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Some properties of superfuzzy subset of a fuzzy
subset

Hassan Naraghi

Abstract—In this paper, we define permutable and mutually per-
mutable fuzzy subgroups of a group. Then we study their relation
with permutable and mutually permutable subgroups of a group. Also
we study some properties of fuzzy quasinormal subgroup. We define
superfuzzy subset of a fuzzy subset and we study some properties of
superfuzzy subset of a fuzzy subset.

I. INTRODUCTION

Applying the concept of fuzzy sets of Zadeh [7] to group
theory, Rosenfeld [6] introduced the notion of a fuzzy group
as early as 1971. Let G be a group and let p and v be
fuzzy subgroups of G. We say that p is permuted by v if
for any a,b € G, there exists x € G such that u(z~'ab) >
u(a),v(z) > v(b) and we say p and v are permutable if p is
permuted by v and v is permuted by u. Also we say that p
is permuted by v mutually if for any subgroup L of v} that
b € Imv, we have been for any a € G,l € L, there exist
I,y of L such that u(l; al) > u(a) and p(laly) > p(a)
and we say p and v are mutually permutable if x4 is permuted
by v mutually and v is permuted by p mutually. Let 1 and
v be fuzzy subgroups of G. We determine that p and v
are permutable(mutually permutable) if and if for any ¢ €
Imp,s € Imv, p, vs are permutable(mutually permutable).
We know pov is a fuzzy subgroup of G if and only if
pov = vou. We obtain sufficient condition such that pov is
a fuzzy subgroup. But it is not necessary condition. Ajmal
and Thomas [1] introduced the notion of a fuzzy quasinormal
subgroup. Fuzzy quasinormal subgroup arising out of fuzzy
normal subgroup. Also we prove that y is a fuzzy quasinormal
subgroup of group G if and only if for every subgroup L of
G, we have been that for any a € G,[ € L there exist [y, (o
of L such that (17 al) > p(a) and p(laly ') > p(a). Finally
we define superfuzzy subset of a fuzzy subset and we study
some properties of superfuzzy subset of a fuzzy subset.

II. PRELIMINARIES

We use [0,1], the real unit interval as a chain the usual or-
dering in R which A stands for infimum( or intersection) and V
stands for supremum ( or union) for the degree of membership.
A fuzzy subset of a set X is mapping x :— [0, 1]. The union
and intersection of two fuzzy subset are defined using sup
and inf point wise. We denote the set of all fuzzy subset of X
by IX. Further, we denote fuzzy subsets by the Greek letters
vy, ete. Let p,v € IX. If p(z) < v(z)Va € X, then we
say that p is contained in v ( or v contains p) and we write
pCuv Letpe IX for a € I, define Lq as follow:
pe ={z |z € X, u(z) > a}. p, is called a-cut( or a-level)

set of u.

It is easy to verify that for any p,v € IX:
DpCrvacl= pu, Cu,.

2)a<ba,bel= pu, C pg.

N pu=vEp, =v,Va € I.

Let G is an arbitrary group with a multiplicative binary
operation and identity. We define the binary operation o on
IS as follow:

Yu,v € 16,V e G

(nov)(w) = V{u(y) Av(2) |y, 2 € Gryz = x}.

We call pov the product of ¢ and v. Fuzzy subset p of G is
called a fuzzy subgroup of G if

(G1) plzy) = p(z) A p(y)Ve,y € G;

(Go) p(z~t > p(z)ve € G.

Proposition IL1. ([4;Lemma 1.2.5]). Let € IC. Then i is
a fuzzy subgroup of G if and only if u, is a subgroup of G,
Va € p(G)ULb € I < p(e)}.

Theorem IL2. ([4;Theorem 1.2.9]). let p € IC. Then pov is
a fuzzy subgroup if and only if pov = vopu.

Definition I1.3. ([1]).Let x is a fuzzy subgroup of group G,
u is said to be fuzzy normal subgroup of G if p(zy) =
wyz)Ve,y € G.

Definition I1.4. ([2]). Let G be a group and let H and K be
subgroups of G.

(a) We say that H and K are permutable if HK = KH =<
H K >.

(b) We say that H and K are mutually permutable if H
permutes with every subgroup of K and K permutes with every
subgroup of H.

Definition IL5. ([2]). Let G be a group and let H be a
subgroup of G, H is said to be quasinormal in G, if H permutes
whit every subgroup of G.

III. PERMUTABLE AND MUTUALLY PERMUTABLE ON
FUZZY SUBGROUPS OF A GROUP

Definition IIL.1. Let G be a group and let i and v be fuzzy
subgroups of G.

(a) We say that p is permuted by v if for any a,b € G, there
exists « € G such that p(z~tab) > u(a),v(z) > v(b).

