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On Strong(Weak) domination in Fuzzy graphs

C.Natarajan and S.K.Ayyaswamy

Abstract—Let G be a fuzzy graph. Then D C V is said to be a
strong (weak) fuzzy dominating set of G if every vertex v € V. — D
is strongly (weakly) dominated by some vertex « in D. We denote
a strong (weak) fuzzy dominating set by sfd-set (wfd-set).

The minimum scalar cardinality of a sfd-set (wfd-set) is called the
strong (weak) fuzzy domination number of G and it is denoted by

75t (G) (i (@)

In this paper we introduce the concept of strong (weak) domination
in fuzzy graphs and obtain some interesting results for this new
parameter in fuzzy graphs.
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domination number.

|I. BASIC DEFINITIONS

HE concept of Strong (Weak) domination [6] in graphs
was introduced by Sampathkumar and Pushpalatha.The

notion of Domination in fuzzy graphs[7] was developed by
A.Somasundaram and S.Somasundaram.
Fuzzy Domination number:Let G = (V,o,u) be a fuzzy
graph. Then D C V is said to be a fuzzy dominating set of
G if for every v € V — D, there exists u in D such that
w(u,v) = o(u) A o(v). The minimum scalar cardinality of
D is called the fuzzy domination number and is denoted by
v¢(G). Note that scalar cardinality of a fuzzy subset D of V'
is: D], = gjo(v).

Notation: Without loss of generality let us simply use the
letter G to denote a fuzzy graph.
Neighbourhood and effective degrees of a vertex: Let G
be a fuzzy graph. The neighbourhood of a vertex v in V' is
defined by N(v) = {u € V : p(u,v) = o(u) Ao(v)}. The
scalar cardinality of N(v) is the neighbourhood degree of v,
which is denoted by dx(v) and the effective degree of v is
the sum of the weights of the edges incident on v, denoted by
dE(v)
Strong(Weak) fuzzy vertex domination: Let u and v be any
two vertices of a fuzzy graph G. Then w strongly dominates
v (v weakly dominates w) if

() p(u,v) =o(u) Ao(v) and (ii) dy(u) > dy(v).
Strong(Weak) fuzzy domination number: Let G be a fuzzy
graph. Then D C V is said to be a strong (weak) fuzzy
dominating set of G if every vertex v € V — D is strongly
(weakly) dominated by some vertex « in D. We denote a
strong (weak) fuzzy dominating set by sfd-set (wfd-set).

The minimum scalar cardinality of a sfd-set (wfd-set) is
called the strong (weak) fuzzy domination number of G and
it is denoted by v (G) (Yt (G)).
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Fig.1 Fuzzy graph G

Fig.2 Fuzzy graph G

Example: For the fuzzy graph G in Fig. 1, v (G) = 0.5 and
Ywt(G) = 1.8, since {a,b,e} and {c, f, g, h} are the minimal
sfd-set and wfd-set respectively.
Remark: If D is a minimal sfd-set , then V' — D need not be
a wfd-set. For example, consider the fuzzy graph G in Fig 2.
Here all non-pendant vertices form an sfd-set D but the
vertices of V' — D can’t weakly dominate the vertices of D.
Therefore V' — D is not a wfd-set of G.

Il. SOME BOUNDS ON STRONG (WEAK) FUZZY
DOMINATION NUMBERS.

In this section we present few elementary bounds on strong
(weak) fuzzy domination numbers and the corresponding
results.

Proposition 2.1: Let D be a minimal sfd-set of a fuzzy graph
G. Then for each v € D, one of the following holds:

1) No vertex in D strongly dominates v.
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2) There exists u € V' — D such that v is the only vertex
in D which strongly dominates w.
Proposition 2.2:For a fuzzy graph G of order p,

1) 74(G) < %t(G) < p— An(G) < p— Ap(G) and

2) 71(G) < wi(G) <p—n(G) <p-dr(G),
where Ax(G)[AEg(G)] and dn(G)[0(G)] denote the maxi-
mum and minimum neighbourhood degrees (effective degrees)
of G.

