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Primary subgroups and p-nilpotency of finite groups

Changwen Li

Abstract—In this paper, we investigate the influence of S-
semipermutable and weakly S-supplemented subgroups on the p-
nilpotency of finite groups. Some recent results are generalized.
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I. INTRODUCTION

All groups considered in this paper will be finite. We
use conventional notions and notation, as in Huppert [1]. G
denotes always a group, |G| is the order of G, 7(G) denotes
the set of all primes dividing |G| and G, is a Sylow p-subgroup
of G for some p € 7(G). Two subgroups H and K of G are
said to be permutable if HK = KH. A subgroup H of G
is said to be S-permutable (or S-quasinormal, 7-quasinormal)
in G if H permutes with every Sylow subgroup of G. This
concept was introduced by Kegel in [2]. More recently, Q.
Zhang and L. Wang generalized s-permutable subgroups to S-
semipermutable subgroups. H is said to be S-semipermutable
in G if HG), = G,H for any Sylow p-subgroup G, of G
with (p,|H|) = 1 [3]. L. Wang and Y. Wang [4] showed
the following theorem: Let G' be a group and P a Sylow p-
subgroup of G, where p is the smallest prime dividing |G|. If
all maximal subgroups of P are S-semipermutable in G, then
G is p-nilpotent. As another generalization of s-permutable
subgroups, Skiba [5] introduced the following concept: A
subgroup H of a group G is called weakly S-supplemented
in G if there is a subgroup 7" of GG such that G = HT and
HNT < Hyq, where Hy is the subgroup of H generated
by all those subgroups of H which are s-quasinormal in G. In
fact, this concept is also a generalization of c-supplemented
subgroups given in [6]. Skiba proposed in [5] two open
questions related to weakly S-supplemented subgroups. In this
paper we are concerned with another problems in this context.
There are examples to show that weakly S-supplemented
subgroups are not S-semipermutable subgroups and in general
the converse is also false. The aim of this article is to unify
and improve some earlier results using S-semipermutable and
weakly S-supplemented subgroups.

II. PRELIMINARIES

Lemma 2.1. Suppose that H is an S-semipermutable sub-
group of a group G and N is a normal subgroup of G. Then
(1) H is S-semipermutable in K whenever H < K < G.
(2) If H is p-group for some prime p € w(G), then HN/N
is S-semipermutable in G/N.
(3) If H < O,(G), then H is s-permutable in G.
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Proof: (a) is [3, Property 1], (b) is [3, Property 2], and (c)
is [3, Lemma 3].

Lemma 2.2. ([5], Lemma 2.10) Let H be a weakly S-
supplemented subgroup of a group G.

(1) If H < L < G, then H is weakly S-supplemented in L.

(2) If N < Gand N < H < G, then H/N is weakly
S-supplemented in G/N.

(3) If H is a w-subgroup and N is a normal w'-subgroup
of G, then HN/N is weakly S-supplemented in G/N.

Lemma 2.3. ([7], A, 1.2) Let U,V, and W be subgroups of

a group G. Then the following statements are equivalent:
MHUNVIW=UnNV)(UNW).
QUVNUW=UVnW).

Lemma 2.4. ([8], Lemma 2.2.) If P is an s-permutable
p-subgroup of a group G for some prime p, then
Ng(P) > OP(G).

Lemma 2.5. ([4], Theorem 3.3) Let P be a Sylow p-subgroup
of a group G, where p is the smallest prime divising |G|.
If every maximal subgroup of P is S-semipermutable in G,
then G is p-nilpotent.

Lemma 2.6. ([10], Lemma 3.4) Let H be a normal subgroup
of a group G such that G/H is p- nilpotent and let P be a
Sylow p-subgroup of H, where p is the smallest prime divisor
|G|. If |P| < p? and G is Ay-free, then G is p-nilpotent.

Lemma 2.7. ([1], IV, 5.4) Suppose that G is a group which is
not p-nilpotent but whose proper subgroups are all p-nilpotent.
Then G is a group which is not nilpotent but whose proper
subgroups are all nilpotent.

Lemma 2.8. ([1], III, 5.2) Suppose G is a group which is not
p-nilpotent but whose proper subgroups are all p-nilpotent.
Then

(a) G has a normal Sylow p-subgroup P for some prime
p and G = PQ, where @ is a non-normal cyclic g-subgroup
for some prime ¢ # p.

