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Optimal Data Compression and Filtering: the Case
of Infinite Signal Sets
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Abstract—We present a theory for optimal filtering of infinite
sets of random signals. There are several new distinctive features
of the proposed approach. First, we provide a single optimal filter
for processing any signal from a given infinite signal set. Second, the
filter is presented in the special form of a sum with p terms where
each term is represented as a combination of three operations. Each
operation is a special stage of the filtering aimed at facilitating the
associated numerical work. Third, an iterative scheme is implemented
into the filter structure to provide an improvement in the filter
performance at each step of the scheme. The final step of the concerns
signal compression and decompression. This step is based on the
solution of a new rank-constrained matrix approximation problem.
The solution to the matrix problem is described in this paper. A
rigorous error analysis is given for the new filter.

Keywords—stochastic signals, optimization problems in signal
processing.

I. INTRODUCTION
A. Motivation

N this paper, we consider extensions of known approaches

to optimal filtering based on the Wiener ideal. We present a
theory for a new nonlinear filter which processes infinite sets
of random signals. The filter is constructed via an iterative
scheme that provides a signal processing improvement with
each step. The filter provides simultaneous signal filtering and
compression and the subsequent decompression (reconstruc-
tion).

There has been significant attention in the literature to filters
that process finite sets of random signals but it seems that a
filter which is able to process infinite sets of random signals
has not been developed. The filter presented in this paper is
designed specifically to process infinite sets of random signals.
For the case of finite sets of random signals, we show that our
filter leads to a lower computational load and better accuracy
than the known filters; the improved accuracy is due to the
special iteration procedure incorporated into the filter structure
(see Section I11-E2).

There are three motivations for the proposed method which
we now describe.

1) First motivation: infinite sets of signals. Most of the
literature on Wiener-like filtering provides an optimal filter for
an individual input signal given by a finite random vector?.
This means that if we wish to transform an infinite set
Y ={yu):¥@)--- ¥} of input vector signal into an

Anatoli Torokhti and Phil Howlett are with the School of Mathematics and
Statistics, University of South Australia, Mawson Lakes, SA 5095, Australia,
email: anatoli.torokhti@unisa.edu.au and phil.howlett@unisa.edu.au,

1Some references on Wiener-like filtering can be found in [8], [12], [16],
[18], [19].

2We say a random vector x is finite if each realization x = x(w) has a
finite number of scalar components.

infinite set X = {x(1),X(2),...,X(n),...; Of output vector
signals using a Wiener-like approach then we have to find a set
of corresponding Wiener filters {F 1), F(2),..., F(ny,---}
so that each representative F; of the filter set relates to
a representative y ;) of the signal-vector set Y. Therefore
such a filter cannot be applied if X and Y are infinite
sets of signals. Moreover, in some situations, a recognizer
must be used that will determine to which of the filters
{Fay, F),---»F(n),---+ each component from Y should
be directed.

Note that even in the case when Y and X are finite sets,
Y = {Y(1)7Y(2)a ceey y(N)} and X = {X(l),X(g), e 7X(N)}
where Y and X can be represented as finite vectors, the
Wiener approach leads to computation of large covariance
matrices. Indeed, if each y, has n components and each x; has
m components then the Wiener approach leads to computation
of a product of an mN x nN matrix and an nN x n/N matrix
and computation of an nIN x n N pseudo-inverse matrix [18].
This requires O(2mn2N3) and O(22n3N?3) flops, respectively
[7]. If m, n and N are sufficiently large then the computational
work associated with this approach becomes unreasonably
hard.

To avoid such drawbacks here, we here study an approach
that allows us to use only one filter to process any signal from
the infinite set Y.

The first question we address in the paper is as follows.
Let X and Y be infinite sets of signals. How should we
construct a single optimal filter 7 : Y — X which can
be applied to each pair of signals (x,y) € X x Y and
which, moreover, transforms each y to a corresponding x with
associated minimal error?

Surprisingly, perhaps, the answer is based firstly, on an
equivalent alternative signal representation in a different space
and secondly, on the use of a special norm (3) in the statement
of the problem. The dual representation means that x is
considered as a single signal in one representation, and on the
other hand, as an infinite set of signals in the other, original,
representation. A detailed explanation is given in Section VI.
Examples of different special cases of the norm (3) used in
our statement of the problem are presented in Section VI.

The answer for the first question is provided in Sections
II-A, 1I-C, in Theorems 3 and 4, and in Section IlI-E. The
special norm is given by (3) below.

2) Second motivation: improvement in the filter perfor-
mance: The performance of filters used for data filtering,
compression and subsequent reconstruction, is characterized
by the accuracy, the compression ratio and the related com-
putational load. The Karhunen-Loéve filter (KLF) [13], [14],
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[18]° is known to be the optimal filter that minimizes the re-
construction error over the class of all linear data compression-
reconstruction filters. The KLF model is based on on the
solution of a rank-constrained matrix approximation problem.
Nevertheless, it may happen that the accuracy and compression
ratio associated with the KLF are still not satisfactory in some
circumstances.

The second question we address in this paper is as
follows. Is there a filter that will have greater accuracy and
better compression ratio then the KLF? An obvious but not
constructive answer is that such a filter must be nonlinear.
We propose a constructive determination of a nonlinear filter
in the form of a sum with p terms given by (1) below, where
each term is represented as a combination of three operations
Gk, Hy and P, for each k = 1,...,p. The operator Py is
a non-linear operator that allows us to incorporate additional
information, the operator . is a generalized Gram-Schmidt
orthogonalization that decouples the additional information
and the operator G, minimizes the estimation error. The
orthogonalization is used primarily to reduce the associated
numerical load.

The prime idea is to determine G, from an iterative scheme
aimed at improving the filter performance with each step. At
the final step of the scheme, G, is determined subject to
the prescribed rank restrictions. The scheme is described in
Section I1-C. Moreover, due to the orthogonal structure created
by the Hj it turns out that G, is determined by solution of
a separate minimization problem for each £ = 1,...,p. See
Theorems 3 and 4 in this regard. The nonlinear operators Py,
imply non-linearity of the filter. In the case P, = I for each
k = 1,...,p, where I is the identity mapping, the filter is
linear and the method presented in Sections II-C and 111-B
below becomes degenerate. Examples of possible nonlinear
operators Py, are given in Section I11-C.

