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2" almost periodic attractors for Cohen-Grossberg
neural networks with variable and distribute delays

Meng Hu and Lili Wang

Abstract—In this paper, we investigate dynamics of 2" almost
periodic attractors for Cohen-Grossberg neural networks (CGNNs)
with variable and distribute time delays. By imposing some new
assumptions on activation functions and system parameters, we split
invariant basin of CGNNs into 2" compact convex subsets. Then the
existence of 2" almost periodic solutions lying in compact convex
subsets is attained due to employment of the theory of exponential
dichotomy and Schauder’s fixed point theorem. Meanwhile, we derive
some new criteria for the networks to converge toward these 2"
almost periodic solutions and exponential attracting domains are also
given correspondingly.

Keywords—CGNNs; Almost periodic solution; Invariant basins;
Attracting domains.

I. INTRODUCTION

OHEN-Grossberg neural networks (CGNNs) were first

introduced by Cohen and Grossberg [1] in 1983, have
been successfully applied to pattern recognition, associative
memory, combinatorial optimization and so on. Hence, the
dynamics and applications of CGNNs have been of interest
to a wide range of authors in recent years. Many important
results on the existence of a unique equilibrium point and its
convergent dynamical behavior have been established so far
[2-10].

As we know well, the nonautonomous phenomenon in-
volved in periodic or almost periodic environment often occurs
in many realistic systems [11,12]. Hence, in many applications,
the property of periodic or almost periodic oscillatory solutions
of neural networks is of great interest. Recently, a lot of
sufficient conditions have been given for almost periodic
oscillation of CGNNs with constant time delays or time-
varying delays in the literature, see [13-15] and the references
cited therein.

In the applications of neural networks to pattern recogni-
tions, the existence of multiple stable equilibria or almost peri-
odic orbits is an important feature. It is worth to investigate the
convergence and coexistence of multiple equilibria or multiple
almost periodic solutions of neural networks. However, to the
best of our knowledge, most of the reported in the literature
focus on dynamical behavior of the unique almost periodic
solution. Few papers systematically deal with coexistence of
multiple almost periodic solutions of neural networks.

Motivated by the above, in this paper, we consider the
following almost periodic Cohen-Grossberg neural networks
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with variable and distribute time delays:

zi(t) = —ai(w(t)) |:bi(13i(t))
1 — 7 (1))
_ i:lcij(t) [ kit — s)g;(z;(s))ds 1)

+Iz(t):|, xS A,

zi(s) = pils), —w<s<0,i€A,

where A = 1,...,n, n > 2 is the number of neurons in the
network, x;(t) denotes the state of ith neuron at time ¢, a;(x;)
represents the amplification function, g; and f; are the activa-
tion functions which describe the manner in which the neurons
respond to each other, C' = (¢;j)nxn is the feedback matrix
which represents the strengthen of the neuron inter connections
within the network, while D = (d;;)nxn is the delayed
feedback matrix which represents the strengthen of the neuron
interconnections within the network with time-varying delay
parameter 7;;(t) which is continuous, T = trelf(?i] 7i;(t), the

scalar ¢ is the known distributed delay and w = max{r,0},
k;; denotes continuous kernel function.

Our purpose of this paper is by employing the theory of
exponential dichotomy, Schauder’s fixed point theorem and
inequality technique, we investigate complex dynamics of 2"
almost periodic attractors of CGNNs (1).

Throughout this paper, we assume that:

(Hq) Each a;(u)(i € A, u € R) is positive, continuous
and bounded function. ¢;;(t), d;;(t), 7;(t), I;(t) are all
almost periodic functions defined on R, where d;; >
tlglf{ dii(t) > 0 and derivative 7/;(t) is uniformly con-
tinuous on R with }glf{{l —7;()} >0.

(H3) Each b;(+) is continuous with b;(0) = 0 and there exists
a constant ©; such that

bi(w) — bi(y)
z—y

(H3) Each kernel function k;;(-) is positive, continuous and
satisfies

| / (ki (5))° s = kg (0.0),

where 0 < k;;(f,0) < +oc is a continuous function on
(0,6], 6 > 0. Furthermore, when o = +o00, k;;(0) =
klj(9,+00) and k‘”(l) =1.

