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Abstract—A new analytical method to predict the torsional 

capacity and behavior of R.C multi-cell box girders strengthened with 
carbon fiber reinforced polymer (CFRP) sheets is presented. 
Modification was done on the Softened Truss Model (STM) in the 
proposed method; the concrete torsional problem is solved by 
combining the equilibrium conditions, compatibility conditions and 
constitutive laws of materials by taking into account the confinement 
of concrete with CFRP sheets. A specific algorithm is developed to 
predict the torsional behavior of reinforced concrete multi-cell box 
girders with or without strengthening by CFRP sheets. Applications 
of the developed method as an assessment tool to strengthened multi-
cell box girders with CFRP and first analytical example that 
demonstrate the contribution of the CFRP materials on the torsional 
response is also included. 

 
Keywords—Carbon fiber reinforced polymer, Concrete torsion, 

Modified Softened Truss Model, Multi-Cell box girder. 

I. INTRODUCTION 
NTEREST in the durability of buildings is a continuous 
concern for the engineering environment. In this context the 

studies regarding the use of composite materials have 
appeared. FRP is one of the most applicable materials in 
strengthening, especially for strengthening existing structures 
made of reinforced concrete or masonry. One area in which 
FRP is being used more frequently is the strengthening of 
structurally deficient concrete bridges. It is to be noted that 
however, many concrete bridge superstructures consist of 
multi box cells; hence a more appropriate approach of 
strengthening should be developed. The indispensable need to 
strengthen concrete structures is on the rise. Various 
motivations lead to the increased demand for strengthening. 
Deterioration and aging of concrete structures are not the only 
reasons for strengthening beams. Other reasons include 
upgrading design standards, committing mistakes in design or 
construction, exposure to unpredicted loads such as truck hits 
or powerful earthquakes, and changing the usage of the 
structure. 

For example, the ever-increasing truck loads are sometimes 
beyond the design loads of most bridges in North America that 
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were built after World War II. Since then, the average service 
loads were increased by 40 %. The strengthening should 
ideally minimize the amount of material added to the structure 
to avoid increasing the dead load or decreasing the clearance 
requirements. According to Meier [22], post strengthening is 
required when structures are subjected to loads of a greater 
magnitude than designed for, or in cases where design or 
construction errors might put their safety or performance 
under question. Furthermore, local strengthening may become 
necessary during building refurbishment processes, if there are 
changes in the load pattern or if some of the more exposed 
elements were subjected to greater deterioration than the rest 
of the structure. Every structure is built with a specific life 
span. However, despite the safety factors, structures tend to 
lose their structural integrity before serving their expected life. 
Many factors are attributed to this cause, for example, 
excessive loading on the structure, natural calamities, etc. 
Such factors weaken the structure throughout its life and in all 
such cases; repair and strengthening are the primary cures. 
Many innovative strengthening techniques as well as materials 
have been introduced in the past few years. 

