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Abstract—Fractional Fourier Transform is a powerful tool,
which is a generalization of the classical Fourier Transform. This
paper provides a mathematical relation relating the span in Fractional
Fourier domain with the amplitude and phase functions of the signal,
which is further used to study the variation of quality factor with
different values of the transform order. It is seen that with the
increase in the number of transients in the signal, the deviation of
average Fractional Fourier span from the frequency bandwidth
increases. Also, with the increase in the transient nature of the signal,
the optimum value of transform order can be estimated based on the
quality factor variation, and this value is found to be very close to
that for which one can obtain the most compact representation. With
the entire mathematical analysis and experimentation, we consolidate
the fact that Fractional Fourier Transform gives more optimal
representations for a number of transform orders than Fourier
transform.
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I. INTRODUCTION

RACTIONAL Fourier transform is a generalization of
classical Fourier Transform. The traditional Fourier
transform decomposes the signal in terms of sinusoids, which
are perfectly localized in frequency, but are not at all localized
in time [1]. FrFT expresses the signal in terms of an
orthonormal basis formed by linear chirps. Linear chirps are
the signals, whose instantaneous frequency varies linearly
with time.
The Kernel for continuous Fractional Fourier Transform is
given by [2]

1- ] cota jt2+u2 cot - jut cosecar
K, (tu)=,—1%%"
o 2r

Using this kernel of FrFT, the FRFT of signal x(t) with
transform order (¢ ) is computed as:

X, (u) = Tx(t)Ka(t,u)dt

And x(t) can be recovered from the following equation,

X(t) = Txa(u)K,a (u,t)du
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II. MATHEMATICAL RELATION OF FRACTIONAL FOURIER
SPAN

The normalized energies of a given signal can be thought of
as signal’s energy density function. To quantitatively
characterize the signal’s behaviour, we use the moment
concepts from the probability theory. Here we use the first
moment to compute mean for the signal in “t” domain and “u”
domain[3].

For signal x(t),

1% 2
<t == jt|x(t)| dt

FrFT of x(t) is X , (u). So,
<u> = i]iu|xa(u)|2du
E —o0

To expand the above equation, we take,
H,(u)=uX_,(u)
So that,

17 .
<u >=E:[0Ha(u)xa(u)du

17 x
=— jh(t)x (t)dt
E —o0
(By Parseval’s Relation)
It is simple to establish that
d . .
F, (E X(t)) = {—Jtcota + Jucoseca} X ,(U)
Using the above expression, it can be shown that,

<y>= é _J;sin a[%% X(t) + tcotax(t)].x" (t)dt

Putting X(t) = A(t) e!?® |
Where A(t) and @(t) are real. We have,

X" ()=At)e "

and
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%X(t):A(t) j¢v(t)ej¢(t) +A'(1) ej¢>(t)

Solving further and with the fact that <U> is always real,
we get

. o0
sSina

- j[¢'(t)+tcota]|x(t)|2dt

—0

Now, the expressions for the span of the signal in time and
Fractional Fourier domain about the respective mean values
can be given as follows:

1
A = Ej(t— <t>)2[x()[ dt
:éj(t)2|x(t)|2dt— <t>?
1
A= Ej(u— <u>)?[X (W) du
:éj(u)ﬂx W[ du-<u>?
Now based on Parseval’s theorem
1
Ai=EJ.(u— <u>)?[X (W)’ du
1 *
:EIH(U)H (u)du
l *
=Ejh(t)h (t)dt
Where,

H(u) = (u-<u>)X(u), and
h®) =F,"[H (]

So,
h(t) = F,'[(u-<u>)X ()]

= T(u— <u>)X(u).K_ (t,u)du
= Tu.X(u).K_a (t,u)du
—<u> T.X (u).K_, (t,u)du

= jux (U).K_, (t,u)du -<u>x(t)

=F_"[u.X (u)]-<u>x(t)

From derivative property, it is easy to get that,

h(t)=sin o[- % X(t)+tcota.x(t)]- <u > .x(t)

e PO At) {sin ag' (t) +tcosa— <u >}
— jsinaA'(1)]

Now,
h(t)h"(t)=
e O At) {sin a.¢'(t) +tcosa— < U >} — jsin aA'(t)]
*
e YOTA(t) {sina.¢'(t) +tcosa— < U >} + jsin aA'(t)]
(Using the fact that <u>" =<u>)

Expanding the above expression, we finally obtain,

, 1 .
A2 = Ejh(t)h (t)dt

éj{[A(t){sin a.d (t)+tcosa—<u >} +[sinaA'(t)]* }dt

Hence,

A = éj{sin ad'(t) +tcosa— < u >}> A% (t)dt

1 s 2 ] 2
o j sin® a(A'(t)) dt

III. QUALITY FACTOR VARIATION WITH THE TRANSFORM
ORDER

The quality factor for any domain is the ratio of the span of
a signal in that domain and the mean. So, in Fractional Fourier
domain, the quality factor Q is given by,

<u>
2A

u

Q:

We study the quality factor variation of the following
signals with the transform order ranging from 0 to 2 77 .