>0;,>0,Ve,ye Rx#y,i=1,2,--- n.
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(H4) The activation functions f;(-),
C?(R) and

{ ‘f](l’.” SFYja f](o) :07 .
fi(x) = fi(=z) >0, «f; (z) <0,

g; () satisfy f;(-),g,(-) €

where z € R.

and
lgj ()] < xj, g;(0) =0, where z € R.

The rest of this paper is organized as follows. In Section 2,
we shall make some preparations by giving some definitions
and basic lemmas. Meanwhile, we attain an invariant basin 2
of CGNNs (1) and split it into 2™ compact convex subsets.
In Section 3, we discuss the existence of 2™ almost periodic
solutions of CGNNs (1), some new criteria are derived for the
networks to converge exponentially toward to these 2™ almost
periodic solutions and exponential attracting domains are also
given. Finally, an example is given to illustrate our results.

II. PRELIMINARIES

In this paper, we denote by C([—w, 0], R") the set of all
continuous mappings from [—w, 0] to R" equipped with norm
I - || defined by

o]l = max{]|¢']l}, A={1,2,-n},
where HQSIHUJ - sup ‘¢l| and ¢ = (¢1’¢27“.7¢n)T €
C([~w,0], R™). Let l > 0, for any z(-) € C([-w,0],R™)
and ¢ € [0,1], we define x(s) = z(t +s), s € [-w,0],
then we have z:(-) € C(]—w,0], R™). For any given ¢ €
C([~w, 0], R™), we denote by u(t, ¢) the solution of CGNNs
(1) with ug(s) = ¢(s) for all s € [—w,0].

Definition 2.1([11]) A continuous function f : R — R is
called an almost periodic on R, if the e-translation set of f:

Bles} = {r:]

for any given e > 0, there exist a constant [(¢) > 0, such that
in any interval of length [(g), there exist 7 € E{e, f}, such
that the inequality |f(t+7) — f(¢)| <&, YVt € R. 7 is called
the e-translation number of f(t).

Let (AP, ||-||) be the Banach space of all real-valued almost
periodic functions with commonly used supremum norm || - ||.
By Definition 2.1, we know that all almost periodic functions
are bounded. For convenience, we denote f = sup |f(t)|, f =

teR

t1é1£|f(t)\ for any f(t) € AP.

From (H;), the antiderivative of ﬁ exists. We may
choose an antiderivative Fj(x;) of ﬁ with F;(0) = 0.
Obviously, F/(z;) = ﬁ Due to a;(z;) > 0, one can
imply that Fj(z;) is increasing about x; and the inverse
function F, '(z;) of Fj(x;) is existential, continuous and
derivative. The composition function b; (F; 1(gL,)) is differen-
tial. We denote by y;(t) = F;(x;(t)). It is easy to see that

B0 = Flari(t) = it and a(t) = B (ulh).

ft+7)— (t)\<s},Vt€R,

Substituting these equalities into CGNNSs (1), we can get that

vi(t) = b

Jr

Mﬁ/%
&
<. —_
=

S
=
PG
N =

Ty (E—7(1))))

+§;c ) i Kig (= )95 (Fj (y3(s)))ds @
+Iz(t) xS A
zi(s) = Fi(pi(s)) = @( ), —w<s<0,i€A,

In addition, by the mean value theorem, then

bi(F (wi(t))) = [0 (F (Oa()))]'wi(2) = ealwa(t))wi(t),

where e; (yi()) = [bi(F; " (By:(1)))]',
Then system (2) can be written as

0<f<1.

GO = el
+;%ﬁ%@f@ﬁfm@m
+ Xn: ¢ ft ’b] >< (3)
0, (F (s (s)))ds + L), i € A,

ui(s) = Fier(s) = duls)—w < s <0, i € A.