In some of the previous studies,  Zojaji and M.Z. Kabir [1] 
developed a new computational procedure to obtain the full 
torsional behavior of reinforced concrete beams strengthened 
by FRP based on the Softened Membrane Model for Torsion 
(SMMT); a new model which has been recently proposed by 
Jeng and Hsu [2]. Based on the modified compression field 
theory, Deifalla and Ghobarah [3] presented a numerical 
simplified model for strengthening RC beams subjected to 
torsion. The proposed model takes into account the effect of 
various parameters including different failure modes. A 
further study by Deifalla and Ghobarah [4] resulted in 
proposing an analytical model capable of predicting the full 
torsional behavior of RC beams wrapped with FRP sheets up 
to failure. The model takes into account several possible 
strengthening techniques including continuous wrapping, 
spiral wrapping, one sided wrapping, and strips wrapping. The 
model, which was based on displacement control rather than 
force control, was validated using the available experimental 
results.  Reasonably well correlations were obtained. To 
predict the entire behavior of the strengthened beams under 
torsion, Chalioris [5], [6] proposed an analytical model based 
on the softened truss model in combination with two other 
different theoretical models: the smeared crack model and 
modified softened truss model. Ameli et al. [7] presented the 
results of experiments together with a numerical study on 
reinforced concrete beams under pure torsion that were 
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strengthened with FRP sheets in a variety of configurations. 
Besides, An analytical method for evaluating the ultimate 
torque of FRP-strengthened reinforced concrete beams based 
on the compression field theory was introduced by Ameli and 
Ronagh [8]. Their computational procedure was however 
limited at predicting the torsional strength of strengthened 
beams and, consequently, an entire response cannot be 
obtained. Hii and Al-Mahaidi [9] recounted the experimental 
work in an overall investigation of torsional strengthening of 
solid and box-section reinforced concrete beams with 
externally bonded carbon fiber-reinforced polymer (CFRP) 
sheets. In their study, a database of previous experimental 
research findings was compiled and compared with the data by 
FIB Bulletin 14 [10]. Modifications consistent with the space 
truss model were proposed to correct the poor accuracy in 
predictions of CFRP contribution to strength. Subsequently, a 
design tool to analyze the full torsional capacity of 
strengthened RC beams was validated with the experimental 
database. Allawi A.A. [11] investigated analytically and 
experimentally the behavior and performance of R.C solid and 
hollow box member strengthened with externally bond CFRP 
under pure torsion; in his study analytical part was performed 
through developing the Softened Membrane Model to be 
applicable for nonlinear torsional analysis and numerical 
analysis was done by using DIANA software. His results 
provide an increase of 90% in the ultimate torsional capacity 
for the members strengthened with CFRP laminated. 

In the present study, an analytical model to obtain the full 
torsional behavior of RC multi-cell box girders strengthened 
with CFRP based on Modified Softened Truss Model for 
Torsion (MSTM) will be presented. This study is an attempt to 
extend and modify the STM algorithm to be applicable for 
nonlinear torsional analysis that takes into consideration the 
effect of CFRP sheet confinement to concrete. 

II.  ANALYTICAL MODEL 
The presented analytical model is based on Softened Truss 

Model Theory (STM). The theory was first mentioned by Hsu 
[13] which emphasizes the importance of incorporating of the 
softened constitutive laws of concrete in the analysis of RC 
structures. Later this method has been developed by Fu and 
Yang [14] to resolve torsional problem based on STM, 
especially for RC box girder bridge superstructures with 
multiple-cell sections.  

All tables and figures you insert in your document are only 
to help you gauge the size of your paper, for the convenience 
of the referees, and to make it easy for you to distribute 
preprints.  

The presented analytical model is based on Softened Truss 
Model Theory (STM). The theory was first mentioned by Hsu 
[13] which emphasizes the importance of incorporating of the 
softened constitutive laws of concrete in the analysis of RC 
structures. Later this method has been developed by Fu and 
Yang [14] to resolve torsional problem based on STM, 
especially for RC box girder bridge superstructures with 
multiple-cell sections.  

Fig. 1 presents a strengthened RC prismatic member 

subjected to an external torque T. This torque is resisted by an 
internal torque formed by the circulatory shear flow q along 
the periphery of the cross section which occupies a shear flow 
zone of a thickness td. After concrete member cracks, torsion 
is then resisted by a truss action of compressive stresses in a 
diagonal concrete struts, and tensile stresses in longitudinal 
bars, transverse stirrups, and FRP external reinforcement.  

For calculating the post cracking and pre-cracking torsional 
behavior of multi-cell RC box girders strengthened with 
CFRP, the Softened Truss Model by Fu and Yang [14] for 
multiple box section is used. To consider the effect of CFRP 
strengthening, the calculation method developed by Chalioris 
[6] for single cell box section are adopted and modified to 
include the effect of strengthening for multi cell box girders. 