The operations P, and Hy, are auxiliary operations related
to finding Gy, and they are described in Sections I1-C and
I11-C, and Lemma 1, respectively.

3) Third motivation: generalized rank-constrained matrix
approximation: Data compression filters are often based on
the solution of a best rank-constrained matrix approximation
problem. It has been shown in [6] that for such problems the
solution given in [6] should be used. This solution has been
obtained for the case of a minimal norm matrix. In Section
I11-A below, we extend the solution to a more general case
and exploit it in our filter derivation.

B. Contribution

We provide a theory for the new filter which processes
infinite sets of random signals. The filter is presented in the
form (1) and is based on a new iterative scheme (Section 11-C)
that ensures the filter accuracy is improved with each step.
The final step provides signal compression and decompression
(Section 111-D). This step is based on the solution of a
new rank-constrained matrix approximation problem (Section

3The Karhunen-Loéve filter is often called the rank-reduced Wiener filter
[14]. The analytic procedure is described by statisticians as Principal Com-
ponent Analysis [10].

111-A) following the methodology used in [6]. A rigorous error
analysis for the filter is also given (Section I11-B).

Il. METHOD DESCRIPTION AND STATEMENT OF THE
PROBLEM

A. Filter structure

Let (©2, %, 1) be a probability space, where Q = {w} is the
set of outcomes, 3 a o—field of measurable subsets in © and
w3 — [0,1] an associated probability measure on ¥ with
u(2) =1.

Let x = {x(-,a) € L?*(Q,R™) |a € K} where K is a
measurable set [9] in some appropriate sigma field with a
measure A(a). Thus x € L?(Q x K,R™). We observe an
interesting duality in the representation of x in that x is a
single signal in the space L%(Q2 x K,R™) and is an infinite
set of signals {x(-,a) € L2(,R™) | a € K} in the space
L2(,R™). In similar fashion we write y = {y(-,a) €
L2(Q,R™) |a € K}andy € L?(Q2x K, R™). We interpret x
as a signal that should be estimated and y as an observed signal
that can be used as an input to the filter 7, studied below.
In an intuitive way y can be regarded as a noise-corrupted
version of x. Let x; =y and let x4,...,x, be a sequence of
estimates of x obtained by the method described in Sections
11-C, 1lI-A and I11-B below. The filter F,, is presented in the
form

p
Foy) = GeHpPr(x1, ..., Xx), (1)
k=1
where Py, : L2((Q x K)*R?) — L?(Q x K,R™), Hy :
L*(Ox K,R") — L?(Qx K,R") and G}, : L?>(Qx K,R") —
L?(Q x K,R™).

The purpose of the components Gy, Hj and Py, has been
described above in Section 1-A2. The components P; are
defined in Sections 11-C and 111-C, and components the Gy
and H,, are determined in Section I11-B.

B. Basic ideas

The input to the filter 7, is a stochastic signal — a random
vector y € L2(Q x K, R™). We wish to filter and compress
y, and to reconstruct a compressed vector that is close to x.

The first idea is to represent y as a generalized sequence of
signals

y={y(.a) € L*(QR™) |a € K}

where (typically) K C R and to use the special norm (3) in the
statement of the problems in Sections 1I-C and I1-D. The filter
processes each y (-, «) separately but the filter components are
determined from the entire sets x and y.

The filter is best illustrated for a particular case when the
sets x and y are finite as in Example 4 of Section VI where we
have, in (1), p = 1, H; and P; are each the identity mapping,
and G, is determined from problem (4). In such a case, we
sety = {y(-,tx) € L2(Q,R™) |t, € R Y k =1,...,N}
and x = {x(-,t;) € L2(Q,R™) |t, €eR YV k=1,...,N}.
The estimate x of x by the proposed filter is given by

X= [i('vtl)v v 7§('»tN)] = él[y('7tl)’ I 7Y('7tN)}
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where 51 is provided by Theorem 3 of Section I1I-B and,
for each £k = 1,..., N, the estimate X(-,tx) = G1y(-,tx) is
determined separately.

The second idea is based on the following observation.
It is natural to expect that the filter performance would be
better if the input to F,, was x, and not y. Indeed, in this
case, no transformation need be done and in particular, no
noise filtering is necessary. The filter would provide only
compression and subsequent decompression. Therefore, our
next idea is to construct an iterative scheme such that, at each
step, the scheme allows us:

(a) to find a new input for F, which is closer to x than
those determined in preceding steps,

(b) to determine operators Gy, ..
associated error at each step, and

(c) to define operators Hy,...,Hy so that the desired op-
erators Gy, ..., Gy are determined from a numerically simple
scheme (see Section I11-E1 for more detail).

This idea is realized below in Sections 11-C and I11-B in such
a way that F, is determined from a sequence of associated
error minimization problems.

., G that minimize the

C. Basic device

Let the model for the filter 7, be given by (1). The proposed
device for determining operators Hy, G and Py in (1) is
as follows. The operators H;, in (1) are defined by Lemma
1 of Section I1I-B below. The recommended procedure for
determining the operators G and P consists of p successive
steps based on the following idea. If x; = y and the
subsequent estimates of x denoted by x», ..., x;_1 have been
determined from successive steps then for the kth step, we
define

k—1
j=1
where y; = P;(x1,...,x;) and P; is conceptually defined in

(1) and where G, ..., G are determined from the proposed
error minimization criteria. We propose the following scheme.
First, we introduce the norm || - || k.o defined by

2 7L Xwa2 w «
Mo = 5 ), Il 3@), @

where A(K) = [, d\(a) is the measure of K and where
||x(w, )|z is the Euclidean norm of x(w,a) € R™. More
explanation is given in Section VI.

The proposed scheme consists of a sequence of steps.
Step 1 The initial step. For k =1, letx; ;= y and let P, = [
and H, = I so that y, := x; and find G, that satisfies

I~ Giy)lliee = min |x ~Gi(x)lkeo- @

Set xo = gl(Xl).