It is easy to see that

5
-
—~
IS
=
I
5
-
—~
<
=
Il

|(F7) (0 + 6w = 0) (u— )|
(v + 0w = v)|lu = o],

where 0 < 0 < 1.
By (H1) we have

Yu) = F N (v)] < @jlu—vl. )

a;lu—v| <|F; ;

From (H), one can easily obtain that
(Hy)' : bi(F;'(-)) > ©;a;, where b;(-) is the derivative of
bi().i=1,2,.n

Definition 2.2 Let Q be a subset of C([—w, 0], R"), €2 is
said to be an invariant basin of CGNNs (1) if and only if for
any ¢ € (), we have (-, ¢) € Q for all t > 0, where u, (¢, ¢)
is the solution of CGNNSs (1) with initial condition ¢.

The following Definition and Lemmas, one can find in [11]
and [12].

Definition 2.3 Let y € R" and A(t,y) be an n x n
continuous matrix defined on R x R". For any continuous
function w(t) : R — R", the system y'(t) = A(t, w(t))y(t)
is said to be an exponential dichotomy on R, if there exist
constants «, 5 > 0, projection P and the fundamental matrix
Y., (t) satisfying

Yo (£)PY, ()] < Bexp(—

1Y () = P)Y,,

alt—s)), t > s,

L(s)|| < Bexp(—als —t)), s >t.

Lemma 2.1 If M(e;] > 0, then the linear system y'(t) =
A(t,w(t))y(t) has an exponential dichotomy.

Lemma 2.2 If the linear system y'(t) = A(¢, w(t))y(¢) has
an exponential dichotomy, then the almost periodic system
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y'(t) = A(t,w(t))y(t) + f(t,w(t)) has an almost periodic
solution which can be expressed as follows:

y(t) = [ Ya(t)PY, (s) £ (1, w(t))ds
+oo

- Yu(t)(I = )Y, (s) f(t, w(t))ds.
Jt
Definition 2.4 The almost periodic solution z* =
(x3,25,--+,25)T of CGNNs (1) is said to be exponentially

stable, if there exist constants v > 0 and A > O such that
2z = 2|l < 7llp — 2*[le™

for all t > 0.

CGNNs (1) has 2™ almost periodic solutions which are
exponentially stable, if and only if, system (3) has 2" almost
periodic solutions which are exponentially stable. We only
consider the system (3) in the later.

[II. 2™ ALMOST PERIODIC ATTRACTORS FOR CGNNSs

In this section, we should discuss the existence of 2"
almost periodic solutions of system (3) and give an exponential
attracting domain for each almost periodic attractor. Before we
derive some properties of solutions of system (3), we need to
introduce the following lemmas.

Lemma 3.1 Assume that the assumptions (H;) — (Hy)
are satisfied. Any solution y(t, ¢) of system (3) is uniformly
bounded with initial condition ¢ = (¢, P2, -, dn)T € Q
which be defined as follows:

Q = {¢eC([-w,0], R")[|¢:(s)]

n

<L+ ) (digv; +ikis(1,0)x,)] /e,
j=1
s €[-w,0],i € A}

Moreover, € is an invariant basin of system (3).
Proof: From system (3), we have

d+ N _
E\yi(t)\ < =gl + [Li + Z(diﬂj +Ci5kij (1,0)x;5)],
=1

where ¢t > 0 and %( -) denotes the upper right Dini derivative
operator. Hence it follows that for some ¢y > 0,

W] < explto - t)ﬁi{|yi(to)\ 1

3@ + (Lol e

=1
HIi+ Y (digyy + Tkis(1,0)x5)) fes, (5)
j=1

for t > tg.
Therefore, given any initial condition ¢ € ), we have for
all t > 0,

lyi(t, &)l < [T+ D (dijys + Cighij (1,0)x5)) Jes i € A
j=1

ie., yi(,¢) € Q for all ¢ > 0 and y(t,¢) is uniformly
bounded. The proof is completed. |