(b) P/®(P) is a minimal normal subgroup of G/®(P).

(c) If P is non-abelian and p > 2, then the exponent of P
is p; If P is non-abelian and p = 2, then the exponent of P
is 4.

(d) If P is abelian, then the exponent of P is p.

(e) Z(G) = B(P) x 2(Q).

III. MAIN RESULTS

Theorem 3.1. Let p be the smallest prime divisor of |G|
and Gy, be a Sylow p-subgroup of a group G. If every
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maximal subgroup of Gy, is either weakly S-supplemented or
S-semipermutable in G, then G is p-nilpotent.

Proof: Suppose that the theorem is false and let G be
a counterexample of minimal order. We will derive a
contradiction in several steps.

(1) G has a unique minimal normal subgroup N and G/N
is p-nilpotent. Moreover ®(G) = 1.

Let N be a minimal normal subgroup of G. Consider G/N.
we will show that G/ satisfies the hypothesis of the theorem.
Let M/N be a maximal subgroup of G, N/N. It is easy to see
M = G N for some maximal subgroup G| of G,,. It follows
that GiNN = G,NN is a Sylow p-subgroup of N.If G is S-
semipermutable in G, then M /N is S-semipermutable in G/N
by Lemma 2.1. If G; is weakly S-supplemented in G, then
there is a subgroup 7" of G such that G = G17T and G1 NT <
(G1)sg-So G/N = M/N-TN/N = GiN/N-TN/N. Since

(IN:GiNN|,IN:TNN|) =1,
we have
(GiNN)(TNN)=N=NNG=NNG{T.

By Lemma 2.3, (GiN)N(T'N) = (GyNT)N. 1t follows that
(G1N/N)N(T'N/N) = (GiNNTN)/N = (GiNT)N/N <
(G1)s¢N/N < (G1N/N)sg. Hence M/N is weakly
S-supplemented in G/N. Therefore, G/N satisfies the
hypothesis of the theorem. The choice of G yields that G/N
is p-nilpotent. Consequently the uniqueness of N and the fact
that ®(G) = 1 are obvious.

(2) Oy (G) =1
If O, (G) # 1, then N < O, (G) by step (1). Since

G/0p(G) = (G/N)/(Op (G)/N)

is p-nilpotent, GG is p-nilpotent, a contradiction.

(3) O,(G) =1.

If O,(G) # 1, Step (1) yields N < O,(G) and
®(0,(G)) < ®(G) = 1. Therefore, G has a maximal
subgroup M such that G = MN and G/N = M is p-
nilpotent. Since O,(G) N M is normalized by N and M,
Op(G) N M 1is normal in G. The uniqueness of N yields
N = 0,(G). Clearly, G, = N(G, N M). Furthermore
G, N M < G, thus there exists a maximal subgroup G
of G such that G, N M < G;. Hence G, = NG;. By
the hypothesis, G is either S-semipermutable or weakly s-
permutable in G. If we assume G is S-semipermutable in G,
then G M, is a group for ¢ # p. Hence

G < My, Mylg e n(M),q #p>=G M

is a group. Then G1M = M or G by maximality of M. If
G1M = @G, then Gp = Gp NGiM = Gl(Gp n ]\/f) = Gy,
a contradiction. If Gi1M = M, then G; < M. Therefore,
PiNN =1and N is of prime order. Then the p-nilpotency of
G/N implies the p-nilpotency of G, a contradiction. Therefore
we may assume (7 is weakly S-supplemented in G. Then

there is a subgroup 7" of G such that G = G317 and G1NT <
(G1)sg. From Lemma 2.4 we have OP(G) < Ng((G1)sa)-
Since (G1)sc is subnormal in G, we have

G1 NnNT< (Gl)sG < OP(G)

Thus (G1)s¢ < Gi NN and (G1)se < ((G1)se)¢ =
(G1)sc)?" P = ((G1)sc)%r < (G N N)% =
Gy NN < N. It follows that ((G1)sg)® = 1 or
((G1)se) =GN N = N.If (G1)sg)® =G, NN =N,
then N < G; and G, = NG = G, a contradiction. If
((G1)sg)¥ =1, then GyNT =1 and so |T|, = p. Hence
T is p-nilpotent. Let T} be the normal p-complement of T
Since M is p-nilpotent, we may suppose M has a normal Hall
p’-subgroup M, and M < Ng(M,) < G. The maximality
of M implies that M = Ng(M, ) or Ng(M, ) = G. If the
latter holds, then M, < G, and M, is actually the normal
p-complement of G, which is contrary to the choice of G.
Hence we may assume M = Ng(M,). By applying a deep
result of Gross([9], main Theorem) and Feit-Thompson’s
theorem, there exists g € G such that Tzf’ = M, . Hence
T9 < Ng(Tj)) = Ng(My) = M. However, Tp is
normalized by 7', so g can be considered as an element of
Gp. Thus G = G419 = GiM and G, = G (G, N M) = Gy,
a contradiction.