Step ¢ — 1 for ¢ = 3,...,p. The filtering steps. Let
Xa, ..., X¢—1 be known from the preceding /—2 steps. For k =
£—1in (2) define P,y sothaty,_; = Pr_1(x1,-..,X¢—1)

and find 51, (32, (34,1 that satisfy

-1
HX - Z ng](yh B 7yj)H|%(,SZ
j=1

= min
G1,05G0—1

-1
I =3 G (yr v ) o ©)
j=1

Set x¢ = 3317, G H(y1. -, ¥5)-
Step p. The reconstruction step. At the final step, for k = p
in (2) define P, so that y, = Pp(x1,...,%,) and find G,

Ga, ..., G that satisfy

p
|Ix — Zngj(Y17 e yj)]”%(Q
j=1

P
= min ||x—Zngj(Y17~-~ay]‘)H§<,Q~ (6)
j=1

G1,--,9p
subject to
P
Zrank §j <7 < min{m,n} and 7
j=1
R P
rank G; < r; with er =7 (8)
j=1

We set XP+1 = Zle ngl(ylv e 7y1)

Due to condition (7)-(8), this step provides data
compression—reconstruction as it is shown in Section I1I-D
below.

D. Satement of the problem

The problem we solve follows from the basic structure
presented above. Let x and y be random signals where x
is an unobservable signal and y is an observable input signal.
Both x and y are analytically unknown and the only available
information is given by covariance matrices formed from x
and y. We wish to find a filter of the form (1) with G,,...,G,
determined from the error minimization problems (4)—(7). The
filter must satisfy the requirements (a), (b) and (c) of the
Section I11-B.

The main differences of the problem given by (1), (4)-(7)
from known problems are as follows. First, we are looking for
the optimal filter that minimizes the associated error for any
signal from an infinite signal set. This is achieved due to the
new norm given by (3). The second major difference is the spe-
cial structure of the filter (1)—(7). Each step of the suggested
procedure represents the solution of a best approximation
problem that minimizes an associated error. If the final stage
Step p is omitted the scheme performs filtering only. If Step
p is included then the scheme provides simultaneous signal
filtering and compression and the subsequent reconstruction.

Solutions to problems (4)-(7) are given below under as-
sumptions that certain covariance matrices are known. The
assumptions are specified in Theorems 3 and 4 below. It
is important to note that for new signals constructed during
the phase of iterative improvement the required covariance
matrices can be constructed from the original data.
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E. Advantages of the filter

The advantages of the proposed filter are discussed in
Section I11-E.

I1l. MAIN RESULTS

The solution to the problem (6)—(7) is based on the results
presented in Section IlI-A. The solution itself is given in
Theorem 4 below.

A. Generic low-rank matrix approximation problem

Let C™*™ be set of m x n complex valued matrices, and
denote by R(m,n,k) C C™>™ the variety of all m x n
matrices of rank & at most. Fix A = [a;];" 2, € C™*™
Then A* € C™™ is the conjugate transpose of A. Let the
SVD of A be given by

A=UaXAVy, ©)
where Uy € C™*™ and V4 € C™*™ are unitary matrices and
Y= diag(al (A)a -+ +3 Omin(m,n) (A)) ecmn

is a generalized diagonal matrix with singular values o (A) >
o2(A) > ... >0 on the main diagonal.

Let Ug = [u1 ug ...uy) and V4 = [v1 vy ...v,] be the
representations of U and V' in terms of their m and n columns,
respectively. Let

rank A rank A
Pap = E wiu; € C™*™ and Py g = E vvl € CP"

i=1 i=1 (10)
be the orthogonal projections on the range of A and A*,
correspondingly. Define

k
A= (A =Y oi(Auw; = UagSarViy, € T
i=1

(11)
for k=1,...,rank A, where

.uk}, EAk :dlag(dl(A),,O'k(A)) (12)
and Var = [’Ul Vg vk} (13)

UAk:[ul u ..

For & > rank A, we write Ay := A (= Ayank a). For 1 <
k < rank A, the matrix Ay is uniquely defined if and only if
O'k(A) > O'kJrl(A).

Henceforth || - || denotes the Frobenius norm. We write
AT for the Moore-Penrose pseudo-inverse of the matrix A [1].
Below, we provide generalizations of the classical minimiza-
tion problem due to Eckart and Young [3]. First, we present
the result obtained in [?].

Theorem 1: [?] Let matrices A € C™*", B € C™*? and
C € C7*™ be given. Then

X = B'(Pp,LAPc g)iCT (14)
is a solution to the minimal problem
min ||[A - BXC||F, (15)
XeR(p,q,k)

having the minimal || X || . This solution is unique if and only
if either
k Z rank (PB,LAPC,R)

or
1 <k < rank (PB,LAPC,R) and

0k(Pp,LAPc,R) > 0k+1(PB, AP R).

Let us denote By := diag(c1(B),...,0:(B)) € C**%,
Cy = diag(o1(C),..., o(C)) € C*' s = rank B,
t =rank C, A= UEAVC, A= [Aij]z?,jzl and A € Csxt.

It follows from the proof of Theorem 1 provided in [?] that
a solution to the minimal problem (15) without the constraint

of the minimal || X || is given by

BrHAn)xCrt Xao
Xo1 Xoo |’

where Xio, Xo; and Xop should be chosen in such a way
that X € R(p,q, k). In Theorem 2 below, we show how to
choose Xi2, Xo1 and Xoo (see (20)) to satisfy the condition
X € R(p. g, k).

