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New Classes of Salagean type Meromorphic
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Abstract—In this paper, a necessary and sufficient coefficient
are given for functions in a class of complex valued meromor-
phic harmonic univalent functions of the form f = h + g using
Salagean operator. Furthermore, distortion theorems, extreme points,
convolution condition and convex combinations for this family of
meromorphic harmonic functions are obtained.
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|I. INTRODUCTION

A continuous function f = u + v is a complex vaued
harmonic function in a complex domain D if both « and v are
real harmonic in D. In any simply connected domain D C C
we can write f = h + g, where h and g are analyticin D. A
necessary and sufficient condition for f to be locally univalent
and sense preserving in D isthat |h/(z)| > |¢'(2)| in D (see
[2]). In [3], Hengartner and Schober investigated functions
harmonic in the exterior of the unit disc U = {z : |z| > 1}.
They showed that complex valued, harmonic, sense preserving,
univalent mapping f must admits the representation

f(z) = h(z) +g(z) + Alog 2,
where

h(z) = az+ Z apz"k
k=1
and
g(z) =Bz + Z bz "k
k=1

for 0 < |8| < la|, A€ C.
Let M H denote the class of functions

FO=h) g =+ Y a bk @
k=1 k=1

which are harmonic in the punctured unit disk U\{0}. h(z)
and g(z) are analytic in U\{0} and U, respectively, and h(z)
has a simple pole at the origin with residue 1 here.

For f = h + g given by (1), Jahangiri [4] defined the
modified Salagean operator of f as

an(z) :Dnh(z)+(,1)"Dng(z)’ ’I'L:O,l,Q,, (2)

where

D"h(z) = % + Z E"ay 2"
k=1
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and
D"g(z) = Z E™by 25
k=1

A function f(z) € M H is said to be in the subclass M H S*
of meromorphically harmonic starlike in U\{0} if it satisfies
the condition

N O ETIC) .
R { o) T30 }>O, e U\{0}.

Now we define a new class M HS%(n, «) (see [1]).

Definition 1.1: For 0 < a < 1, welet M HS%(n, ) denote
the class of meromorphic harmonic functions f of the form
(2) such that

B 2D" L £(2)
Re{ D) = D”f(—z)} >a, zeU\{0}. (3)

We let the subclass M H Sg(n, o) consist of meromorphic
harmonic functions f,, = hy, + g, in M HS§(n, o) so that h,,
and g,, are of the form

hn(z) = 7(_21)n + iak: 2F 4
k=1
and
gn(2) = (=1)" Y _ by 2", ()
k=1

where a; > 0,0 > 0.

In this paper, we have obtained the coefficient conditions
for the classes M HS%(n,«) and MHSg(n,o).Further a
representation theorem, inclusion properties and distortion
bound for the class M HSg(n, o) are established.

II. MAIN RESULTS
Theorem 2.1: Let f be of the form (2). If

oo

> [(lagk] + [b2k]) (2k)™ ! + ((2k — 1 + a) [ags—1|  (6)
k=1

F(2k—1—a) o1 )2k — 1) < 1 — a,

then f is harmonic univalent, sense preserving in U\{0} and
feMHS(n, o).
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Proof: For 0 < |z, | < |2 | < 1 we have — Re 2D h(z) — 2(-1)"D"+g(2) o
T (2) 7
|f(21) = f(22)] where
> [h(z1) — h(z)] - lg(e1) — g(22) | |
L a2l T'(:) = D'h(s)+(~1)"Digz)
 Jallz —D"h(=z) — (=1)"D"g(-z).
2 — 2 apl + 1bal) |28 4 kL Using the fact that Re{w} > « if and only if |1 — a + w| >
& 2‘,;(‘ el 1D [ 2| 1+ o — w|, it suffices to show that
|21 *Zgl 2 s ’ 2Dn+1f(z)
> 1- k + 1o l-—a- : :
| | - > 14 as =22
z1 — % =
= T {1 - |zaf? (Z 2k(Jazi |+ [bar]) D f(z) - D" f(=2)
k=1 which is equivalent to
(2k = 1)(Jagk—1| + Ibzkll)) 2D f(2) = (1= a)(D"f(2) = D" f(~=2))|
k=1
- > —[2D" f(2) + (1 + @) (D" f(2) = D" f(=2))| 2 0. (7)
> B2l S k) g + o] 20 )
21|22 ot Substituting for D™ f(z) and D"+ f(2) in (7) yields
=372k~ 1)M[(2k — 1+ a)laze | A" 2an+1ak Fpo(-1)n Y K A
k=1 z 1 k=1
Z(Qk )H[(Qk e a)b2k1|:| . ak: Zk
k=1
This last expression is non negative by (6) and so f is e - Kby 2+ (GRS
univalent in U\{0}. To show that f is sense preserving in ; ; nai 2"
U\{0}, we need to show that |A'(z)| > |¢'(z)| in U\{0}. We o
have ”Z Vekmby 2 ]
o =1
W = 13 kaxl|* )
ko:ol _ . —QI;k lay, 2*
= 1= kaplr* 7t > 1=kl 0 _ —1)n
k=1 k=1 +2(=1)" kzl Ky, 28 — (14 ) {( z)
> Z 2k n+1|a2k| 1)n
k=1 +I;k"akz + ( Zk"bk .
2]{*1 2k71+a)\a2k_1| 0 B
; 7 Z knak z _ (71)n Z(*l)kk‘"bk Zk
k=1