N.

(4) The final contradiction.

If every maximal subgroup of G, is S-semipermutable in
G, then G is p-nilpotent by Lemma 2.5, a contradiction. Thus
there is a maximal subgroup G of G, such that G; is weakly
S-supplemented in G. Then there exists a subgroup 7" of G
such that G = G1T and

GiNT < (Gh)sa < 0,(G) = 1.

By [11, Theorem 2.2], G is not simple and G has a Hall
p/-subgroup. Suppose NG, < G, then NG, satisfies the
hypothesis of the theorem. The choice of G yields that IV is
p-nilpotent, a contradiction with steps (2) and (3). Therefore
we may assume G = NG,. Then we may suppose that N
has a Hall p’-subgroup N, . By Frattini’s argument, G =
NNea(Ny) = (Gp N N)Npy Ne(Ny) = (Gp N N)Ne(Nyr)
and so G, = G, NG = G, N (G, N N)Ng(Ny) =
(Gp, N N)(Gp N Ng(Np)). Since Ng(Ny) < G, it follows
that G, N Ng(Np) < Gp. Consider a maximal subgroup
Gy of Gp such that G, N Ng(Ny) < Gi. Then G, =
(G,NN)G1. By the hypothesis, Gy is either S-semipermutable
or weakly S-supplemented in G. If G; is S-semipermutable
in G, then G1Ng(Ny) = Gi;N, forms a group. Since
|G : GiNy| = p and p is the smallest prime divisor of
|G|, we have G1N, < G. By Frattini’s argument again,
G = G1NyNg(Ny) = GiNg(Ny) < G, a contradiction.
Now assume that G; is weakly S-supplemented in G. Then
there is a subgroup T' of G such that G = G;T and

GiNT < (G1)sa < O,(G) = 1.

Since |T'|, = p, we have T' is p-nilpotent. Let T,/ be the
normal p-complement of 7', then T}, is a Hall p’-subgroup of
G. A application of the result of Gross ([9], Main Theorem)
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and Feit-Thompson’s theorem yields T}, and NV, are conjugate
in G. Since T}y is normalized by 7', there exists g € Gy such
that T, = N,s. Hence

G = (GiT)? = GyT? = GiNo(T%) = Gy Na(Ny)
and
Gp = GpﬁG = GpmGlNg(sz) = Gl(GpﬁNg(Np/)) < Gy,

a contradiction.

Theorem 3.2. Let p be the smallest prime dividing the order
of a group |G| and G, a Sylow p-subgroup of G. Suppose
that G is Ay-free and every 2-maximal subgroup of Gy is
either weakly S-supplemented or S-semipermutable in G.
Then G is p-nilpotent.

Proof. Suppose that the theorem is false and let G be
a counterexample of minimal order. We will derive a
contradiction in several steps.

(1) By Lemma 2.6, |G,| > p> and so every 2-maximal
subgroups G'» of G, is non-identity.

(2) G has a unique minimal normal subgroup N such that
G/N is p-nilpotent, Moreover ®(G) = 1.

(3) Oy (G) = 1.

) OP(G) =L

If O,(G) # 1, Step (3) yields N < Op,(G) and
®(0,(G)) < ®(G) = 1. Therefore, G has a maximal
subgroup M such that G = MN and G/N = M is p-
nilpotent. Since O,(G) N M is normalized by N and M,
hence by G, the uniqueness of N yields N = O,(G). Clearly,
Gp = N(Gp, N M). Furthermore G, N M < G,. If G, N M
is a maximal subgroup of G, then IV is a subgroup of order
p. By applying [7, Lemma 2.8], we obtain that N < Z(G).
Since G/N is p-nilpotent, it follows that G is p-nilpotent, a
contradiction. Therefore G\, N M is contained in a 2-maximal
subgroup G2 of G,. By the hypothesis, Gy is either S-
semipermutable or weakly S-supplemented in G. If we assume
G is S-semipermutable in G, then G2 M, is a group for ¢ # p.
Hence