Theorem 2: Let P € C?—9)%s Q@ e C*(@—*) pe arbitrary
matrices, Vi = [V} V»] € CP*P, Ue = [Uy Us] € C4%2 where
Vi € CP*% and U; € C9%¢, and

0O Ki» cct
K Ko ] { - cct } @7

X =VpXU: with X = (16)

K =|[B'B, 1-B'B] [

where

Ko = V1 X11QU35, Ky =VaPX11UY,
K22 = ‘/QPXllQUQ* and X11 = B;l(All)kC;I(lB)

If the constraint of the minimal || X|  is omitted in the
problem (15) then the solution is not unique. A family of
solutions to the problem (15) without this constraint is given
by

X = B'(Pp.LAPc p)kCT + K. (19)

Proof. To preserve rank X < k, we should choose X2, X1
and X5 in (16) a compatible form. In particular, the columns
of Xio and the rows of X5; must be linear combinations of
the columns of X, and the rows of X, respectively. To this
end, we need to show that there exist matrices P € C(P—s)xs
and Q € C™(@=" such that, for (i,j) # (1,1), X;; can be
written in the form

Xlg = XllQa X21 = PX11 and X22 = PXHQ. (20)
The existence follows from the next observation.
By  Gaussian  elimination,  there  are  matrices
P e C9% and Q e Cl=t) such that
{ X1 X2 } I -Q _ { X11 O

Xo1 X9 o I Xo1 Xoo — X1Q
and I O {Xn ) }:{Xll 0
-P I Xo1 Xoo — X01Q 0O 0

which is true if
X12—X11Q = @, XQl_PXll =0 and X22_X21Q = Q.

(1)
The last condition in (21) follows from the observation that the
. X11 X12 Xll @
matrices and have
Xo1 Xoo { 0O  Xa— Xn@Q
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the same rank. Therefore, to preserve rank X < k, we should
choose Xoo — X21Q = Q. Thus (20) follows

(An) ¢yt 0
Next, let us write X = 0 ol To show
that B N .
X = ¥L(Ps, L APs. r)iEL (22)
we write
> A O A (@)
x = [ % 8lan4 8]

0 k
it <I:Iss ©:||:A11 A12:||:Itt @}> st
B 0O 0 Ay Ao o 0]/, c
where I, is the s x s identity matrix. The SVD for ¥ =
{ By } is given by Xp = Us, %1 g Vi . Here

Us, = [e1,...,en] and Vx, = [er,...,ep] Where e; =
[0,...,0,1,0, ...,0]T with 1 on the jth position. There-

s I, O
fore, Po, o = >,  €i€; o 0

PEC,R = ZE:I e,-eiT = |: {6; g :| . ThUS, [ A(Ol)l g :| =

PEB’LZPEC,R. Therefore, (22) follows.
Next, )? = ETB(PEB,LIZ(PEC,R)kETc"‘
a result,

and by analogy,

0O X

. As
Xo1 Xoo }

X = VsXU: = Bl (Ps AP R)CT

0 X l[U
+ vl { Xo1 X2 } { U3 }

= BY(PpAPcr)iCT 4+ VoXo Uf 4+ Vi X19U3
+V2 X0 Us .

We note that Vi*Vy = I, V5'Vo = Ip sp—s, UiUL =
Ly, UUy = Iy tq-t, IV + VoV = I, UWUF +
UsUs = Iy, and BIB=V,Vy* and CCT = U U;.

Then
X = BY(PppAPcr)Ct+ (I — V) Kn U UF

VIV Kio(I — UL UF) 4 (I — ViV Koo (I — ULUY)

= BY(PpAPcg)CT + (I — B'B)K4,OCT
+B'BK5(I — CCT) + (I — B'B)Kyy(I — CCT)
= Bi(PgAPcr)CT + K. (23)

Thus, (19) is true. [ |

The following Corollary will be used in the next Section.

_Corollary 1: Let p =m, ¢ = n, B=Tand A= AVp =
[A; Ay] where A} € C™*t, Let Q € C**("—1) pe arbitrary.
Then the solution to the problem

min ||A - XC|]| (24)
XeR(m,n,k)

is given by
= (APo,p)eVECT + (A1)iCy QU5 (I - CCT). (25)
Proof. Indeed, a solution to the problem

_ min ||[A—-X2¢|| (26)
XeR(m,n,k)

Where 5(: [Xl XQ} is 5(: [551 552] with 5(:1 = (gl)kal
and X2 = XlQ Then X = XUC is the solution to the
problem (24). We have X = [X; O] + [0 X,] where

=) @ | = eIt = (Aol
Itt O

with [4; O] = [A,; Az]{ o o

} = APs,, . Therefore,

X = (AVPECA’R)]CETCUB + [@7 )?IQ]UC

Here,
(APs. r)kSLUS = (APs r)pVECH  and
[0, X1QIU& = X1QU3.
Next, let Ky = XoUs. Then XoUs = KoUsUs = Ko(I —
U\UF) = Ky(I — CCT). Thus, X = (APg. g)kSLUE +

X,QU3 (I — CCTy and (25) follows.

Remark 1: The Eckart-Young theorem [3] follows from
Theorem 2 as a particular case when p =m, ¢ =n, B =1,
and C' = I,,.

B. Solution of the problems (4)—(5) and (6)—(7)

Letx = {x(-,a) € L2(Q,R™) | a € K} € L2(Qx K,R™)
and y = {y(,a) € L2 (Q,R™) |a € K} € L2(Q x K,R™)
where K is a measurable set with finite measure A(X') in some
sigma field of measurable sets [9].

We write x = (z(), ..., 2™)T and y = (y™, ..., y)T
where 29 € L?(Q x K,R) for i = 1,...,m and y¥) €
L?(Q x K,R) for j = 1, ...,n are real valued random

variables. Let
(@@, ) // 2@ (w, a)yV (w, @) d(p(w), M)
Ox K

(27)
and
) ) 1 , )
W) = s [ 00w, a) (). M)
" (28)
and define covariance matrices
Rixy™) = [(2,y9)] e R 29)
and _ _
Rlyy"] = [(ym,y(’))} e R™". (30)

If M € R™*™ then we define a corresponding operator
M : L2(Q x K,R") — L?(Q x K,R™) by the formula

M(¥))(w, @) = M[y(w, a)]. (31)

