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Abstract—In this paper developed and realized absolutely new

algorithm for solving three-dimensional Poisson a@n. This
equation used in research of turbulent mixing, cataonal fluid
dynamics, atmospheric front, and ocean flows anoihnsdvloreover in
the view of rising productivity of difficult calcation there was
applied the most up-to-date and the most effectparallel
programming technology - MPI in combination with WP
direction, that allows to realize problems with wearge data
content. Resulted products can be used in solvihgmportant
applications and fundamental problems in mathesatid physics.
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|. INTRODUCTION

RTIAL differential equations are widely used for|imited.

TABLE |
CHARACTERISTICS OFURSACLUSTER
URSA
Number of nodes 15 nodes
A node Intel(R) Xeon(R) CPU E5335
2.00GH:
Memory in each noc 10 GB Memor
Network Gigabit Broadcom NetXtreme I
MPI MPICH2
Systen Scientific Linux 4.6, Oscar 5.

As an example, we consider the
numerical solution of the Poisson equation. It $sablished
that the possibility of experimental studies applier solving
the Poisson equation for calculating the pressiatd fs very
Because of these circumstances, matheabatic

modeling in various fields of mathematical scienceygdeling is particularly important method for solgi these

engineering and fluid dynamics. Unfortunately, teplicit
solution of these equations analytically is possibhly in
special simple cases, and as a result, the alditgnalyze
mathematical models, based on differential equatiois
provided by the approximate numerical solution radth The
volume of calculations performed at the same tinse
cumbersome.

kinds of equations. However, the specific tasks emposes
restrict the numerical methods. First of all, tlidictated by
economic inefficiency in the number of actions anwinly,
the need of large computer memory resources. Tdrerenany
methods for solving the Poisson equation - the oubtbf
Lpper relaxation, decomposition method, etc., bey tare not
effective due to the presence of weight functiofisis work

There are problems which cannot be mass produced jpyposes the use of the Fourier method [1]-[3]dnjenction

personal computers within a reasonable computdtitme.
The solution of these problems is using multipreoes
computer systems with vast array architectures. geoallel
computing in multiprocessor computer systems iessary to
create special programs. The text of this prograsn
determined by the parts that can be executed adlparand by
the algorithm of their interaction.

Problems to solve the full three-dimensional incosspible
Navier - Stokes equations requires to solve thigedsional
Poisson equation. The problem with this equatioerisugh,
because not every method can be useful in solfi@d’bisson
equation with the right hand side term and with pbcated
boundary conditions.

with the tridiagonal matrix method (Thomas algaridh which
is used to determine the Fourier coefficients. Ehirithm is
more accurate as opposed to iterative methods, sl
simplifies the process of computing through the afsEourier
ransforms, which agrees well with analytical sSoios.
However, the simulation can be used in two wayssdme
cases the problem can be simplified using the baynd
conditions of the first kind, while the other apach is to use
parallel programming tools of multiprocessor syst¢4j.

In this connection there arose a problem of theshiped
parallel algorithm for Fourier method to solve thwee-
dimensional Poisson equation to calculate the predteld in

Moreover in this paper, dimension like 50x50x50 waghe computing clusters. This problem has been vedoWith

chosen for test calculations of the cubic compaoteti domain.
At the same time mesh each subdomain stored looallthe
processor. The calculations of the speedup proddoed on a
standard PC (Intel (R) Pentium (R) 4 CPU 2.66 G&12 MB

RAM), dual-core machine (Intel (R) Core 2 Duo CPQ 2

the distribution calculated on a rectangular gra@mputing

subdomains for each processor. The exchange bettheen
calculated values of the required processor isemphted by
using MPI library [4]-[8]. The effectiveness of tlwede was
tested on URSA cluster (al-Farabi Kazakh National

GHz, 1 GB RAM) and on URSA cluster (al-Farabi Kazak ynjyersity, Kazakhstan). During test calculatiotiee number

National University, Kazakhstan) specificationsegfuipment
listed in the table | below.

Issakhov A. al-Farabi Kazakh National UniversityJmaty, 050041
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of processors (up to 10) was obtained by quasafine
dependence of the speedup on the number of prasesso

Parallelization of the Fourier method for solving three-
dimensional Poisson equation

three-dimensional
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Consider the three-dimensional
complex right-hand side term and not the usual Hdaogn
conditions, which can be written as follows:

2 2 2
c P 2D, 2Pii0p-
0x ay 0z . (1)
—4cos(3x+y-2z)+12e**+10
With boundary conditions:
% =-2sin(3x + y - 2z) —exp(x— z)~ "ght side, )

p=cos(3x+y-2z)+exp(x-z)+1 — other sides.
Here p — pressure, X,y,z — space coordinates

The equation for the pressure (1) is approximatethe
point (i, j, k) and takes the following form:

Ruajx ~PWix TRk + Rk —20 R + Rk =2k Rjxa +

e % 1% 3)
1@, =Fx
where F, ;, = -4cos@AxX + jAy - 2kAz) +1268K2 410
4)

The boundary conditions for the Poisson equatiommain
from (2). To equation (3) we are applying the Feurhethod,
according to which, for any grid function f(i) tleeris a
decomposition

N -
ti) =23 pgcosiz01.. N,
N & N

where
N 7ki
@:Zpif ()COSW,k=O,l..,N,
i=0
_[11<isN-1
P =05 =0,N

According to the relations we have:

N3 N3
Pi,j,k=% plaj, j,I cos zkISvFi,j,k=% p|bi,j,|coszk ,
=0 =0
()
where
& 7 & 7«
aj, j I :Z PICPi,j k oS bi, | =Z PIFi, ] k 05 (6)
k=0 k=0

Substitution (5) to equation (3) and the usagdefiormula

Poisson equatior, th

71kl al
= 2cos cos

3 3 3 3

cos n(k + 1) + cos n(k -1l
N N

Making some simplification, then the resulting eegsion
can be written for a fixed k = | and priory divided

2 7K ike:
—pa . cos— * :
N, P N,

Q. —2a T3y + & =2+, +
AX? Ay?

)
. 7t
%(ZCOS’\T— 2)+10a ; =h ,

3

This equation is transformed into the followingrfor

- S [
—a"121+ %+%—%[2bosi—2}—10 a,',j—iaﬁlj :1 L) ‘L'J;l=‘llj
Y M Ay A7 N3 X Y

As is known, tridiagonal matrix method (Thomas aitdpon)
refers to the direct methods for solving differahtquations
and applied to the equations, which can be wrigie@a system
of vector equations [1]-[3]

-Aa_+Ba -Ca.=F,i=12.N,-1, ()

Where matrixesAi’Bj G and vectorgzi '3 are as follows:

— 0
Ay
A= Ll
0 P
Ay?
242 1 mos -9-10 - L 0
I N, AX
1
BJ: _E . —E .
1 2 2 1
0 - St = (xos-2)-1
A DE NP A7 N,
1
— 0
Ay? _ & . bOvl
c= . | a=lil| F=q ]|
1
2 aNz-i bNm
Ly

Tridiagonal matrix method (Thomas algorithm) forlvéagy
equation (8) can be written as follows:

a..=B -Aa)’C,j=12.N,-1a =G, (9)
B.a=(C ~A@) (R +AB)I=12.N, 15 =8, (10)
~Aa,+Ba -Ca,=F,i=12.N, 13, =4, (1)

j 4+

After finding the coefficients ai,j,k the valuestbe pressure
field can be found from equation (5). Usually f&siurier
transform method is applied to calculate the sunf5yfand
(6), which allows us to calculate these amountssuass for
the O(N InN) operations, which significantly redsce
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computing time. Increased productivity is showrFigures 1 [4] Quinn, Michael J., Parallel programming in C wittPMand OpenMP.

; . . . L. L. McGrawHill, 521, 2004.
and 2. Different lines in Figure 1 indicate the dirsion N of [5] G. E. Karniadakis, Parallel Scientific Computing @+ and MPI,

subdomains of the computational domain. Figure @vshthe 2000.
efficiency of calculations made on different congrat so the [6] Pacheco, P. Parallel Programming with MPI. Morganifhann, 1996.

chart third column indicates that the computatiotiaie [7] Alexey Lastoevsky L., Jack Dongarra. High perforceheterogeneous
P computing. Published by John Wiley & Sons, Inc.,bblicen, New

required to solve the problem on a URSA clustemiismal. Jersey. 269, 2009.

[8] Ananth Grama, George Karypis, Vipin Kumar, Anshulup@&
Introduction to Parallel Computing. Second editiBearson Education
Limited.Edinburgh Gate, Harlow, Essex CM20 2JE, I&nd, 2003.

N=50
+ N=100
e N=100 P
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Speedup

MNurrber of processors

Fig. 1 Calculation of the speedup

Time:

1 2 3
Fig. 2 Calculation of the speedup
1) Intel (R) Pentium (R) 4 CPU 2.66 GHz. 2) Intel (&)re 2 Duo
CPU 2.2 GHz, 1 GB RAM 3) URSA cluster, equipment
specifications are given in Table 1

Thus, a new algorithm for solving three-dimensional
Poisson equation was constructed within the framkewbthis
paper. Moreover it allows more accurate outcomes Besult
of application of OpenMP and MPI technologies ofgtlal
programming, which in its turn significantly redsce
computing time and improves the efficiency caldolss.

Since the present study belong to a class of fuedéah
problems, the results can be used to solve conpielslems
in computational fluid dynamics, which is used ttaimine
the pressure by using Poisson equation.
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