From equation (5), it is easy to see that all almost periodic
solutions of system (3) locate themselves in invariant basin €.
For convenience of investigating the existence of 2" almost
periodic solutions, we should split invariant basin € into 2"
compact convex subsets of Ap x --- x Ap. Hence we consider

N————

the following auxiliary functions:
§u(z) = —€iz +d; fi(2), i € A

Lemma 3.2 Suppose that the following assumption holds:
(A1) d;; inf f1(&) <€ < d;;sup f/(§), where i € A.
£ER ¢ER

Then there only exist two points 21:1 and z;o with z;1 < 0 < zj9
such that &/(z;) = 0 and

zZ— Zi1

€i(2) - sign{ } <0,

Z — Zi2

where z # zy(l = 1,2) and sign(-) denotes a symbolic
function.

Proof: We have &/(z) = 0 if and only if f/(z) = £-.
For each activation function f;(-), we know that the graf)lh
of positive function f/(-) concaves down and has its maximal
value at zero. By (H; ), there only exist two points z;; and z;2
with z;; < 0 < %2 such that f](z;) = %; that is, &, (zi1) =
0(¢ = 1,2). Since f;(z) is strictly increasing on (=00, zi]
and is strictly decreasing on [z;2, +00), we get that

(—&i +dyi f{(2)) - sign{———"} < 0,
Z — Zi2
that is
, . Z = Zi1
. . glo < ()’
(2) - sign{ 221
where z # z; (I = 1,2). The proof is completed. [ |

With the basic property of &;(z) given in Lemma 3.2, we
consider the following additional assumption:

(A2) (1) {&(za) + Li(0)} > S (dijory +Eiskis(1,0)x5)

Jj=1 _ _
forallt € R, [ =1,2,and i € A, where d;jo := d;; when
j° # 1, otherwise d;jo := 0.

Let I =1 in (Ay), it is easy for us to get that

&i(zu) + Z@uﬂj + Cijkii(1,0)x;) + sup Ii(t) < 0. (6)
i=1 ’

From Lemma 3.2, we know that &;(z) is strictly decreasing on
(=00, z;1]. Noting that &;(z) — 400 as z — —o0, we know
that there exists a unique 2; with 2;; < z; < 0 such that

() + D (dijoryy + Cigkis(1,0)x;) + sup Lit)=0. (7
=1 €

Let | = 2 in (As), by the similar argument, we derive that
there exists a unique 2;5 with 0 < 2z;9 < Z;2 such that

§i(Zi2) + ;(dww +@ijkij(1,0)x;) + inf Ii(t) = 0. (8)
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Take the following notations:

- n _
Ti+ X (dijvi+@ij ki (1,0)xj)
d . ji=1
il - — T )

=

Cil = Zil,

_ n —
Ti+ 3 (dijvitcijkij (1,0)xj5)
i=1

dig 1= Zj2, Cig = e )

where ¢ € A. By equations (7) and (8), it is easy for us to
check that d;; < ¢;1 < 0 < djo < ¢;2 for each i € A. Then
we define the following sets:

H;; = {¢ € C([-w, 0], R)|Y(s) < ¢;1,V s € [-w, 0]},
H;y :={¢ € C([-w,0], R)|¥(s) > dj2,V s € [—w, 0]},
Ky ={z€Rlz<cu}, Kio:={z€R|z>dp},
Ty :={¢Y e AP|d; <9(t) < ¢y, Vte R},

where 1 € A, [ =1,2. Let

H® = Hlal X H2ag s X Hnan - C([fwaO]Ran%

n
= Klal X KQ(IQ".

K® = K,,,, K* X Kpapn C R™,

n

6 ZPp.
r A*Fl(yl ><F2a2"' Xrnana

n

where @ = (g, 9, -, a,) with a; = 1,2, i € A. It
is obvious that I';;(i € A, | = 1,2) are compact convex
subsets of AP. With above notations, we split invariant basin
Q into 2™ compact convex subsets I'® of Ap x --- x Ap. In

n
this paper, without otherwise statement, we always designate
aec{1,2} x---x{1,2}.