Henceforth all such operators will be denoted by a calligraphic
letter.
We wish

(i) to give explicit solutions to the problems (4)—(5) and
(6)-(7), and

(ii) to show that the error associated with the proposed
method decreases as the number k of steps (4)—(7)
increases.
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First, we give a method for the determination of the oper-

ators Hy, ..., Hy in the filter model (1).
Definition 1: The random vectors {v;};—1,..x C L?(2 x
K,R™) are called pairwise orthogonal if
Rlv;v; T1=0er™" (32)
fori#£jwithi,j=1,... k.
Lemma 1l: Let y, = Pi(x1,...,x;) and v; =

Hi(yy,...,y;) foreach i =1,2,... k where the linear op-
erators H,; : L2((Q2 x K)!, R") — L%(Q x K,R") are defined
inductively by the generalized Gram-Schmidt algorithm

vi=y; and v;

1—1
=yi— > Lulve) (33)

with ,Cig :
Lig(ve) =

Ly = R[yi

L?(Q x K,R") — L2%(Q x K,R"™) defined by
L;ove Where

VE]R[ng;ﬂT—|—]\4¢g([—R[VgVﬂR[v[vg] ) (34)

and M;, € R™" is arbitrary for each i = 2,... k. Then
the vectors v, vy ..., vy are pairwise orthogonal in L2(Q x
K,R").

Proof. The proof follows directly from (33), (34) and
Definition 1 on the basis of the relation R[y,vI] =
Rly,vIIR[vevI] R[v,vE]. We refer the reader to Torokhtl
and Howlett [18], p. 168 for additional information. [ |

Remark 2: In practice it is usual to take M;, = O.
Remark 3: The Gram-Schmidt formula can be rearranged

to give
i—1

yi=vi and y,=v;+ Z Liovy
=1

k. Thus we can write
¥y = (L + Li)v®

foreachi=2,...,

Y1 Im O O @) Vi
Y2 Loy In O @) Vo
o | ¥ | = | s Lz Iy @) V3
Yi Li L Lz - Iy Vi
from which it follows easily that
v = (L, + L) ty®
I, @) @) @) Y1
Hgl Im 0] O Yo
— Hi Hi I, @) Y3
H;; Hp Hg - I, Yi

is well defined. This formula shows clearly that v; =
Hi(y1,- -5 y:) = Hiy, + - +Hz(z HYi- 1+y1

The matrices R[xv]], R[y;v J] and R[v,v]] are assumed
known. Estimation of these matrices is dlscussed in Section
5.3 of the book by Torokhti and Howlett [18].

Theorem 3: For k = 1,..
problems (4)-(5) is

G, = RixvT|R[v;

.,p — 1 the solution G; to

vI]+ M;(I - Rlv;vI]R![v;v]]) (35)

where M; is arbitrary for each j = 1,...,k —1 and v; =
H;(y1,---,y;) has been determined for each j = 1,2,...,k
by Lemma 1. The associated error is

% = xl% o

k—
- { Z v R[v v Rfvx 1}(36)

Proof ~ We write d, = [|x — x.[|% o We have [|x|% o =
tr{ R[xxT]}. Therefore, for k =1,...,p,

k—1 k-1 g
§r = rd{R (X—Zgj(vj)) (X—Z%(‘U))

k-1
= tr {R[XXT] - Z (RxvI]GT + G;R[v;x"])
= k-1 r
+R ( gj("j)) (Z gj("j)) -(37)

k—1 k—1 r k
R (Zgj(vj) ( gj(Vj)) :ZGJ‘R[VJ‘V?}G

Jj=1

owing to the orthogonality of vectors vi,vs...,vg. Thus,

k—1
o = IRV x| = > IRV J(RIv,;v] V)3 (38)
j=1

k—1
+>J5(Gy) (39)
j=1
where
Ji(G)) = |14, — G;C5 1% (40)

Because the terms J1(Gi), ..., Jix(Gg) in the sum

>°%_, J;(G,) are determined independently we have

Z min J;( (41)

.......

Therefore, for k = 1,...,p —
achieved if

1, the minimum in (4)—(5) is

A;—-G;C; =0
& (GjR[v;v]]— R[xv]])( R[VJVJ}I/Q) =0

and if we multiply on the right by (R[v;v1]"/)TR[v;vT] we
can see that

GiR[v;v]] -

According to [1] a general solution to this equation is given

by (35) if and only if R[xv]] = R[XV]-T]R[VJ-VJT]TR[V]-VJT}.

This is clearly true. Therefore the optimal value G; is given
by

G; = R[XVJT}R[vjva}T + M;(I - R[xv?]R[v] \& ]T

R[xv?] =0
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where M; is arbitrary forall j =1,2,...,k— 1. [ |
Remark 4: We remind the reader that there is no rank re-
striction on the matrix operators during the filtration procedure.
Thus Theorem 3 solves a matrix optimization problem with
no rank restriction.
Define

Aj = R[xva]R[vjva]1/2Jr and C; = R[vjv?]l/Q.
and let
Aj=UaXa, Vi and C; =Ug,Xe, Ve, (42)

be the singular value decompositions for A; and C; respec-
tively. We use a similar notation to that used in (9). To derive

a solution to the problem (6)—(7) define
Uc; = [Ule UC72} and Vo, = [chl VC.72]

and let 12{]‘ = A]‘VCj and Dj = diag(al(Cj), e
Ct*t with ¢; = rank C; and

,01,(Cy)) €
Kj = (Aj1),, D' QUL (I — C;C)

where @; is arbitrary. The singular values of matrix A; are
denoted by o4 (A4;). The matrix

(Aj)m =Un;r;Xa,r; VATJ"J‘ (43)

is determined similarly to (A); given by (11) with the replace-
ment of A and k by A; and ry, respectively.
Theorem 4: The solution to problem (6)—(7) is given by

Gj = (4),,C] + K; (44)
and the associated error is
p T
I = xpiallfeo = IRY2xxT])% = >0 “low(A;)]. (45)
j=1k=1

Proof. We write ¢ = [x — x,11]%q. By an argument
analagous to that which established (38) and (41) we have

e= | R px"]|3 — ZHR[XV J(RIv;viDY2ME (46)

p

+Y J(Gy) (47)

=1

and

min ZHA G;C;1% (48)

rank G <7'JV]

min_[4; - GGl (@9)
j=1

P
E mi Il
n <r;

By Corollary 1 the solution to
min_||4; - G;Cj||%

rank G; <r
is attained when

Gy = (AjPe; )i, VE,Cf + Kj = (A47),,C) + K; = G,

We refer to [6] for more details. If éj is substituted instead
of G; in (46), then we have

P
e = RV px"|F = > IRV IRV VDY 5
j=1
+Z|\A — [(A4))r, C] + K153
= IRV [xx"]|% - ZI\A IIF+Z\|A — (Aj)r, 17
Jj=1 j=1
IR [ex"]|| 7 — ZZok (50)
Jj=1k=1
since (A4;)r, = (Aj)r, ]C by [18]. [ |

Remark 5: In (45) the number p is the number of steps in
the procedure described by (4)— (7). It follows from Theorem
4 that the error given by (45) decreases as p increases.