Go < My, My|lqg e 1(M),q # p >= GoM

is a group. Then GoM = M or G by maximality of M. If
GoM = @G, then Gp = Gp NGyM = Gg(Gp n M) = (o,
a contradiction. If GoM = M, then Go < M. Therefore,
P,NN = 1. Since G, = NP,, we have |[N| = p2. Then
the p-nilpotency of G/N implies the p-nilpotency of G by
Lemma 2.6, a contradiction. Now we suppose G5 is weakly
S-supplemented in G. Then there is a subgroup 7" of G such
that G = GoT and G2 N T < (G2)si. From Lemma 2.4 we
have OP(G) < N¢((G2)sc)- Since (G2)se is subnormal in

s

GQ NnNT< (GQ)SG < OP(G) = N.

Thus, (G2)sc < Gy N N, where p; is a
maximal subgroup of G, which contains Ga. Then
(G2)sc < ((G2)s6)? = ((G2)sc)?" D% = ((Ga)sq)» <
(G1NN)% =G NN < N. It follows that ((Gz).q)® =
or ((G2)s¢)® =GiNN = N.If ((G2)s¢)¥ = GiNN = N,
then N < G; and G, = NG, = G, a contradiction. If
((G2)sg)¥ =1, then GoNT =1 and so |T|, = p®. Hence
T is p-nilpotent by Lemma 2.6. Let T}, be the normal p-
complement of T'. Since M is p-nilpotent, we may suppose M
has a normal Hall p’-subgroup M, and M < Ng(M, ) <G.
The maximality of M implies that M = Ng(Mp) or
Ng(My) = G. If the latter holds, then M, < G, M, is
actually the normal p-complement of G, which is contrary to
the choice of G. Hence we must have M = Ng (M, ). By
applying a deep result of Gross ([9],main Theorem) and Feit-
Thompson’s theorem, there exists g € G such that Tg = M,y.
Hence 79 < Ng(T))) = Ng(M,y) = M. However, Ty, is
normalized by 7', so g can be considered as an element of
GQ. Thus G = GzT‘q = GQA{ and Gp = GQ(GPPIJ\/.[) = Gl,
a contradiction.

(5) The final contradiction.

If NG, < G, then NG, satisfies the hypothesis of the
theorem. The choice of G yields that N is p-nilpotent, a
contradiction with steps (4) and (5). Therefore we must
have G = NG,. Since G/N is a p-subgroup, we may
assume G has a normal subgroup M such that |G : M| =p
and N < M. Hence the maximal subgroups of Sylow
p-subgroup G, N M of M are the 2-maximal subgroups of
Sylow p-subgroup G, of G. By Lemmas 2.1 and 2.2, every
maximal subgroup of Sylow p-subgroup G, N M is either
S-semipermutable or weakly S-supplemented in M. Now
applying Theorem 3.1, we get M is p-nilpotent, and so G is
p-nilpotent, a contradiction.

Theorem 3.3. Suppose N is a normal subgroup of a group
G such that G/N is p-nilpotent, where p is a fixed prime
number. Suppose every subgroup of order p of N is contained
in the hypercenter Z(G) of G. If p = 2, in addition,
suppose every cyclic subgroup of order 4 of N is either
weakly S-supplemented or S-semipermutable in G, then G is
p-nilpotent.

Proof. Suppose that the theorem is false, and let G be a
counterexample of minimal order.

(1) The hypotheses are inherited by all proper subgroups,
thus G is a group which is not p-nilpotent but whose proper
subgroups are all p-nilpotent.

In fact, VK < @G, since G/N is p-nilpotent,
K/KNN = KN/N is also p-nilpotent. The cyclic subgroup
of order p of K NN is contained in Z(G) N K < Zoo(K),
the cyclic subgroup of order 4 of K N N is either weakly
S-supplemented or S-semipermutable in G, then is either
weakly S-supplemented or S-semipermutable in K by
Lemmas 2.1 and 2.2. Thus K, K N N satisfy the hypotheses
of the theorem in any case, so K is p-nilpotent, therefore G is
a group which is not p-nilpotent but whose proper subgroups
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are all p-nilpotent. By Lemmas 2.7 and 2.8, G = PQ, PG
and P/®(P) is a minimal normal subgroup of G/®(P).