1 o le
XM =(=)te? el
T

1 1.,
- —t* .
X(=()e el
v
1,

1 L
X, t) = (;)4.6 2 ej(t3+t2+t+l)

1 1,
L
X, (t) _ (7[)4 e2 ej(t“+t3+t2+t+1)

11,
-2 s
X (t) _ (ﬂ)4 eze J(E+E3+24t41)

1 o le
X6 (t) _ (;)4 e:? ej(t(’+t3+t2+t+l)

1705



International Journal of Information, Control and Computer Sciences
ISSN: 2517-9942
Vol:1, No:6, 2007

11,
LI
X, (t) _ (7[)4 ee JE7+53+2 4t41)

The range of the transform order is helpful in showing the
symmetry of the span and the quality factor about7z. Also,
the signals considered are all transient signals with the
increasing complexity. The study of the quality factor
variation with such signals is helpful for analysing the real
time signals which are complex in nature and which at times
may contain a huge number of transients.

(@) (L]

Fig. 1 Signal is x;(t). (a) <u> as a function of transform order. (b)
Span as a function of transform order. (c) Quality Factor as a function
of transform order

Fig. 1 shows that the variation if the quality factor with the
transform order ranging from 0 to 27, holds an anti-
symmetry about 77 . Concentrating on the values between 0 to
7T, based on the quality factor curve, the optimum transform
order for a normalized frequency modulated Gaussian signal
can be found out.
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Fig. 2 Signal is x,(t). (a) <u> as a function of transform order. (b)
Span as a function of transform order. (c) Quality Factor as a function
of transform order

The figure above is the response for a linear chirp signal.
The span starts showing a slight variation for the values for
which the response was constant in the case for X3(t). Also,
the transform order for the maximum quality factor changes.
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Fig. 3 Signal is x3(t). (a) <u> as a function of transform order. (b)
Span as a function of transform order. (c) Quality Factor as a function
of transform order

The variation of the span increases and it can now be seen
clearly, that as the complexity in the form of transients is
increasing, the span curve starts forming a convex hull with
the turnaround point at 7 /2 and 3 77 /2 respectively. The
turnaround point remains same for all the subsequent cases,
and it can be seen in Fig. 2,3,4,5,6,7 that only the transform
order for the maximum quality factor becomes significantly
different from 77 /2. This observation also consolidates the fact
that for the increasing transient nature of the signals, the
classical Fourier transform gives a decreasing optimal
representation. Hence, it is logical to say here that Fractional
Fourier Transform at an optimum transform order can be used
to give a more compact representation as compared to the
Fourier Transform.
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Fig. 4 Signal is x4(t). (a) <u> as a function of transform order. (b)
Span as a function of transform order. (c) Quality Factor as a function
of transform order
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Fig. 5 Signal is x5(t). (a) <u> as a function of transform order. (b)
Span as a function of transform order. (c) Quality Factor as a function
of transform order
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Fig. 6 Signal is x4(t). (a) <u> as a function of transform order. (b)
Span as a function of transform order. (c) Quality Factor as a function
of transform order
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Fig. 7 Signal is x4(t). (a) <u> as a function of transform order. (b)
Span as a function of transform order. (c) Quality Factor as a function
of transform order

Fig. 5 shows that quality factor remains constant for many
transform orders. So, in such a case the order for which the
span is also minimum can be chosen as the optimal one.

It is noteworthy in all the figures above that the response at
transform orders of 7z, 27z and 0 are almost the same and
they indicate the maximum span at those points. This is
synchronous with the fact that the Fractional Fourier transform
gives the same signal, either erect or inverted at these
transform orders.

IV. CONCLUSION

We have studied the variation of the quality factor with the
transform order for signals with increasing transient
complexity. The experiments which are based on the
mathematical relation also consolidate the fact that with the
increasing transient nature of the signals, the Fractional
Fourier Transform can give more optimal representations with
a lesser span and better quality factor for a number of
transform orders than Fourier transform.
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