Theorem 3.1 Under the basic assumptions (Hq)-(Hy) and
(A1)-(As), for each «, there exists at least one almost periodic
solution u,(t) of system (3) in I'.

Proof: Since Mle;] > 0, then by Lemma 2.1, the
following linear system
' (t) = —diag(e (11.(5)), e (32(8)), -+ en (B (H)))y(t)
admits an exponential dichotomy on R. For each a =
(aba?, T ,Oén) and any ¢ = (¢1a¢27 T 7¢n) € I'®, from
Lemma 2.2, we know that the following almost periodic
system:

yi(t) = ei(yi( )yi(t)
+Zdu V5 (FS (65 = 735(1)))
+Zcu / = )5 (5 (6,(3)))ds
+IZ( ), i€ )
has an almost periodic solution defined by G%¢ =

(G%¢‘ G%(bv T

(GIo)(t) =

G& ), where

/joo exp (— /: ei(yi(w))dw> «

[de (55— 755(5)))

+ch /0 (s =) x

£(F (650 >>>dv+n<t>}ds, (10)

Next we need two steps to complete our proof.

Step 1: For each ¢ € A, we should prove that d;,;, <
(GS¢)(t) < Cia; for all t € R. Fix i € A. From (H;)-(Hs)
and equation (10), one obtain that

I(GEo) ()] <

Ii"" (dZJ'YJ +Cljklj(]‘ J)XJ)

<
it

= C;2. (1 1)
=

If a; = 2, then ¢*(t) > d;o for all + € R. From equation
(10), (A2) and equation (8), we get

Y,

v

(Go)(t)

/_too exp ( - /st ei(yi(w))dw> %

s 6 o) + 9 d

+/_too exp (— /: ei(yi(w))dw) %

{ > Ay 505~ o))

Jj= 1]#%

+ch / ] ”<s—v)g;-(F]fl(asj(v)))dv}ds

/joo exp < - /: ei(yi(w))dw> ds {Jﬁfi(dﬂ)

g 10

- /_; P ( - / t ei(yz-(w))dw) ds

X Z(az’ﬂj + Tk (1,0)x;5)
j=1

1 . "
z {dmfi(dm) + tlg}f;z Li(t)

7

- Z(az’ﬂj +Eijkij(170—)Xj):| =d; (12)

=1

for all ¢ € R. By equations (11) and (12), we have d;» <
(GSo)(t) < cio, if a; = 1, from similar argument, we can

prove that d;; <

(G2¢)(t) < ¢in for all t € R. Hence, we

have d;; < (G%¢)(t) < ¢ia; for each i € A and all t € R.

Step 2: We should prove that G*

: I'* — I'* is contin-

uous. Take any two initial conditions gb,qg € I'* with ¢ =
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(¢1> ¢27 Tty ¢7l) and (Z; = ((231, (52, Tty (]Bn) From equation
(10) and the mean value theorem, we have

(GF)(t) — (GF)(1)]

< /_ exp<—/ ei(yi(w))dw) X
[Zdﬁ % 1[5 (F (505 — 735(5))
—F (T (s — 75 ()))]
+30es(o) [ hils = 0l 05(0)
—gj<F;1<¢3j<v>>>\dv] ds
S (dig sup £1() + ks (1,0) sup g5(0))a
S j=1 CeER CeER
<l = Gl ) (13)

which leads to
(G*6)(t) — (GH)(1)]