(b) We say that p is permuted by v mutually if for any
subgroup L of 1 that b € Imv, we have been for any
a € G,1 € L, there exist Iy, Iy of L such that u(I7  al) > p(a)
and p(laly') > p(a).

Definition IIL.2. Let G be a group and let p and v be fuzzy
subgroups of G.
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(a) We say p and v are permutable if p is permuted by v and
v is permuted by p.

(b) We say p and v are mutually permutable if 4 is permuted
by v mutually and v is permuted by p mutually.

Corollary IIL3. Let p and v be fuzzy subgroups of G. If
and v are mutually permutable then p and nu are permutable.

Proof: Straightforward. |

Corollary IIL.4. Let p is a fuzzy normal subgroup of G. Then
1 permutes with every fuzzy subgroup of G mutually.

Proof: Straightforward. |

Theorem IILS. Let p and v be fuzzy subgroups of G, then
 and v are permutable if and if for any t € Imu,s € Imv,
W, Vs are permutable.

Proof: Let ;1 and v be permutable. Let ¢ € Impu,s €
Imv. If a € py and b € vy then p(a)
geqt,v(b) > s. We know that u is permuted by v. Then there
that exists * € G such that u(z~tab) > t and v(z) > s,
this means that z~!ab € p; and zv,. So that ab = x(x~tab).
If @ € ve,b € p, then p(b) > t,v(a) > s. So that there
exists y € G such that v(y~lab) > v(a) > s and p(y) >
w(b) > t, this means that y~lab € v, and y € j. So that
ab = y(y~Lab), consequently ;s = vz Now let pyvg =
Vspit,Vt € Imp,s € Imy and let a and b be two arbitrary
elements of G. Let r = u(a), s = v(b), then elements exist for
example a’ € yz,b' € v, such that ab = a’b/, then ¥'~lab =
a’, this implies p(b'~'ab) = u(a’) > t = p(a). Hence b’ €
vs, then v(b') > s = v(b). Therefore u is permuted by v.
Similarly v is permuted by . |

Proposition IIL.6. Let 11 and v be fuzzy subgroups of G and
t € Imu,s € Imv if  and v be permutable then

(1) If t < s then there exists a € G such that v(a) > t.

(2) If s < t then there exists b € G such that p(b) > s.

Proof: We know that ug, v, # () then there exist a
and b in G such that pu(a) > t and v(b) > s. Hence p
and v are permutable then p;vs; = wvsus, then there are
a € p and V' € vg such that ab = a’b’. Therefore
u(aa’) > min{u(a),u(a’)} > t. Similarly v(bd') > s. If
t < sthen v(bb') > s>t and if s <t then p(aa’) >t > s.

|

Proposition IIL7. Let p and v be fuzzy subgroups of G. If i
and v be permutable then pov is a fuzzy subgroup of G.

Proof: Let p and v be permutable and =z € G. If

y € G be an arbitrary element then there exists ¢ € G
such that u(t~'yy~'x) > u(y) and v(t) > v(y~'z), so that
u(y)Av(y=tz) < p(t=tz)Av(t). Therefore u(y) Av(y~—tz) <
sup,cq{v(z)Au(z71}, this means that (uov)(z) < (vou)(z).
Similarly (vou)(z) < (uov)(z) because v is permuted by p.
u

Example IIL.8. Let G be symmetric group S3. Define x and
v as follow:

pa) =41 =0, V@)= {4 a=ab
3 else 3 else

Clearly, pov = pu, but p is not permuted by v.

Theorem IIL.9. Let 1 and v be fuzzy subgroups of G, then p
and v are mutually permutable if and if for any t € Impu, s €
Imuv, pg,vs are mutually permutable.

Proof: Let u and v be mutually permutable. Let a € Imu
and b € Imv. Also let L < vp,x € p, and | € L, then
u(z) > a. We known that exists [, € L such that u(I; 'zl) >
u(z), this means that I;7 'zl € pa, so that zl = Iy (I; =l).
Therefore pu,L C Lp, and also there exists I € L such
that p(lzly') > p(x) > a. That is, lzl;' € . So that
lz = (lzly Y)ly, therefore Litg C piaL. So pgL is a subgroup
of G. Similarly, we know that v is permuted by p mutually
then for any subgroup H of p,, Hv, = v H. So p, and v, are
mutually permutable. Now let for any a € Impy and b € Imuy,
1tq and v, be mutually permutable. Let b € Imv and L < v
and also 2 € Gand ! € L. Let r = u(zx), so that u, and v, are
mutually permutable, therefore exist [; € L and y € p, such
that lz = yly, then lxlfl = y, this implies lxlfl € u, and
p(lzlt) > r = p(z). Also there exist Iy € L and y' € p,
such that zl = loy’, then l;lml = ¢/, this implies l;l:tl € Ly
and (I3 xl) > p(z). Therefore p is permuted by v mutually.
Similarly v is permuted by p mutually. |

IV. SOME PROPERTIES OF FUZZY QUASINORMAL
SUBGROUP OF A GROUP

Definition IV.1. ([5]). A fuzzy subgroup p of G is called
quasinormal if its level subgroups are quasinormal subgroups
of G.