 

 
Fig. 1 Space truss for the torsional analysis of R.C. beam 

strengthened with FRP composites [6] 
 
In this proposed method, the equilibrium and compatibility 

equations are solved in combination with the constitutive laws 
of an element for a member subjected to pure torsion, as 
shown in Fig. 1. A procedure steps developed to establish the 
torque-twist curve.   

A. Equations for Multiple Cells 
Assume a structural section with N cells, Fig. 2. According 

to restraint condition = 1 = 2 = ... = N, a set of 
simultaneous equations for cell i can be obtained [12].  

B. Equilibrium Equations 
A R.C. element, as shown in Fig. 1(a), is reinforced 

orthogonally with longitudinal and steel reinforcements. The 
applied stresses on the element have three stress components, 
and the longitudinal steels are arranged in the l direction 
(horizontal axis) with a uniform spacing of sl. The transverse 
steels are arranged in the t direction (vertical axis) with a 
uniform spacing of S. In this study, the effect of FRP forces is 
included in equilibrium equations by considering CFRP sheets 
as additional external reinforcements. After cracking, the 
concrete is separated by diagonal cracks into a series of 
concrete struts, as shown in Fig. 1(b). The cracks are oriented 
at an angle a with respect to the l-axis. The principal stresses 
on the concrete strut itself are denoted as    and . 
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According to the unified theory, after transformation, the 
governing equations for equilibrium condition are shown as 
follows [15]: 

 

 
Fig. 2 Multi-cell box girder under torsion [21] 

 
       (1) 

 
       (2) 

 
sin cos              (3) 

 
2                   (4) 

 
where , , and  are the three stress components of the 
composite element Fig. 1(a); ,  are the concrete stresses in 
d- and r-directions, respectively Fig. 1(b);  is the angle 
between l and d axes; ,  are the stresses in steel in the l- 
and t-directions, respectively; ,  are the stresses in CFRP 
in the l- and t-directions, respectively;  and  are steel 
ratios in the l- and t-directions, respectively; ,   are  
CFRP ratio in the l- and t-directions, respectively; T is the 
external torque;  is cross sectional area bounded by the 
center line of the shear flow zone; and   is shear flow zone 
thickness. It should be noted that, for a multiple-cell box 
section under pure torsion, =  =  = 0 and, assuming a 
structural section has N cells, a set of simultaneous equations 
for cell i can always be obtained: 

 
sin cos               (5) 

 
2                  (6) 

 

C. Compatibility Equations 
Similarly, the governing equations for compatibility 

condition based on the unified theory are shown as follows: 
 

             (7) 
 

                           (8) 
 

sin cos                    (9) 
 

 
  

                   (10)

  
sin 2                              (11) 

 
                               (12) 

 
                              (13) 

 
where e  , , and  are the three strain components in the 
l, t-coordinate for  ;  and   are strains in the d and r 
directions, respectively;  = angle of twist of a member;  is 
the perimeter of the center line of shear flow zone; ѱ  is the 
bending curvature of concrete struts; and  is the maximum 
strain of concrete struts for each cell i. 

D. Constitutive Relationships of Materials 
The stress–strain relationship used in the proposed model is 

that developed by Belarbi and Hsu [16] for a softened 
compressive concrete, which was then modified by Chalioris 
[6] to include the effect of FRP confinement by using the 
parameters proposed by Vinzileou and Panagiotidou [17]. The 
proposed stress–strain relationship is defined as a parabolic 
equation until the point of ultimate stress, and after that point 
the curve is linearly reduced until the point of ultimate strain 

 as follows (see also Fig. 3(a)). 
 
 

                                          (14) 

 

  2    for       1                       or, 

                                   
 (15) 

 
                for      1        

        

 
Fig. 3 Constitutive stress–strain laws for the materials: 

(a): concrete; (b): steel; (c): FRP [6] 
 
 

                                   (16) 
 

                                 (17) 
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where  is the concrete cylinder compressive strength,  is 
the concrete strain at the peak compressive stress taken as 
−0.002, ζ is the softening coefficient calculated from Eq. (18), 
and k is the CFRP-confinement parameter, which is obtained 
from a simple empirical equation taken as Eq. (22): 

 
.

