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6-Euclidean k-Fuzzy Ideals of Semirings
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Abstract— In this paper, we introduce the notion @ -Euclidean
k—fuzzy ideal in semirings and to study the properties of the image
and pre image of a @-Euclidean k—-fuzzy ideal in a semirings under
epimorphism.
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I. INTRODUCTION

.A. Zadeh [1] introduced the notion of a fuzzy subset x of
a set X as a function from X into the closed unit
interval [0, 1] . The concept of fuzzy subgroups was introduced

by A. Rosenfeld [2].W.J. Liu [3] introduced and studied fuzzy
ideals of rings. T.K. Dutta and B.K. Biswas [4] studied fuzzy
ideals, fuzzy prime ideals of semirings and they defined fuzzy
k—ideal and fuzzy prime k-ideals of semirings and
characterized fuzzy prime k-ideals of semirings of non-
negative integers and determined all its prime k-ideals. S.I.
Baik and H.S Kim [6] studied more about the fuzzy k-ideals in
semirings and investigated their properties. Y.B. Jun et.al [5]
extended the concept of L—fuzzy ideal of rings to semirings.
Ayten Kog, Erol Balkanay [7, 8] introduced a concept of 8-
Euclidean L-fuzzy ideals, #-Euclidean level subset in rings
and studied the properties of ideals &-Euclidean L—fuzzy
ideals, @-Euclidean level subset in rings. C.B Kim ez al/ [10]
introduce the k-fuzzy ideal of semirings and studied the
properties of the image and pre image of a k-fuzzy ideal in
semirings. C.B Kim [9] studied some isomorphism theorems
and fuzzy k—ideals in

k—semirings.

The purpose of this paper is to introduce &-Euclidean k-
fuzzy ideals in semirings and to study the properties of the
image and pre image of a @-Euclidean k-fuzzy ideal in a
semiring under epimorphism. Also we prove the structural
theorem for a #-Euclidean k— fuzzy ideal.
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II. PRELIMINARIES
An algebra (s; +, ) is said to be a semiring if
(s:+)and(s:.) are semigroup satisfying a.(s + ¢) = a6 + a.cand

(h+c).a =ba+ca, for alla,b,c e S.A semiring S may have

an identity 1, defined by 1.a =a =a.land a zero 0, defined
byO+a=a=a+0 and a.0=0=0.a forallaeS. A non -
empty subset 7 of S is said to be left (resp., right) ideal
ifx,yeland r e Simplythatx+ye/Zand rxel

(resp.,xr e I).1f Lis both left and right ideal of S, we say / is

a two-sided ideal, or simply ideal, of S. A left ideal 7 of a
semiring S is said to be a left k—ideal ifa e I andx € S and if

a+xelor x+ael then x e . Right k-ideal is defined

dually, and two-sided k—ideal or simply a k—ideal is both a left
and a right k—ideal.

Definition 2.1 [10]: Let K and S be any sets and let
f K —> S beafunction. A fuzzy subset i of K is called

f —invariant if f(x)= f(y) implies u(x)= u(y),where
x,yek.

Definition 2.2 [2] : A fuzzy subset U of a semiring S is said to

be fuzzy left (resp., right)
ideal of S if

(1) pe(orty) 2 min{(x), (v} and

(i) (o) 2 () (resp (o) = ()
forall x,yeS.If is afuzzy ideal of S if it is both fuzzy left
and a fuzzy right ideal of" S.

Definition 2.3 [10]: 4 fuzzy ideal Lt of a semiring S is said to

be a k-fuzzy ideal of S y(x+y) = ,u(O) and y(y) = ,u(O)
imply ,u(x) = ,u(O),for all x,yeS.

Definition 2.4 [8]: Let 6:S —[0,1] and u:S —[0,1]be a

fuzzy subsets of S. For any, 0#yeS the set
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0,

_ | x €S |there exists q,r € S such that x = yq +r
where either r = 0 or else pu(r) > max {u(y), H(y)}
is called a 6@ — Euclidean level subset of |1 .

Il. 8-EUCLIDEAN K-FUZZY IDEALS
Definition 3.1: Let S be a semiring and let 0: S — [0,1] be a

non—constant fuzzy subset of S. A fuzzy ideal u:S — [0,1] is
called a @ -Euclidean k-fuzzy ideal if [ satisfies the following

i) u(x+r)=p(0)  and  u(y)=u(0)
,u(x) = ,u(O),for all x,yinR.

(ii) For any x,yeR withy #0, there exists elements

imply

q,r € R such that x = yq+r,where either r=0or else
max {s(r). 0(r)} = max{u(v).0(»)}.