Proof: Since every sfd-set (wfd-set) is a fuzzy dominating
set of G, v4(G) < %¢e(G) and v¢(G) < ~wi(G). Let
u,v € V. If dy(u) = An(G) and dy(v) = dn(G). Then
clearly V — N(u) is a sfd-set and V — N (v) is a wfd-set. There-
fore 4(G) < [V — N(w)|; and 7,¢(G) < [V — N(v)],. ie.,
£ (G) < p—An(G) and 7w (G) < p—9dn(G). Further since
Ag(G) < An(G) and 0g(G) < dn(G) we are through. =
Definition 2.3: A set D C Vof a fuzzy graph G is said to be
independent if p(u,v) < o(u) Ao(v) for all u, v in D.
Definition 2.4: Vs, = {v € V : dny(v) = dn(G)}and Va,, =
{veV:idyw)=An(G)}.

Definition 2.5: A sfd-set (wfd-set) D of a fuzzy graph G is
said to be an independent strong (weak) fuzzy dominating set
of G, denoted by ISFDS (IWFDS), if it is independent. The
minimum scalar cardinality of an ISFDS (IWFDS) is called
the independent strong (weak) fuzzy domination number and
it is denoted by is¢(G) (iwe(G)).

Lemma 2.6: Let G be a fuzzy graph. If D is an IWFDS of
G, then DN Vs, # 0.

Proof: Let v € V;,. Since D is an IWFDS, v € D or
there exists a vertex u € D such that p(u, v) = o(u)Ao(v) for
which dy(u) < dn(v). If v € D, then clearly DN Vs, # 0.
On the other hand, dy(u) = dn(v), since dy(v) = dn(G).
This implies that « € Vj,,. Therefore DN Vs, # 0. ]
Proposition 2.7: For a fuzzy graph G, i¢(G) < p — dn(G).

Proof: Let D be an IWFDS of G. Then by Lemma 2.6,
DnNVs, # 0. Let v € DN Vs,. Since D is independent ,
DNN(@w)=0.=DCV —N(v)
= [D|, < |V = N(v)]
= iwi(G) < |D]; < p—6n(G).

Hence proved. ]
Proposition 2.8: Let G be a fuzzy graph with iw¢(G) = p —
on(G) and let v € Vs,,. Then V — N(v) is independent.

Proof: Suppose that V' — N(v) is dependent. Applying
the following algorithm we get an IWFDS of size at most
p — O0n(G) — o(v) which is a contradiction t0 iy (G) = p —
O0n(G). Hence V — N (v) must be an independent set whenever
iwt(G) =p—0n(G). [

Algorithm:

S := N[v]

D = {v}

while S#V

begin

et w € {u € V-5 :
possible}

S :=SUNJu

D :=DU{u}

end.

Theorem 2.9: Let G be a fuzzy graph . Then iy (G) = p —
on(G) iff V — N(v) is independent for every v € Vs, .

dy(u) is as small as

Proof: If iw¢(G) = p — dn(G) and v € Vs, then V —
N(v) is independent by Proposition 2.8. Conversely, suppose
that V' — N (v) is independent for every v € Vs,. Let D be a
minimum IWFDS of G. Then DNV;, # 0. Letv € DNV;,,.
Since v € D, DNN(v) = () and also V' — N (v) is independent.
= D=V —-N(®).
ie, iwf(G) :pchN(G). ]

We state the following results without proving them, since
they are analogous to the results on i (G).
Lemma 2.10: Let G be a fuzzy graph . If D is an ISFDS of
G, then DNV, #0.
Proposition 2.11: For a fuzzy graph G, ist(G) < p— An(G).
Proposition 2.12: Let G be a fuzzy graph with i (G) =
p—An(G) and let v € Va,. Then V — N(v) is independent.
Proposition 2.13: Let G be a fuzzy graph . Then iy (G) =
p— An(G) iff V — N(v) is independent for every v € Va,,.

I1l. FuzzY GRAPHS FOR WHICH ’yw((G)

p—Oon(G).

Theorem 3.1: For a fuzzy graph G, vwi(G) = p— on(G) iff

one of the following holds:

1) 5N(G) =p—01

2) on(G) =p— (01 + 09)

3) n(G) < p— (01 + 02+ 03) and if v € V5, such
that o(v) is the smallest membership grade in V;,, then
V — N(v) is independent and every vertex in N(v) has
degree > on(G), where o1, o2 and o3 are the first three
highest membership grades of vertices in Vj,, .