(dij sup f7(C) + €ijkij (1, 0) sup gj(¢))a,
= CER

< max{j ! R }
i€EA e;
x|¢ — ollws

This implies that G*(-) is continuous with respect to ¢ € G*.
Since each G is compact and G* : ' — T'* is continuous,
by Schauder fixed point theorem, there exists at least one
Uq(t) € G* such that G*uq = uo. Hence u, (t) is an almost
periodic solution of system (3) in I'*. The proof is completed.
|
From Theorem 3.1, there exist 2" almost periodic solutions
of system (3) in these I'“. Now we shall discuss their conver-
gent dynamics.
Theorem 3.2 Assume that (H;)-(H,) and (A;)-(As2) hold,
then each H® is an invariant basin of system (3).
Proof: For any initial condition ¢ € H®, we should prove
that the solution y(t, ¢) of system (3) satisfies y(t,¢) € H*
for all ¢ > 0. For any given ¢ € A, we only consider the case
a; =1, e, ¢i(s) < ¢y for all s € [—w,0]. We assert that,
for any sufficiently small £ > 0(s < z;; — ¢;1), the solution
yi(t, ) < cx1 + € holds for all ¢ > 0. If this is not true, there
exists a t* > 0 such that y;(t*) = cx1 + €, yi(t*) > 0 and
yz(t) < cp1tefort e [—w,t*}. Due to d“(t) >0, cii+e<0
and the monotonicity of f;(-), we derive from system (3) that

vit) = —eilwi(t)yi(t")

IN
|
®

N
—
<
=
—
~
*
N
=
<
S
—
~
*
N

+ Z (‘ZZJ")’VJ
j=1
n t*
+ Z Cij (/ iy (" — s)ds) X
j=1 t*—o
< g (Cil + 6) + dufz(czl + 5) + Z(Eijofﬁ
=1
+Ci5ki;(1,0)x;) + sup I;(t)
teER
< €k7(0i1 +E)+Z(gmo’yj —|—Z”k”(ljg-)xj)
=1
+sup I;(t). (14)

teR

From Lemma 3.2, we know that &;(z) is strictly decreasing on
(—o0, 2i1]. By using equations (7) and (14), we get u}(t*) <
0 which leads to a contradiction. Since the choice of ¢ is
arbitrary, for each i € A, if ¢;(s) < ¢;1 for all s € [—w,0],
then w;(t,$) < ¢;; for all ¢ > 0. When «; = 2, similar
argument can be performed to show that if ¢;(s) > d;o for all
s € [~w, 0], then u;(t,d) > ¢;o for all ¢ > 0. Hence, for any
¢ € H*, we have that u(t,¢) € H® for all ¢ > 0. That is,
each H“ is an invariant basin of system (3). |

Theorem 3.3 Assume that (Hy) — (Hys) and (A1) — (As)
hold, suppose further that

(Hs) The activation functions f = (fi,...,f,) and g =
(g91,---,9n) are Lipschitz functions, that is, there exist
positive numbers A;,7; such that |f;(z) — fi(y)] <
Ailz =yl lgi(x) —gi(y)l < mile —yl.i=1,...,n.

(Hg) there exist n positive constants w; > 0,4 =1,2,...,n,
such that

n n
—@Z‘ini + Z CijN;aiW; + Z Jijai)\jwjkij(L 0') <0,
j=1 j=1

fori=1,2,...,n.
Then the following affirmations are true.
(1) There exists a unique almost periodic solution u,(t) of
system (3) in each I'*.
(2) H® is an exponential attracting domain of almost periodic
solution uq (t).

Proof: Considering the function

Ti(h) = ©a,—h—w, ! Zéljnjalw]e
j=1
n B o
—w[lzd”dzx\jwj/ kij(s)ehsds
j=1 0
From (H3) and (Hg), we have
TZ(O) = @igi - wi_l Z Eijnjaiwj
j=1

—w;l ZJijdiAjokij(l,U) >0
j=1
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and Y;(h) is continuous, Y;(h) — —oo as h — +oo. So,
there exists a h; > 0 such that Y;(h;) = 0. Without loss of
generally, set v; = min{h > 0|Y;(h) = 0}, so T;(5) > 0
when 3 € (0,7;). Now, let v = min{vy;, ¢ = 1,2,---,n},
when p € (0,7), we have T;(u) >0, i =1,2,---,n, ie.

n
Ti(p) = Oig;—p—w; 'Y Eynawet”
j=1
—U.);l ZdijaiAjo/ kij(s)e“sds
=1 0
> 0. 1s)