NER

(2k)"™* bas| ’2(2 — ="

k=1 P
+Z(2k—1)n(2k717a)\b2k 1 S (2~ (1= @)+ (—1)F(1 - a))k"a )
k:l Pt
k=1
> Zklbklr‘“*l = Zklbk\ 2571 > 19/ (2)]- 20(-1)" | & ; S
= = ol e +;(2k—|—(1+a)— (—1)F(1 + a))k"ay, 2

Now, we will show that f € M HS%(n, o). According to ) — . I
(2) and (3), for 0 < o < 1, we have —(=1)" Y 2k — (1= a) + (1) (1 + ))k" by 2

fie {‘an2<f>n—+ gi?(—z) }
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—2) "(2k — 24 a)(2k — 1)"agr_, 27!
k7

oo

"Z (2k)" by 22"

=1
22 2k_ n+1 2k: + 2
k=1 k=1

[M]8

+2(=1)") (2k — a)(2k — 1)"bgj,_1 22+ !
k=1
2a(—1)" s .
_ 2 2k n+1 2k
. + ;( )" ragy 2

o0
+2) 2k +a)(2k — 1)"ag,_1 227!
k=1

Mg

,2(71)n (2k)n+1b k,Qk
k=1
—2(=1)" 3" (2k — 2+ @) (2k — 1)"ho_1 22
k=1
z
22(2/@ — 24 a)(2k — 1) agk_1||2|** !
k=1
=2 " (2k)" Jagk|| 2[*F =2 (2k)" T by |2[**
M= k=1
-2 Z(Zk: —a)(2k — 1)"|boj_1]|2|* 1
k=1
(-1 &
QZ (2k + a)(2k — 1) agk— 1Hz|2k 1
k=1
=232k agel |2 = 237 2R bael 2
k=1 pot

—2Y (2k — 2+ a)(2k — 1)"|bog_1||2|*F !

k=1
41— a) s k)ntl
-q) [ -3 { Bl + o)
k=1
2k — 1)
+%[(2k =1+ a)lagk—1]

+(2k — 1 — a)|bag—1]]}] -

This last expression is non-negative by (7), and so the proof
is complete. u

Theorem 2.2 Let f, = h, + 7, Whereh, and g, are of
the form (4) and (5). Then f, € MHSZ(m «), if and only if

Z ask + bgk 2k)n+l + ((2]€ -1+ Oé)agk,1 (8)
k=1

F(2k —1— a)bop_1)(2k — 1) <1 — v

Proof: Since MHSg(n, ) C MHS¥%(n,a), we only

need to prove the (only if) part of the theorem. To this end,

for functions f,, = h,, + g,,, we notice that condition

D) .
Rl 2 2 UMOh

is equivalent to

2e) S (2k 4 a — (—1)ka)kmag 2"
Re b=l
o(z)
(=D > 2k —a+ (1) a)k"b,z
k=1
+ =0
o(2)
which implies
o0
2020 9 5 (2k) " agy 2
Re =1
o(2)

25 (2k — 14 a)(2k — 1)"agy_12%F1

k=1
¢(2)
2=1)" 3 (2k — 1 — a)(2k — 1)y, 2251
o
2(=1)" 3 (2k) " by 2
B =
where
5
6(z) = —+2 kZZI(Qk —1)"agp_122F71
+2 i(% —1)"bgp 12271
=1