(2) G/PN N is p-nilpotent.
Since G/P = @ is nilpotent, G/N is p-nilpotent and
G/PNN < G/P x G/N, therefore G/P N N is p-nilpotent.

3)P<N.

If P £ N, then PNN < P.So QPN N) < QP = G.
Thus Q(PNN) is nilpotent by (1), Q(PNN) = Q x (PNN).
Since

G/PNN=P/PNN-Q(PNN)/PNN,
it follows that
QP NN)/PNN<JIG/PNN

by Step (2). So @ char Q(PNN)<G. Therefore, G = P X Q,
a contradiction.

@p=2

If p > 2, then exp(P) = p by (a) and Lemma 2.9. Thus
P =PNN < Z(G). 1t follows that G/Z.(G) is nilpotent,
and so G is nilpotent, a contradiction.

(5) For every x € P\®(P), we have o(z) = 4.

If not, there exists x € P\®(P) and o(z) = 2. Denote
M =< 2% >< P. Then M®(P)/®(P) < G/®(P), we have
that P = M®(P) = M < Z(G) as P/®(P) is a minimal
normal subgroup of G/®(P) by Lemma 2.9, a contradiction.

(6) For every x € P\®(P), < z > is weakly S-
supplemented in G.

If < x > is S-semipermutable in G, then < x > is
S-permutable in G by Lemma 2.1(4), and so weakly S-
supplemented in G.

(7) Final contradiction.

For any z € P\®(P), we may assume that z is weakly
S-supplemented in G by Step (6). Then there is a subgroup
T of Gsuchthat G =<z >T and <z > NT << = >4q.
It follows that P=PNG=PN<z>T =<z > (PNT).
Since P/®(P) is abelian, we have (P N T)®(P)/®(P) <
G/®(P). Since P/®(P) is the minimal normal subgroup of
G/®(P), PNT < ®(P)or P=(PNT)®(P)=PNT.If
PNT < ®(P), then < z >= P < G, a contraction. If P =
(PNT)®(P)=PNT,thenT =G and so < z >=< z >4
is s-permutable in G. We have < x > (@ is a proper subgroup
of Gandso <z > Q =<z > xQ, ie., <z >< Ng(Q). By
Lemma 2.8, ®(P) C Z(G). Therefore we have P < Ng(Q)
and so @ < G, a contradiction.

ACKNOWLEDGMENT

The authors would like to thank the Natural Science
Foundation of China (No:11071229) and the Natural Sci-
ence Foundation of the Jiangsu Higher Education Institutions
(No:10KJD110004).

REFERENCES

[1] B. Huppert, Endliche Gruppen I, Springer-Verlag, Berlin-New York, 1967.

[2] O. H. Kegel, Sylow Gruppen und subnormalteiler endlicher Gruppen,
Math. Z, 78 (1962), 205-221.

[3] Q. Zhang and L. Wang, The infuence of S-semipermutable subgroups on
the structure of a finite group, Acta Math. Sinica, 48 (2005), 81-88.

[4] L. Wang and Y. Wang, On S-semipermutable maximal and minimal
subgroups of Sylow p-groups of finite groups, Comm. Algebra, 34 (2006),
143-149.

[5] A. N. Skiba, On weakly s-permutable subgroups of finite groups. J.
Algebra, 315 (2007), 192-209.

[6] Y. Wang, Finite groups with some subgroups of Sylow subgroups c-
supplemented, J. Algebra, 224 (2000), 467-478.

[7] K. Doerk and T. Hawkes. Finite Soluble Groups, de Gruyter, Berlin-New
York, 1992.

[8] Y. Li, Y. Wang and H. Wei, On p-nilpotency of finite groups with some
subgroups 7-quasinormally embedded, Acta. Math. Hungar, 108 (2005),
283-298.

[9] F. Gross, Conjugacy of odd order Hall subgroups, Bull London Math Soc,
19 (1987), 311-319.

[10] H. Wei and Y. Wang, On C' AS-subgroups of finite groups, Israel J.
Math, 159 (2007), 175-188.

[11] X. Guo and K. P. Shum, On p-nilpotency of finite group with some
subgroup c-supplemented, Algebra Collog, 10 (2003), 259-266.

1977