Example 3.2: Let S be the set of Natural Numbers including
zeroand x: S —[0,1] be a fuzzy subset defined by

1 if a=0,
1 .

,u(a) = 3 if a is non— zero even,
0 if aisodd.

Let 8:S —> [0,1] be a fuzzy subset defined by

0 if a=0,
0(a)= % if a=35,7,..

1

H otherwise.

a

Clearly uisa k-fuzzy ideal of S, also wisa @-Euclidean
k—fuzzy ideal of S.

Example 3.3: Let S be the set of Natural Numbers including
zeroand u:S —> [0,1] be a fuzzy set defined by
if a=0,

u(a)=

if  a is non— zero even,

o wlr

if aisodd.
Let 6] : S — [0,1]be a fuzzy subset defined by
0 if a=0

6’1 (a) otherwise.

-i1
g

So uis a k—fuzzy ideal but xis not a Hl-EucIidean k—fuzzy
ideal of S.

Theorem 3.4: Let A be a non empty subset of S. Let 1l be a
fuzzy subset of a semiring S such that [ is into {0,1} ,s0 that

M is the characteristic function of A. Then u is a

@-FEuclidean k-fuzzy ideal of a semiring S then A is a left
ideal of S.

Proof: The proof is easy and straight forward. []

Theorem 3.5: Let u be a 0-Euclidean k-fuzzy ideal of a
semiring S. Then forO=yeS, (i) Mg Is an ideal of S
Y

(i) eﬂy is an ideal of S. and (iii) pt; is a @ -Euclidean
k-fuzzy ideal of S, for t €[0,1].

Proof: The proof is similar to [8, Theorem 3.3]. LI

Theorem 3.6: Let u be a fuzzy ideal of a semiring S. If
,uay and eﬂy is the Euclidean level set of & and O

respectively. Thenu is a O-Euclidean k-fuzzy ideal of a

semiring S.

Proof: Suppose u is fuzzy ideal of semiring S. For

u(x+y)=wu(0)and u(y) = u(0) then

p(x+y) = min{ u(x), u(y)} since g is fuzzy ideal of S.
£(0) = min { u(x), u(0)§

u(x) = u(0).
Thus u is a k-fuzzy ideal of semiring S.

x,yes§ if

We have u, and 9#y is the Euclidean level set of x and
Y

6 respectively. Then, for x,y e S, with 0= y there exists

greSsuch that x=yg+r where either r=0 or

else 4(r) > max { u(v), 0(»)} and O(r) > max { u(»), 0(»)} -

Thus max { u(r),0(r)} = max { u(»), 6(»)} .
Hence u isa @-Euclidean k-fuzzy ideal of a semiring S. []

Definition 3.7 ([10]): Let f:S — S’ be a homomorphism of
semirings. Let U be a fuzzy subset of S'.We define a fuzzy

subset f_l,u of S by f_l,u(x) = ,u(f(x)) Jorall xeS

Theorem 3.7: Let f:S—>S'
semirings and Il be a fuzzy ideal of S'. Then u isa

be an epimorphism of

0-Euclidean k-fuzzy ideal of S'if and only if f_l(,u)
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is a £ 2(6) -Euclidean k-fuzzy ideal of fuzzy ideal of S.
Proof: Suppose u isa @-Euclidean k-fuzzy ideal of S’.
(i) Forall x,yeS’
S huer ) = (£t ) = (£ @) + ()
>min{u(/().u(rO))}
= min{ /a0, /()
(i) Forall x,yeS’
S ) = (1)) = 1(F @ 1)
> max{u(f(), u(f())}
= max {f_lﬂ(X), f_lﬂ(y)}

i) Forall x,y e S'if f Su(x+y) = f2u(0)
and £ Lu(v) = £ 2u(0) than
S ) = (1) = 1(x) = (0)

) —1
= u(/(0) =17 u(0).
iv) We have u isa @-Euclidean k-fuzzy ideal of S’ ,then for
any x,yeS,then f(x),f(y)e S’ there exists elements

/(). f(r) € S" suchthat f(x) = f(»)f(q)+ f(r) where
either f(r) =0orelse

max { u(/()),0(/ ()} = max{u(f(").0( ()} -
Thatis f(x) = f(yq)+ f(r) where either f(r)=0 or

else max{f_l,u(y),f_le(y)} > max { f_l,u(r),f_le(r)} .
Thus £ (x) = f(yq +r)where either f () =0 orelse
max {1 u(), Y000} = max | Yu), Y00