According to Theorem 3.1, for each «, there exists at
least one almost periodic solution u, (t) of system (3) in I'*.
Suppose that z(t) = (z1(t), z2(t),...,2,(t))T is an arbitrary
solution of system (3) and z*(¢) = (z}(t), 25(t), ...,z ()T
be an almost periodic solution of system (3). Then

yi(t) = *b( Ywi(t)))
+ Z dij (8) £ (F; (yy (¢
+ 2 cij(t

932%]_1(
Fi(pi(s)) =

- 755(1))))
fr kij(t — ) (16)
j(s))ds + Ii(t), i € A,

yz(s) = ¢1() —w§s§07i61\,
S (E )

+ 20 dig () f(F; (yy(t —735(1))))

Jj=1
ciy (8) [1 kij(t — 5)x (17)

izlz?j*l(yj(S)))ds +1i(t), i € A,
(

SOT(S)):(Z):(S%_WSSS(L i6A7
)

_l’_

NS

&l

K3

yi(s) =
= y(t) —y*(t), then we can get the following system
Z(t) = b (2i(t) +yi (1))

*bi(Fi_l(yf )]
+ Z diz () f5 (Fy
+y]( Tu(t))))
—f,(F w3 (0= 7y (t))))] (49
+ ;1 cij(t ft . Kij( [9]( (Zj(t)

+y; (1)) — g5 (F; H(y5 (s))]ds, t >0,
Bi(s) —

zi(s) = o5 (s) = @;(t), t <O0.

Similarly, by the mean value theorem, then

bi(F7 (zi(t) + i (1)) — ba(FT (w7 (1))
= [Bi(FT i (1) + 0z(0)) zi(t) = es(=i(t)zi(8),
where &;(z;(t)) = [bi(F;, (yr (t) + 0z(1)))],
In the light of (Hs)’ and (4) we have é;(F;~
0.
Now, define a Lyapunov function

7i5 (1))

it -

0<6<1.
(1) = Oia; >

V= (V17V27 .. '7V!L)T7

where V; = w,” L

Vilt) = wi!

ez (O] g€ (0,7), i=1,2,....n.
D1V(t)

= e 0]+ s = ()50
¥ Z 4O (F7 (25 = 73y (8)
+§;‘-_<t—m<>>>> JE (3 =y ()]
+Zc” ) [ Rt = las( o)+ 0)

—gj<F;1<y;f<s>>>]ds}

IN

w;mem{u|zi<t>| — Bug, |5 ()]

+ Z dig ()1 f5(F; (z(¢ = 73 (1)

r(0))) = £ (7 i (¢ = 75 (0))]
Z% / kg (¢ = )|, (7 (25(8) + 3 (8))

+1/J (t—

—gj<F;1<y;<s>>>\ds}

IN

w{lue”t{ulzi(t)l O]z
JFZCHW‘IZ‘ZH
X |

t—o

=i ()]

bt = 9)lz5(5)lds |

—(@ig; — WVi(t) +w; ! Z Cijniaiet™Vi(t — 7i; (1))
j=1

n t
Fw;t Z dijaiN; /t kij(t — $)e"" =V (s)ds

IN

n

a; — wVit) +w; ! Z cignjaie’”
j=1

+w; ! Zcfij&i)\j /0 kij(t — s)et*ds sup V;(s).

s<t

IA
[
@
2
[

sup  Vj(s)
t—17<s<t

Let M = supmax{w Yzi(t)|} and € > 1 is an arbitrary

t<0

real number. Then, we have

e zi(t)] < wy M z(t) < M < €M, t <0,
i=1,2,---,n. (19)

In the following, we shall show that

Vi(t) <EM, t >0, i=1,2,---,n. (20

if (20) is not true, without loss of generality, then there exist
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an k and a first time t1 > 0 such that

Vilt) < EM, i #k, t € (—o0,ty];

Vi(t) <&M, t € (=00, t1], Vi(t1) = £M, dvi(t)

dt

Combining with (15), we have

D*Vi(t)