 
           (18) 

 
The stress–strain relationship for steel bars, which is used in 

STM for both directions, is as follows: 
 

                                                      (19) 
 

 0.9 2 0.02 0.25            

                                                                                          (20) 
 
where: 
 

.

             and    0.93 2           (21) 

The confinement parameters k of an empirical model for 
FRP-confined concrete which was proposed by Vinzileou and 
Panagiotidou [17], was considered: 

 
1 2.8 0.5                           (22) 

 
1

 
                             (23) 

 
where  is the in-section coefficient confinement calculated 
by the cross-section dimensions b and h. The parameter   
denotes the volumetric mechanical ratio for external FRP-
confinement, taken as: 

 
    

     
               (24) 

 
where  is the ultimate tensile strength of the FRP. 
The stress–strain relationships shown in Fig. 1(b) and c are 

used for the steel reinforcement and the FRP materials, 
respectively.  

For the CFRP, the effective strain in the principal material 
direction  is estimated using the following analytical 
approaches. 

For the case of CFRP, the model of Triantafillou and 
Antonopoulos [18], which has been adopted in FIB Bulletin 
14 [10], is considered:  

 
For wrapping and rupture failure: 

 

0.17 
/

 

.

                        (25) 

 
where  is the elastic modulus of the FRP. The effective 
stress of the FRP is calculated by Hooke’s law and the 
modulus of elasticity (Fig. 3 (c)): 

 
                                           (26) 

 
The thickness of shear flow zone  can be expressed in 

terms of strains using the compatibility equations and in terms 
of  and  as below: 

 
                         (27) 

 
The strain  can be related to the stress  by eliminating 

the angle  from the equilibrium equation (1) 
 

                          (28) 

 
Similarly, the strain  can be related to the stress   by 

eliminating the angle  from equilibrium equation (2) 
 

                   (29) 

 
Also,  and  can be expressed as functions of : 

 
+                                       (30)  

 
                             4                                           (31)

 
where is the cross-sectional area of the ith cell bounded by 
the outer perimeter of the FRP;  is the perimeter of the ith 
cell outer FRP. The values of  and  can be expressed in 
terms of strains  ,  , and  by 

 
                           (32) 

 
  (33) 

 
From (9) to (11) an additional equation is obtained: 
 

 sin 2      (34) 
 

E. Solution Procedure 
A solution procedure has been proposed, which facilitates 

torsional analysis by following the procedures presented in 
appendix I. A computer program has been written to analyze 
the torsional behavior of RC multi cell box girders 
strengthened with CFRP.  
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response of FRP strengthened RC beams under torsion. 
According to comparison of results for MSTM method with 
that obtained using the FIB Bulletin 14 [10], the following 
conclusions are made: 
1) The suggested algorithm for solving the related equations 

for torsional analysis of the strengthened girders is 
particularly suitable for practical applications.  

2) The Modified Softened Truss Model theory can 
confidently predict the torsional behavior (torque-twist) 
history including both the pre-peak and post-peak 
behavior. 

3) The MSTM theory is able not only to predict the torsional 
strength of a member, but can also predict the shear 
deformation, angle of twist, and stresses in concrete, steel 
and CFRP through the post-cracking stage of behavior.  

4) The only torsional design method for reinforced concrete 
members strengthened with CFRP recommended by FIB 
Bullutein14 [10] was found to be generally 
unconservative, the staggering concept of torsion design 
may be conservative and underestimates the torsion 
capacity, which is very suitable for analytical problems. 

5) The strengthening method by using CFRP increases the 
maximum torsion capacity by 54.4%, 75.77% for single, 
and double cell box girder respectively. 

6) 6. Further refinement is needed for FIB Bulltein14 
guidelines to make it suitable as a design method for 
torsional strengthening. 