Hence for any x, y € S there exists elements ¢, € S such
that x = yg + rwhere either » =0 orelse

max {1 u(), /Y000 ) = max | a0

Conversely, suppose f_l(y) is a@-Euclidean k-fuzzy ideal

of S.
(i) Forany x,yeSthena=f(x),b=f(y)eS" .

pa+b)=p(fE)+f() = u(f(x+))
=/ e+ y)
> min{ 1 (o), 10N
min{x(f (). (1))}
= max {4 (a), (b))}

(ii) Forany x,yeSthena=f(x), b= f(y)eS".
plab) = u(F) () = u(f () = /)
> max {1 (), 100
=max{x(f(x)), u(f())}
= max {u(a), u(b)} -
(iii) Forany x,yeSthen a=f(x), b=f(y)e S ,if
p(a+b) = u(0) and p(b) = u(0) imply
w(@) = u(f () = £ 1) = £710(0) = u(f(0)) = 1(0)
(iv) Forany x,y,q,r € Sthen
a=f(x), b=f(Wc=flg.d=[(r)eS".
We have f_l(y) is a@-Euclidean k-fuzzy ideal of

fuzzy ideal of S, then there exists ¢,r € S such that
x=yq+r either »=0 orelse

max { /a0, /Y00 = max (), Y00
Thatis f(x)= f(yg+r) either f(r)=0 orelse
max{u(£(1)),0(£ ()} 2 max{u(£()),0( 1 (")}
thatis  f(x)= f(»)f(q)+ f(r) either f(r)=0

or else

max {u( /(1)) 0(/(»)} = max{u(f()).0(f ()}
Thus there exists ¢,d € S’ suchthat a = bc+d either
=0 orelse max {p(c),e(c)} > max {y(d),e(d)} 0

Definition 3.8: Let f:S — S'be an homomorphism of the
semirings. Let 1 be a fuzzy subset of S .we define a fuzzy

subset f(u) of S' by

sup{u e R f()=y} if /7H(0) # ¢

S()) = { 1
0 rron=4¢

Theorem 3.9: Let f:S — S’ epimorphism of semirings. Let
U be a f-invariant O-Euclidean k-fuzzy ideal of S. Then

f (1) is f(6) - Euclidean k-fuzzy ideal of S".

Proof: Suppose x,y e S’ such that x= f(a),y = f(b), for
all a,beS.Then x+y=f(a)+f()=f(a+b) and
xy = f(a)f(b) = f(ab) .Since u is f-invariant

Thus

@ f()(x+y)=f(u)f(a+D)

=sup{u() |t €S, /(1) = fla+b)
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_ Sup{y(t) |tesS,ut) = ua +b)} k—fuzzy ideal of S. Here, we mean
= y(a+b) that (' f ) (x) = /[ £ (x)]-

> min {,u(a), H(b)} ;

Proof: Let u=u'o f,0=0"o fand also a,be S and x'is
since u is a k-fuzzy ideal of S. p=wef ! “oe H“

1 1 an @-Euclidean k—fuzzy ideal of S'.
= min {1700 (77 00)) u
= min{ £ ()(x), £ (1))} - S
(i) f(u)(x) = f(u) f(ab) = p(ab)
> max { u(a), u(b)} y :

since u is a k-fuzzy ideal of S.

= max (171 @) e 7))}
It was proved that 4 is afuzzy ideal of S[5] and wisa
= max{f (1)), f () - 0-Euclidean fuzzy ideal of S [7].

(iit) If f(u)(x+y)=f(x)0)and If ,u(a +b) = 1(0) and ,u(b) = 1(0) , then

S(w)(»y) = f(1)(0) imply that , . .
- ( )_ ,u(a):y’Of(a):y’(f(a))zlu(O).Slnce,u isan
S)x) = Fu)l (@) = pla) 0-Euclidean k-fuzzy ideal of .

> [01]

SV

=@ = u(/ @) = 100 = u'(1(0)
= ' £(0)
(iv) We have u is finvariant @-Euclidean k-fuzzy = 1(0)

ideal of S. If a,b,c,d € Sthen x = f(a),

Hence y'of:S—)[O,l] is a (H’of)-EucIidean k—fuzzy
yv=f(b),q=f(c),r=f(d) forall x,y,q,reS".
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Theorem 3.10: Let f:S — S'be an isomorphism of the

semirings and u':S' — [0,1] be a O-Euclidean k—fuzzy ideal
of S'".Then p'o f:S —> [O,l] isa (H'Of)-Euclidean
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