IN

—(0ia; — p)Vi(t) + sup  V;(s)

t—7<s<t

n
-1 = = L uT
w E Cijn;aiet
=1

Fw; ! Zcﬂjdi/\j/ kij(t — s)et*ds sup Vj(s)
=1 0

s<t

n

1 = = T
§ Cijnjaqet

=1

+UJI-_1 Z(ch_li/\j / k‘ij(t — s)e“sds}éM
j=1 0

IN

{ —(©ia; — p) +w;

- _{9@ —p—wit Yy cmaet”
j=1
ZJ / i (t— s)e“sds}éM
j=1
= —Ty(wéM

This is a contradiction, hence (20) holds. Let 5 — 1, then
Vi) <M, t>0,i=1,2,---,n. (21)
Together (19) with (21), we have
Vi) <M, teR, i=1,2,---,n
Hzi(t)].

that is w; tet|z;(t)| < sup max{w;
t<0

So, we have

|2:(8)] = lyi(t)—

yi ()| < wie™* sup max{w;
t<0 ¢

which implies that all other solutions converge exponentially
to its almost periodic solution. This completes the proof. W

IV. AN EXAMPLE

Consider the following system

Ht) = —ai<xi<t>>(bi<xi(t>>
Zn: ft P z] g](xj(s))ds
o (22)
= 3 40— 70 + 1)),
teR,t>0,i€A,
2i(s) = @i(s),—w<s<0,i€A,

> 0.

Hyi(t) =y (D1},

where
1 0
)= 5 1.
) o 1.51‘1(t) 0
bz(xl(t)) - [ 0 3$Q(t) :| )
N e B RE e 0
Gilt) = 0 —1+ 0.2 cos /5t
dy; (1) = 8 + 2sin /2t 0
E 0 9 + cos V3t
[ 3sin+/5t 0
Li(t) = { 0 3 cos 2t }
1—-0.5sint 0
7ig(t) = [ 0 14 0.5cost }
0 e ®
his(s) = { 2se=% 0 } ’
f(z) = fi(x) = tanhz, g;(z) = 10tanhz,
o= 400, i,j=1,2.

Then we have the following equalities:

£1(2) = =152 +6f1(2), T12(1) = / kio(s)ds = 1,
0
n=1, =10, inf f'(z) =

€2(Z) = -3z + ].OfQ(Z), 7'21(1) = /OO ]{;21(5)d5 = ]_7
0
Y2 = 17 X2 = 107 Supf/(Z) =
teR

It is easy for us to check that (H;y)— (Hy), (A1) hold and any
solution of CGNNs (22) is uniformly bounded in 2 which be
defined as follows:

Q = {¢ € C([-00,0],R?)||¢1 (s)| < 24.0667,
|pa(s)| < 18.1333, s € [—o0,0]}.

From some computations, we get that 23 =
—1.3169, z12 = 1.3169, 221 = —1.2099, z22 = 1.2099
such that &/(z;;) = 0, then & (2y;) = (—1)!3.2207, & (zy) =
(=1)"1.9962, I = 1,2. With these numerical results, we can
check (As)

(D" {& (za) + Lu(t)}
(=1)'(—1)"3.2207 4 3sin v/5t] > —0.9 = é19,
(=1 {&(za) + L(t)}
(=DM(=1)"11.9962 + 0.3 cos 2t] > —0.8 = &2y

hold. and

dip = —24.0667, doy = —18.1333, c12 = 24.0667,
Cog = 18.1333, C11 = —6.99997 Co1 = —4.9997,
dio = 6.2999, doo = 4.9997.
Let \; = 1,1; = 10, it is easy to check that (Hs) — (Hg)
hold. From Theorem 3.1 and Theorem 3.3, we know that there

exists only four exponentially stable almost periodic solutions
of CGNNs (22) in each I'“.

662



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:5, No:4, 2011

x2

1CH ‘ S\

-20
-25 -20 -15 -10 -5 0 5 10 15 20
x1

Fig. 1. Convergence dynamics of four almost periodic solutions of
CGNNS s (22).
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