The condition (9) must hold for all
0 < z=1r < 1, from the left hand (9), we have

L—a— 3 (2k— 14 a)(2k — 1)"age_17r%k

k=1
ro(r)/2

x-Mg

=

o0
(2k)n+1a2k7‘2k+1 + (_1)n Z (zk)n+1b2kT2k+1
k=1

ro(r)/2

(—1)" 3 (2% — 1 — a)(2k —
k=1
ré(r)/2

1)nb2k71,’.2k

©)

z in U\{0}. By choosing

(10)

If the condition (8) does not hold, then the number in (10)
is negative for r sufficiently close to 1. Hence there exist
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we complete the of the Theorem 2.2.

Theorem 2.3: If f,, = hy, + G, € MHSg(n, ) for
0< |z =r<1,then

1
r

Proof: Let f, = hy + g, € MHSg(n,a). Taking the

1—

2n+1

1 1-a
<fal2)] < TS

absolute value of f we obtain

and

Corollary 2.4: Let A = {w

| fn(2)

| fn(2)

IN

IN

IN

IN

Y

Y

Y

Y

; + Z(ak + by)r®
k=1

1 o0

~+ > (an + be)r
k=1

11— a o 2ntt

St e 2o 7 ekl el
k=1

1 11—« i

7 gt

8

D™D bt

k=1

1
- — Z(ak + bk)rk
r k=1

1 oo

; — Z(ak -+ bk)r

1

; 2n+1 Z |ak| + ‘bk‘)
1 1-«o

T

s w| < 72”21”1%0‘} .

If fr=hn+gn € MHSg(n,a), then

fa(U) C A"

=
k=1

1), for which the egnarray in (10) is negative.
This contradicts the required condition for and so the proof is
complete. It is easily seen that f,,(z) € MHSg(n, ). Thus

Theorem 2.5 f,, = hy, + g, € MHSg(n,a) if and only if
fn can be expressed as

oo
= Z(xkhnk + ykgnk-)a
k=0

(11)

Vol:2, No:7, 2008

where for k =1,2,---

B (2)
hng— (2)

hng (2)
Iz, (2)

Gz (2)

and

1
= g’ﬂo(‘z):;
1 11—« k-1
T k) @k —ita)”

1 l—a o
PRI
1

z

1

z

1, 1—«
2k — )"(2k —1— a)
l—a _y
+ (Qk)nJrlz

2219—1

o0
Zkaryk )=1, x>0 and y; > 0.
k=0

In particular, the extreme point of M HSg(n, ) are {h,, }

and {gy, }

Proof: For functions f,, = h,, + g, where h,, and g,, of

the form (4) and (5), we have

fu(z2) =

Then,

Z(wkfhnk + ykgnk)
k=0

- 1
CEOhno + YoGng + Z(xk + yk);

k=1
—&—ix 11—« .
F k- 1)k —1+a)

2k
+Z$2k k) P

l-a 52k—1
+Zy2k’*1 2k —1)"(2k—1—a)"

-« 52k
"r;ka 2k)"+1

oo
Z Ty + yk
k=0

2k—1

l-a 2k—1
2k —1)"(2k — 1 + o) 26717

i
WK

k

Il
-

11—«

. 2k
(2k)n+1 22

+
NE

=~
Il
—

l-a 52k—1
2k — 1)"(2k — 1 — o) 217

+
NE

=~
Il
—

11—« 2k

+ 2k Y2kZ

NE

=~
Il
—

> @2k —1+a)@2k—1)"

k=1

11—«
X{(Zk—l) "2k —1+a)

T2k — 1}
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+3 2k —1—a)(2k—1)"
X{(Qk—

~a) “}
4 g(gk)nﬂ {(2]57"(11(95% + y%)}

oo

(1)) (e + )

k=1
(I —a)[l = (zo+yo)] <
So f, € MHSg(n,a).

Conversely, suppose that f, € MHSg(n,a).
Let, for k =1,2,...

[M]¢

ol
Il
—

11—«
1"2k

1—a.

11—« 11—«

ok = Wazkay% = Wb%
1—«
Tl T Rh D)2k — 1+ a)
l-«
Yol S o Tk — 1 —a) 2

Then note that by the M HSg(n, ), 0 < x; < 1 and
0<yr,<1(k=1,2,...).Wedefine0 < zy <1 and

o0

Yo=1—x9— Z(Ik + Y-
k=1
Consequently, we obtain
f(Z) = Z(-rkhnk + ykg’l’bk)
k=0

as required.

