (
(0,0),(0,5),(1,5),(2,5),(3,5), (3,4),(2,4),(1,4), (0,4),
(0,3),(0,2),(1,2),(1,3),(2,3),(3,3),(3,2),(2,2), (2,1)).
Case 2.3. Let b = (3,0).

The four disjoint paths {Si,S2,S5,S4} between w
and b whose union covers all vertices of QS are

S) = <(070)7(1v0) (2 O) ( 70)>7 So = <(0 0) (0 1)7(1v1)a
(2,1),(3,1),(3,0)), S5 = {(0,0), (5,0), (5,1), (5,2), (5,3),
(5,4),(5,5), (4,5), (4,4), (4,3), (4,2), (4,1), (4,0), (3,0)),
and 5y = ((0,0), (0,5), (0,4), (0,3), (0,2), (1,2), (1,3),
(174)7(175)7(275)7(2» )7(273)7(272)7(372)7(37 )>(37 )7
(3,5),(3,0)).

Case 2.4. Let b = (3,2).
The four disjoint paths {71,7%,73,74} between w and
b whose union covers all vertices of QS are T} =

((0,0),(1,0),(2,0),(3,0), (3,1), (3,2), T2 = {(0,0), (0, 1),
(07 2)7 (17 2)7 (17 1)7 (27 1)7 (27 2)a (37 2)>’ T3 = <(Oa 0)7 (57 0)7
(47 0)7 (47 1)7 (57 1)7 (57 2)7 (47 2)7 (37 2)>’ and Ty = <( 70)7
(07 5)7 (17 5)7 (27 5)7 (37 5)7 (47 5)7 (57 5)7 (5>4)7 (57 3)7 (4» 3)7
(47 4)7 (374)7 (274)7 (1>4)7 (074)7 (0’3)7 (17 3)7 (273)7 (37 3)7
(3,2)).
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