APPENDIX I 
Steps for solution procedure: 

1) Input number of cells, i=1, 2, 3 … N. 
2) Input area of steel in the longitudinal and      transverse 

direction for each cell, i. 
3) Assume initial strain in d and r directions and the 

thickness of shear flow for each cell, i ( , , ). 
4) Calculate   and   for each cell, i. 
5) Calculate   ,  and  for each cell i, , equations (18), 

(14) and (15). 
6) Solve for  for   and   for   , equations (28) and 

(29). 
7) Calculate , , equations (32) and (27). 
8) If the calculated  close to the assumed  then 

calculate ,  , ,  for each cell,i, equations (33) , 
(5) , (6) and (9). Then calculate , , equations (10) and 
(11). If not then assume another value of  and repeat 
steps 3 to 7. 

9) After calculating  for each cell i; if .  
then calculate , equation (34). 

10) Repeat steps 1 to 9 for other values of   .  
11) Calculate the total torsion, T, equation (39). 

APPENDIX II 
Example: Analyze the torque-twist behavior of the hollow 

double-cell box girder with rectangular cross sections as 
shown in Fig. 3. the girder is reinforced with 3- 12 
longitudinal bars in the top and bottom directions and  6 

transverse hoop bars at 50 mm spacing. Both sizes of mild 
steel bars have yield strength of 420 Mpa. It is also 
strengthened with CFRP strips transversely spaced 50 mm 
centre to centre, the width of each strip is 50 mm and the 
thickness of the strip is 0.142 mm. The ultimate tensile 
strength of the CFRP is 4900 Mpa. The decompression strain 
is 0.005. The cylinder compressive strength of concrete is 30 
Mpa. The tensile strength of concrete is neglected ( 0) 
and the concrete cover is 20 mm. 
 

 
Fig. 5 Analysis example of double-cell box girder (dimensions in 

mm) 
 

Solution: 
 

1)  Number of cells=2 
2)  Assume  for each cell i, 0.00015 
3)  Properties of concrete, w=500 mm, h=350 mm, t=50 

mm, 0.002, 30 , L=3000mm,
200000 , s=50 mm, 420 , 
620 , 0.3. 

4)  Properties of CFRP, 0.142 , 50 , 
50  0.021, 4900 , 
230000 , 0.004, . 

5)  Area of fiber,   ;  =2*0.142 =0.284 
mm2 

6)  Perimeter of fiber for each cell, 2
1350  

7)  Area of concrete,     2
2 75,000 , 

0.0092 
8)  Volume of CFRP and confined concrete, 

  ,  
,  

, 

1
 

, 

 1 2.8  
0.003  

 
Then, 

0.374 ,  
225 10 , 

0.3644 
0.811 

0.0023 
635.5 , 
29 , 
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Assume ,  for each cell i, 0.015,
50 . 

9)  Calculate the area and perimeter of concrete for 
reach cell i, 
  , 
 2  
So, 175,000  

  1,700  
Then,  

 
2

, 

 4  

, 

0.17

.

 

So, 68,536  
   1,066.2  

0.0014 
6.8441*10-4 

10) Calculate the stress in concrete for each cell i, 
 .

 
,  0.340 

2,   3 10  
, 6.4555 10  

, 4.3374, , 3.6411 
  1 , 

 1 
,   ,

13.30   
 

11) Calculate the strain in the longitudinal and transverse 
directions respectively accordingly, 

   And 
  , then 

3.9 10 , 2.1 10  
3.9 10 , 2.1 10  

 
0.0092 

12) Calculate the effective thickness, 
   

 34   
 13- If  then , , , ,   , can be 
obtained 

6.187 10  
Then, 

0.768 
6.65 ,  8.0   

37.28 . ,  37.28 .  
0.003,   0.003 

5.8462 10  
74.56 .  

NOTE 
The present article is a part of PhD study for the author 

Abeer A. M in University of Baghdad, College of 
Engineering, civil department, structures 2013. 
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