Remark 6: It follows from Theorems 3 and 4 that the
components G and G of the proposed filter are computed
separately and require computatlon of mxn and n xn matrices
for G; and m x r; and r; x n matrices for G;. To the
best of our knowledge, a filter that is able to process infinite
signal sets is not previously known. Therefore we compare
the computational loads needed for our proposed filters with
those for known filters in the case of finite sets of signals
only. In this case most known nonlinear filters [18] require
computation of much larger matrices than those mentioned
above. The procedures presented in Theorems 3 and 4 are
advantageous from a numerical point of view because they
require much less computational work.

C. Choice of operators Py, for (1)—(7)

The purpose of using the operators Py, in our filter has been
discussed in Section I-A2. Here, we illustrate the choice of P,
with some possible particular suggestions.

For instance, P could be chosen using the Hadamard
product as in [15], [16] or in the form

k
1
a) == yx;(w, @)
T4

[Pr(x1,...,xx)](w

where v = Zle v; and y; € R is a constant.

Another possible choice for Py is a time shifting operator
similar to that used in [12]. For the case considered in Example
4 of Section VI, we define

'Pk(xl, e ,Xk,) = Pk[xk(- 7t1)7.. . ,Xk(- ,t]\/)}
= [Xk( ,tl — Al),. .. ,Xk(‘ ,tN — AN)]

with Ay e Rforall k=1,...,p.

Alternatively P could be chosen as a k-linear operator. In
particular, Py, could be a k-linear integral operator. We cite
[2] in this regard.
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D. Device for data compression and reconstruction
Let us denote D](.l) = Ua,r,Xa,r, and D]<.2> = V;{J,.JCJT.

See (42) and (43) in this regard. In (44) the matrix K; s
arbitrary. Let us assume that K; = O. Then the filter (1)
based on solutions (35) and (44) to problems (4)—(5) and (6)—
(7), respectively, is given by

p

F(y)=>_ DD,

j=1
where v; = Hjxz;. Note that Dj(.l) e R™7 and D]@) €
R"*™, Thus D§.2) provides compression of a vector v; with n

components to a vector D](.Q)«uj with r; components while Dj(.l)
provides decompression (reconstruction) from a vector with r;
components to a vector with m components. The compression
ratio is given by

c=(ri+...4+7rp)/ min{m,n}. (51)

E. Advantages associated with filtering based on scheme (4)—
(7)

1) General advantages. The proposed filter consists of the
two parts. The first one is the filtering of a random signal y
based on the concatenation of solutions to p — 1 unconstrained
error minimization problems given by (4)-(5). This filter is
important in its own right since it can be considered as a stand
alone filter aimed at optimal filtering of stochastic signals.

The second part is based on the solution of the constrained
error minimization problem given by (6)—(7). As a result, while
this part is still filtering the input, it also compresses and
decompresses the input. The latter procedure is realized via
the solution of the problem (6)—(7) and is described in Section
111-B.

The overall advantages of our proposed approach are the
ability to determine a single optimal filter to process an infinite
set of signals and the progressive decrease in the filtering error
with an increase in the number of steps (4)-(7).

The mathematical advantages include simplification of the
numerical procedure for determining the filter components
G1,...,Gg in (4)—(6) which we address in Remark 6 above,
the rigorous theoretical justification of the results given in
Sections 111-A and 111-B and the effective procedure for signal
compression and decompression presented in Section I11-D.

In the following Section, we consider other specific advan-
tages by comparison with known filters.

2) Soecific advantage: comparison with the known filters:
As we have mentioned in Section I-Al, to the best of our
knowledge, the previously known filters can process only finite
sets of random signals. Our filter processes infinite sets of
random signals. Therefore, a comparison between the known
filters and the proposed one can only be done for the particular
case when each set x and y (see Section 11-A) consists of one
signal only. In such a case, the results obtained above are

presented in terms of the norm (54), || - |2 (see Section VI
below). The norm (54) is a particular case of the norm (3),
I 1% 0

The errors associated with the Karhunen-Loéve filter (KLF)
[18] and the Wiener filter [18] follow from (45) and (36),

respectively, if p =1, k = 1 and the norm || - ||% , is replaced
with the norm ||-||%,. The errors presented by (45) and (36) are
less than those for the KLF and Wiener filter if p = 2,3,...
and k = 2,3,.... Thus our filter provides improved accuracy
when compared to the KLF and Wiener filter.

The compression ratio of the KLF is 7/ min{m, n} where n
is the number of components in the compressed signal. Thus,
the compression ratio (51) of our filter is better than that of
the KLF if 1 + ...+ 7, <.

A comparison with other known filters [18] can be done in
a similar way and leads to similar conclusions.