Theorem IV.2. If p is a fuzzy subgroup of group G, then the
following properties are equivalent:

(q1) For every subgroup L of G, we have been that for any a €
G,1 € L there exist Iyl of L such that (1 al) > p(a) and
w(lalyt) > p(a). (g2) For any a € Imy, g is a quasinormal
subgroup of G.

Proof: Assume firstly the validity of (¢1). Let a € Impu
and L < G. If © € pg,l € L then there exists [; € L such
that p(l;*xl) > p(x) > a, this means that I; 'zl € p,. So
that 1 = I, (I 2l). Also let y € p,,l" € L, therefore there
exists Iy € L such that u(l'yly ') > u(y). So p(l'yly ') >
a, this means that I'yl; ' € pa, Therefore I'y = (I'yly ')z,
consequently Lu, = pqL. Hence (¢1) implies (g2). Assume
next the validity of (g2). Let L C G and =z € G,l € L.
If r = p(z) then there exist y € p, and {; € L such that
zl = hiy, so p(ly*xl) > r = p(x). Similarly there exist
Y € pir,ly € L such that iz = y/ly. Then p(lzly ') > p(z).
Hence (q2) implies (q1). |

Corollary IV.3. Let p be a fuzzy subgroup of G. Then p is a
fuzzy quasinormal subgroup if and only if for every subgroup
L of G, we have been that for any a € G,l € L there exist
l1,ly of L such that p(l7 al) > p(a) and p(lalst) > p(a).

Proof: Straightforward. |

Theorem IV4. ([5;Theorem 4.3.13]). Let p be a fuzzy sub-
group of G with finite image. Then p is fuzzy quasinormal if
and only if pov = vou, for all fuzzy subgroups v of group G.
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Corollary IV.5. Let ;1 be a fuzzy subgroup of G with finite
image. Then pov = vop, for all fuzzy subgroups v of group
G if and only if for every subgroup L of G, we have been
that for any a € G,l € L there exist l1,ly of L such that
(i al) > p(a) and plaly") > pa).

Proof: Straightforward. |

Corollary IV.6. Let p be a fuzzy normal subgroup of group
G. Then p is fuzzy quasinormal subgroup of G.

Proof: Straightforward. |

Corollary IV.7. Let i be a fuzzy quasi subgroup of group G.
Then p is permuted by every fuzzy subgroup of G.

Proof: Straightforward. |

V. SUPERFUZZY SUBSET OF A FUZZY SUBSET

Definition V.1. Let u,v € IX. We say v is a superfuzzy
subset of fuzzy subset y, if ¢ C v and thus, there be a unique
element a € G such that for any z € G, v(a) < p(z) and a
is denoted by v,,. Also superfuzzy subset v of fuzzy subset p
is denoted by p X v.

Lemma V.2. Let 1 and v be fuzzy subgroups of group G. If
1 = v then for any t € I'my, there exists s € I'my such that
e < Vs.

Proof: Let t € Imu. There exists a € G such that for
any z € G, v(a) < p(z). Let s = v(a) and = € p. We
know that v(z) > p(x) > t then there exists zo € G such
that p(xg) = t. Then s = v(a) < p(xo) = t, therefore x € v,
and the proof is completed. |

Theorem V.3. Let G is a finite group and i, v, and 0 be fuzzy
subgroups of G and pAv < n 2v,uAv =0 < p. If mu and
v be mutually permutable and for any a € Imyp and b € Imu,
G = pavp and (pp Av)(0uny) < min{a, b}, (u A v)(Muaw) <
min{a, b}. Then 0 and n are mutually permutable.

Proof: Let t € Im# and s € Imn. By lemma 5.2, there
exist a € Imp and b € I'mv such that 6, < p, and 7; < vp.
Let & € f1 Ny then (pAv)(z) > min{a, b}. Let 2y = O,a,
and z; = nuny, then 0(z) > (p A v)(z) > min{a,b} >
(u A v)(z1) and n(z) > (A v)(z2). Let ¢ = 6(xp) and
s =n(yo), so that (uAv)(z1) > 0(xg) >t and (uAV)(22) <
1n(yo) > s, then O(x) > ¢ and n(x) > s. This means that
e Ny < s and pg Ny < 0y, therefore p, Ny < 0 < pg
and p, Ny < ns < 1. By theorem [3;3.5] 6; and 7, are
mutually permutable and the proof is completed. |
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