Theorem 2.6: If f € MHS%(n,a), then the diameter Dy

of C\f(U) satisfies
Dy > 2|1+ by).

Proof: Let D¢ (R) be diameter of f(|z| =
and let D}(R) = max, =g |f(2) — f(—
Dy as R —1and Dy(R) > D}(R). Since

27
/ [F(Re®) — f(—Re™)2do

0

1
4|:ﬁ+b1—|—bl

1

DHRP =

Vv

+ Z(|a2k—1‘2 + ‘52k71|2)R2(2"—1)
k=1
4 [1 + 2R6b1

oo
+ (Jaze—1* + b2k1|2)}

k=1

A%

we conclude that Dy > 2+/|1 + b1 ]2

R),0<R<1,
z)|. Then Df(R) —

|

Note that if f and F' are

1 ) N
F2)=h(2) +9() =~ + D ar b+ 3 byok
z k=1 k=1
and
1 oo oo
A - H [ A, 2F B, 2k
(2) = H(z) + G(2) Z+k§ K2 +; k2",

then the convolution (or Hadamard product) of f and F if
defined to be the function

7+ZakAkz +Zkaka

Theorem2.7: For0 < g <a<1,let f, € MHSS(n a)
and F,, € MHSg(n,3).Then the convolution function f,, *
F, € MHS4(n,a) ¢ MHS4(n, 3).

(f = F)( (12)

Proof: For f,, and F;, as Theorem 2.7. Then the convo-
lution f,, x F, is given by (12). We wish to show that the
coefficients of f, x F,, satisfy the required condition given in
Theorem 2.2. For F,, € MHSg(n, 3), we note that |A| < 1
and |B| < 1. Since0 < f<a < 1and f, € MHSg(n,a)
for f, = F,,, we obtain

> 2k)"
> |:(a2kA2k + b2kB2k)( )
k=1 1- ﬁ
+((2l€ -1+ a)a2k¢,1A2k71
2k —1)"

+(2]’€ - 1 - Oi)bgk,lBQk,l)%}
> 2k)n 1

< > {(azk + ka)%

| k=1
+((2k‘ -1+ a)QQk_]
2k — 1)

+(2k—1— a)@k—l)%}
e (Qk.)7L+1

<

< kZ::l {(an + bar) 1o
+((2]€ — ]. + Oé)(lzkfl

(2k —1)™

+(2k 1 a)b2k71)71 o

< 1.

Therefore f,, « F,, € MHS¢(n,o) € MHSg(n, 3). n

Theorem 2.8: The class M HSg4(n, a) is closed under con-
vex combination.

Proof: Suppose that f,, (z) € MHSq(n,«) for i

1,2,3,---, where f,, is given by
fri(2) +Zazkz + ( i
Then by Theorem 2.2. .
u i[(am + b1y ) (2k)" T 4 (2 — 1+ )ag, .,  (13)
k=1
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tifn' (Z) = tia; "
i k
i=1

For

77-82.4.

71)”% <i t; bm) z
k=1 \i=1

Then by (13),
| @2k &
Z{ T o Dt (g, + biny)
k=1 i=1
@2k —1)" [(2k —1+a)
* 11—« 1-a Ztam !
(Qk—l—oc
1—a thuk 1
<

Ztizl.

i=1

Thus

Zt fn,(2) € MHS g(n, ).

Theorem 2.9: If f, € MHSg(n,a), then
Zk (Jag|* = |br|?) < 1+ 2Re{b;}.
Equality occurs if and only if C\ f(U) has area zero.
Proof: The area of the omitted set is
lim lim% / faf

R—1 1
0<|z|=R<1

1 _ 1 _
= lim |— ! — Tdz
Ao | 2 / hvdz+ 5 / 99'd

0<|z|=R<1 0<|z|=R<1

1 , 1 T
-I-sz. / gh'dz + % / hg'dz

0<|z|=R<1 0<|z|=R<1

> o1
= 7 {Z E(|ag|® — |bx|*)R* — 23 — 2Rebr

For 0 < r < 1thecurvel, = f(C,) isasimple closed curve
oriented clockwise. Hence, for R — 1 we obtain

Zk|ak|2 |be|?) — 1 — 2Re{by} <0

and the r&sult follows. [ |
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