IV. NUMERICAL EXAMPLES AND SIMULATIONS
The following elementary Example 1 illustrates the pro-
posed filter performance in the case of infinite sets of signals.
Example 1. Let

x = {x(w,t) = [th,wzt]T |w e 0,1],t €[0,1]}
and
y = {y(w,t) = [0.8wt%, 1.2%]" | w € [0,1],¢ € [0,1]},

i.e. x and y are represented by infinite sets of signals.
For such signals, the norm (3) is reduced to its partic-
ular case given by (56). Accordingly, matrices R[xy”]
and R[yy”] given by (27)-(29) are determined in terms
of the norm (56). For instance, entries of R[xy”] are

1 1

(x® y)y :/ / xD(w, 1)y (w, t)dwdt. Therefore, we
0 0

have

Ty
Rixy™] = { 0.050 0.080 0.060 0.096

—37.7358  23.5849
™t
and Rlyy']" = [ 23.5849  —4.3239 }

Let us first consider a simplest case of our filter presented
by (1) with p = 1, H; and P, given by the identity, and
Gy = Gy where G, is determined by (35) with M; = QO.
Then for any w € [0,1] and ¢ € [0, 1], the estimate of signals
x(w, t) by the considered particular case of our filter is given

by

0.053 0.075 0.011  0.060
], R[ny]:{ }

%(w,t) = R[xy?|R[yyT]"[0.8wt?, 1.20%])T.  (52)

Note that (52) does not coincide with an estimate by the
generalized Wiener filter which can process a fixed random
signal-vector [18], but is not able to process infinite sets
of signals. Differences between (52) and an estimate by
the generalized Wiener filter [18] are matrices R[xy”] and
R[yy™]" determined in terms of the norm (55) used in (52),
and the term [0.8wt?, 1.2w2%t]7T.

Table 1 contains magnitudes of the error A = ||x(w,t) —
%(w, t)||2 with respect to some particular values of w and t.

Next, let us now consider other simplest case of the pro-
posed filter when in (1), as before, p = 1, M, and P, are the
identity, but G; = G where G; is determined by (44) with
r1 = 1and K; = Q. Then for any w € [0,1] and ¢ € [0, 1],
the estimate of signals x(w,t) by this particular case of our
filter is given by

X(w,t) = (A1), C1[0.8wt%, 1.2021)T (53)
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where A, = R[xyT|Rlyy"]"/?*, ¢, = Rlyy"]'/?
and (A;),, is determined by (43). Compression and de-
compression is realized by (A1)TICI as those described in
Section I11-D above. For the same values of w and ¢ as those
in Table 1, the error Ay = ||x(w, ) — %(w, t)||3 is worse than
the error A, for approximately 20%. This is because x(w, t)
is determined with the truncated SVD given by (43) while
x(w, ) is not.

The estimate x(w, t) does not coincide with an estimate by
the KLF [18] by reasons which are similar to those described
above for x(w, t) regarding a comparison with the generalized
Wiener filter.

Of course, in many instances, matrices R[xy”] and R[yy”]
are unknown and should be estimated. Some estimation meth-
ods can be found in [18].

Example 2. Here, we consider a case when x and y are
represented by finite signal sets and illustrate advantages of
the proposed approach over the known methods. Such a case
has shortly been discussed in Section I-Al.

Let x = {X(1)7X(2)7 .,X(N)} and y =
yayyey,- -yt where N = 8 and x(;),y(, €
L2(Q,R™) with n = 256 for each j = 1,...,8. Random
vectors y(;, and x(; are interpreted as an input of the
filter and its ‘idealistic’ output, respectively; i.e. x(; is a
signal that should be estimated by the filter. In this example,
x(;) and y; are simulated as digital imagespresented by
116 x 256 matrices Xy and Y{;), respectively. A column of
the matrices X ;) and Y(; represents a realization of signals

x(j) and y ;y, respectively.

Each picture X(; in the sequence X(jy,..., Xy has
been taken at a certain time ¢; with j = 1,...,8. Images
Y1y, .-, Ys) have been simulated from X;y,..., X(g) in

the form Yy = X(; e rand; for each j = 1,...,8
Here, ¢ means the Hadamard product and rand(;) is a
116 x 256 matrix whose elements are uniformly distributed
in the interval (0, 1). Images X(y),..., X(s) are presented in
Fig. 1. Image Y(3) is given in Fig. 2 (a) as an example of
images Y(y),. .., Y(s). Other images Y(; with j = 1,...,8,
j # 3 are similar.

For finite signal sets x and y considered in this example,
the norm (55) is used. As a consequence, for j = 1,2, matrix
R[xv]]in (35) and (44) is presented by

116,256
R[XVJ'T] = {ru }i,q=1d

8 .
with 7, = éZ/ O (w, tr) (q)(%tk)du(w).

Matrix R[v;v7] is determined similarly.

First, a simplest case of our filter defined from (4) by
Theorem 3 with p = 1 has been applied to the considered
signal sets. Then R[xv{]| = R[xy”] and R[viv{] = R[yy].
In (1), G; is determined as Gh by (35). An estimate of X s,
by this filter is denoted by )2’143) and the filter itself is denoted
by .,7':1.

To illustrate the performance of the proposed filters asso-
ciated with different steps of the scheme (5)-(7), their related
versions have also been applied to the given signal sets.

Estimates of X3 by those filters are denoted as follows:
)?27(3) is the estimate by our filter F5 defined by (5) and
'I;heorem 3 with p = 3, R

X5 (3) s the estimate by our filter F» defined by (6)-(7) and
Theorem 4 with p = 2, ry = 10 and ro = 15, with the
compression ratio ¢ = 25/116, and

X5 3) is the estimate by our filter F, defined by (6)-(7)
and Theorem 4 with p = 2, r; = 4 and r, = 5, with the
compression ratio ¢ = 9/116.

We point out again that by the proposed method, the same
filter is applied to each pair of signals Y{;) and X; for j =
1,...,8, i.e. its form presented by (1), (4)-(7) and Theorems
3, 4 is invariant with respect to different pairs (Y{;), X(;)). In
particular, matrices determined by (35) and (44) remain the
same regardless to what pair (Y(;), X(;) the filter is applied.

The known filters based on the Wiener filtering ap-
proach [18] should specifically be constructed for each pair
(Y;), X(jy). As a result, such filters require much more
computational loads. Therefore, in comparison of the proposed
filters with the known ones, this important difference should
be borne in mind. We denote by Xy (3) and Xgpp (3 the
estimate of X3y by the Wiener filter and by the KLF of
rank=25, respectively. The compression ratio of the KLF of
rank=25 is ¢ = 25/116.