Proof: Assume that vy ¢(G) = p — on(G) and on(G) <

p — (01 + 02 + 03). Let v € V5, be a vertex such that o(v)
is the smallest membership grade in V;,,. Then V — N(v) is
independent and V — N (v) C V;,,. Itis clear that each vertex
in N(v) is adjacent to all the vertices of V' — N(v). It is
clear that each vertex in N (v) is adjacent to all the vertices of
V — N(v). Suppose u € N(v)NVs,. Then {u,v} is a WFDS
of G and s0 v i(G) < p — (01 + 02 + 03) < p — N (G),
which is a contradiction. This implies that N(v) N Vs, = 0.

Conversely, suppose that one of the given conditions is true.
Case (i): If 05 (G) = p—o1, then a vertex v for which o (v) =
o1, weakly dominates all the other vertices of G. Therefore
Ywt(G) = o1 =p —n(G).
Case (ii): Let vy, v2 be any two non-adjacent vertices in Vs,
for which O’(’Ul) =01 and U(Uz) = 09. If (5N(G) =p— (01 +
o2), then vy is adjacent to all the other vertices of V' except
vy and vice-versa . This implies that {vy,v2} is a WFDS of
G. SO Ywt(G) < 01 + 02. Clearly neither v; nor vy can alone
be a WFDS of G. Therefore vw¢(G) = 01+ 02 = p—0n(G).
Case (iii): Suppose that the condition (iii) holds. If V' — N (v) is
independent, we have V' — N (v) C Vj,,. Further since every
vertex in N(v) has neighbourhood degree > dx(G), every
vertex in V' — N (v) has neighbourhood degree < dn(G).
So every vertex of V' — N(v) is in WFDS of G.
This implies vyt (G) > p — dn(G); but e (G) < p—dn(G).
Thus yw¢(G) = p — 0N (G). u
Theorem 3.2: Let G be a connected triangle free fuzzy graph.
Then vyt (G) = p—in(G) iIff G € {K,, YU{Ks, p—sy Where
In(G) < B}
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Proof: Suppose that vt (G) = p—dn(G). If 65 (G) =0,
then G = K,, , where o4 is the highest membership grade of
a vertex in Vs, . Let us assume that 5 (G) > 0.

Case (i): 0n(G) = p — o71. Since G is triangle-free, G =
KUl sP—0o1*
Case(ii): 0n(G) = p — (01 + 02), where o, and o9 are the
first two highest membership grades of non-adjacent vertices in
Vs - Each {vq, v} is adjacent to each vertex in V — {vy, v2 }.
Further, since G is triangle free, no two vertices in V —{v;, v}
are adjacent. Hence G = K5, p—sy-
Casg(jii): dn(G) < p — (01 + 02 + 03), Where 01,02 and
o are the first three highest membership grades of vertices in
Vsy. Let v € Vs. Then V — N(v) is independent.

= each vertex of V' — N(v) is adjacent to each vertex
of N(v). Further, since G is triangle-free, N(v) is also
independent. Thus G is a complete bipartite fuzzy graph with
bipartition (V' — N(v), N(v)). i, G = Ksy p-sy. Since
every vertex in N(v) has degree > on(G), [V — N(v)[; >
on(G).

Therefore p = [V — N(v)|; + [N (v)];.
> (SN(G) + 5N(G)
= on(G) < 5.
The converse is obvious. [ |

IV. PRACTICAL APPLICATION

Let G be a graph which represents the road network of
a city. Let the vertices denote the junctions and the edges
denote the roads connecting the junctions. The membership
functions ¢ and p on the vertex set and the edge set of G
can be constructed from the statistical data that represents the
number of vehicles passing through various junctions and the
number of vehicles passing through various roads during a
peak hour. Thus we get a fuzzy graph G. In this fuzzy graph
a strong fuzzy dominating set D can be interpreted as the set
of junctions in which traffic is heavier than the other junctions
not in D.
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