In Fig. 2, estimates of signal X3 by different filters are
presented. Numerical results related to estimation of o signal
X(3) are given in Table 2. Results associated with estimates
of other signals X; with j =1,...,8, j # 3 are similar.

In particular, while the error associated with the filter i‘l is
[ X(3) = X1,3)[|* = 0.9893¢ + 07, the error [ X(3) — Xy (3|
associated with the filter F is significantly lesser. This is a
numerical illustration to Remark ??.

Next, we observe, that for the same compression ratio,
¢ = 25/116, the error || X(3) — X, (5)[|? associated with the
filter 7>, is four times less than the error 1 X3 — Xkrre
associated with the KLF.

It is interesting to compare compression ratios of those fil-
ters in the case when associated error are similar. In particular,
it follows from the third and fifth columns of Table 2, that
while the errors associated with the filter 7, and the KLF
are almost the same, the compression ratio of the filter F»
(i.e. ¢ = 9/116) is more than two times better that the KLF
compression ratio (which is ¢ = 25/116).

V. CONCLUSION

We have provided the theory for a new approach to filtering,
compression and decompression for infinite sets of stochastic
signals. Distinctive features of the proposed approach are as
follows. While we consider processing infinite signal sets,
the proposed filter is nevertheless fixed for all signal pairs.
The filter is nonlinear and consists of p steps. Each step
contains three components represented by three consecutive
operations. The various operations are determined at each step
by an iterative scheme designed to improve filter performance
as the number of steps increases. Signal compression and
decompression is provided by the final step of the scheme.
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The final step is based on a new method [6] for the best rank-
constrained matrix approximation. The error associated with
our filter decreases when the number of steps in the iterative
scheme increases.

V1. APPENDIX A: PARTICULAR CASES OF THE NORM (3)

Here, we consider some particular norms that lead to the
norm (3) used in our statement of the problem in Sections
11-C-I11-D.

Example 3. Let x € L?(Q,R™). Then we set

Ix[13 = /Q Ix(w) [ 3dp(w). (54)

Note, that most of results related to Wiener-like optimal fil-
tering have been obtained using the norm (54). Some relevant
references can be found in [18].

Example 4. Let x = {x(-,tx) € L%2(Q,R™)|t, €
RVY k=1,...,N}. Thus, x € L2(Q x [t1,...,tx],R™). In
other words, in the space L2(2x [t1, ..., tx],R™), x is a fixed
signal, but in the space L2(©2, R™), x is represented by the set
of signals {x(-,t;) € L2(Q,R™) |t €eR V k=1,...,N}.

Let us put

N
1
¥l = 5 2 [ I b)), G9)
k=1

We note that [|x||%, . can be represented as

1 N
3 O It
k=1

1%F . g0 =

where

I )13 = / Ix(w ) | 2dp(w).

The norm (54) follows from (55) if the set x consists of a
single signal, x(-, tx), with ¢ fixed.

Example5. Let x = {x(-,t) € L*(Q,R™) | t € [a,b] C R}.
Thus x € L%(Q x [a, ], R™). We set

b
ﬁ/ /Q”X(w’t)”gdu(w)dt. (56)

Similarly to Example 4,

1 b
Il = 5y [ IOl

The norm (54) follows from (56) if the set x consists of a
single signal, x(-,t), with ¢ fixed.

Example 6. Let x = {x(-,7) € L?>(Q,R™) | 7 € C1 C R}
where C1? is a g-dimensional cube in R?. We put

X200 = — / / (w0, 7) [2dpa(e
(57)

where V = [, dr. Then |x||2 follows from ||x||2, ¢, if the
set x consists of a single signal, x(-, ), with 7 fixed.

The norms given by (54) (57) are generalized in the fol-
lowing way. Let x = {x(-,a) € L*(Q,R™) | a« € K} where
K is a measurable set [9] Wlth a measure A(«). Thus, x is a
single signal in the space L2(2 x K,R™) and is the infinite

HXH[2a.,b],Q =

set of signals {x(-,a) € L2(,R™) | a € K} in the space
L2(Q,R™).
Let us set the norm by

quignzﬁ /K /Q Ix(w. ) |Bdu(w)dr(@),  (58)

where A(K) = [, dA(x). Then the norms given by (54)-(57)
follow from %1% .0 for a suitable choice of K and A(«). In
particular, ||x||? follows from [|x|% ¢ if X consists of a single
signal only, x( ,a), with « fixed.
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(f) Signal X .

50 100 150 a0 250
(9) Signal X (7).

(h) Signal X (g).

Fig. 1. Signals X1,..., Xs to be estimated from observed data.

Table 1.
[w]] o5 | 04 [ 04 [ 02 [ 09 ]
I I 0.5 \ 0.7 \ 0.3 \ 0.8 \ 0.9 |

t
[A [[086x10 "[L16x10 ° [1.13x10 1 [ 1L35x10 ° [ 2.90 x 10 7 |
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50 100 150 N 200 250
(a) Observed data Y{3). (b) Xy, (3)-

50 100 150 200 250
(A) Xgcpp (3 With ¢ = 25/116.

50 100 150 200 250

() Xy, 3) With ¢ = 25/116. (f) X (3) with ¢ = 9/116.

Fig. 2. Illustration to signal X 3, estimation by different filters. Here, Xyy, (3) is the estimate by the Wiener filter, )?2,(3) is the estimate that follows from
(5) with p = 3, X1 (3) IS the estimate by KLF with ¢ = 25/116, X, (3) is the estimate that follows from (6)-(7) with ¢ = 25/116, and X27(3) is the
estimate that follows from (6)-(7) with ¢ = 9/116.

Table 2.
1X@) — Xw,a) I | 1Xe) — Xoo)I? | 1Xe) — Xerrel? | 1Xe) — Xo@)l? | 1XE) — Xo,m) |2
c=25/116 c=25/116 c=9/116
0.7555¢ + 07 1.5089¢ — 07 8.8739¢ + 06 5.1730¢ + 06 | 8.2173¢ 1 06
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