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The Gerber-Shiu Functions of a Risk Model with
Two Classes of Claims and Random Income

Shan Gao

Abstract—In this paper, we consider a risk model involving
two independent classes of insurance risks and random premium
income. We assume that the premium income process is a Poisson
Process, and the claim number processes are independent Poisson
and generalized Erlang(n) processes, respectively. Both of the Gerber-
Shiu functions with zero initial surplus and the probability generating
functions (p.g.f.) of the Gerber-Shiu functions are obtained.

Keywords—Poisson process; generalized Erlang risk process;
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I. INTRODUCTION

ECENTLY, many authors have studied continuous-time

risk models involving two classes of claims. Yuen et
al. [2] consider the non-ruin probability for a correlated risk
process involving two dependent classes of insurance risks,
with exponential claims, which can be transformed into a
surplus process with two independent classes of insurance
risks, for which one claim number process is Poisson and the
other is a renewal process with Erlang(2) claim inter-arrival
times. Li and Garrido [3] consider a risk process with two
classes of independent risks, namely the compound Poisson
process and the renewal process with generalized Erlang(2)
inter-arrivals times. In this paper the authors derive a system
of integro-differential equations for the non-ruin probabilities
and obtain explicit results (via Laplace transforms) for claim
amounts having distributions belonging to the rational family
(K, class). They also derive the probability of the supremum
value of the surplus process before ruin. Note that the model
of Yuen et al. [6], by using standard properties for the
sum of independent compound Poisson processes, can be
reduced to the one proposed by Li and Garrido [3]. A further
extension was given by Li and Lu [4]. They derive a system
of integro-differential equations for the Gerber-Shiu expected
discounted penalty functions, when the ruin is caused by a
claim belonging either to the first or to the second class and
obtained explicit results when the claim sizes are exponentially
distributed. Recently, Chadjiconstantinidis and Papaioannou
[1] further treated the model of Li and Lu [4]. In the absence
a constant dividend barrier, they proved that the Gerber-Shiu
function satisfies some defective renewal equations. Exact
representations for the solutions of these equations are derived
through an associated compound geometric distribution and
an analytic expression for this quantity was given when the
claim severities have rationally distributed Laplace transforms.
Further, the same risk model is considered in the presence
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of a constant dividend barrier. Additionally, Zhang et al. [7]
extended the model of Li and Lu [4], by considering the claim
number process of the second class to be a renewal process
with generalized Erlang(n) inter-arrival times. The authors
derived an integro-differential equation system for the Gerber-
Shiu functions, and obtained their Laplace transforms when
the corresponding Lundberg equation has distinct roots. Also,
in the same paper, they derived analytic expressions for the
Gerber-Shiu functions when the claim size distributions belong
to the rational family.

It should be noted that a common assumption in the above
literatures is that the premium is collected continuously with
positive deterministic constant. However, it is evident that the
deterministic premium income fails to capture the uncertainty
of the customers’ arrivals. To reflect the cash flows of the
insurance company more realistically, Yang and Zhang [5]
considered the renewal risk model with generalized Erlang
(n) inter-claim times and random premium income based on
Poisson process. They studied some ruin-related quantities
through the well-known Gerber-Shiu function. Motivated by
Yang and Zhang [5] and Zhang et al. [7], in this paper we will
consider a risk model with two classes of claims and random
income which will be given in the next section.

The rest of the paper is organized as follows. In section
2, we give the description of the risk model and derive
the recursive formulae satisfied by the expected discounted
penalty (Gerber-Shiu) functions. In section 3, the generalized
Lundberg’s equation is given by using the martingale argument
and discussed the number of its roots. Probability generating
functions of Gerber-Shiu functions and explicit expressions for
the Gerber-Shiu functions when the initial surplus is zero are
derived in section 4.

II. THE RISK MODEL AND GERBER-SHIU FUNCTION

Consider the following surplus process with random pre-
mium income

U(t) = u+ M(t) — S(t), t>0 )

where v € N is a nonnegative integer representing the
initial surplus, the numbering process {M(t),t > 0} is a
Poisson process with intensity o > 0 reflecting the cash flows
of the insurance company, and the aggregate-claim process
{S(t),t > 0} is generated from two classes of insurance risks,
ie.,

Ny (t) Na(t)
St)=> Xi+ Y Y, t>0 2)
1=1 =1

where the X;’s are i.i.d. positive integer-valued random vari-
ables with common probability function py, = P(X = k), for
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k € N*(=N-0, mean py and p.g.f. p(s) = > oo, s*pi, s €
C, denoting first class claim sizes, and Y;’s are also i.i.d.
positive integer-valued random variables with common prob-
ability function ¢, = P(Y = k), for k = 1,2,---, mean py
and p.g.f. 4(s) = Y o, s"qu, s € C, denoting second class
claim sizes. The counting process { N1 (t), ¢ > 0}, representing
the number of claims from the first class up to time ¢, is a
Poisson process with intensity 3. While the counting process
{Ny(t),t > 0}, representing the number of claims from the
second class up to time ¢, is a generalized Erlang(n) process
with i.i.d inter-claim times {W;,7 < 1}. More precisely, let
W =Wy, then W =V + Vo +--- 4+ V,,, where {V;}"; are
n independent exponential distributed random variables with
ElVi] =1/A.

Further assume that {M(t),t > 0}, {N.(¢),¢ > 0},
{Ny(t),t > 0}, {X;,7 > 1} and {Y;,i > 1} are independent,
and we assume the net profit condition
_ My
Y n
holds in order to have a positive loading factor.

Note that if 3 =0, (1) is reduced to

N (t)

Zm,wo

the surplus process in the Andersen model with generalized
Erlang(n) inter-claim times and random income, which was
discussed by Yang and Zhang [5].

Now define random variable 7" = min{t > 0 : U(¢) < 0},
oo otherwise, be the time of ruin, and denote the corresponding
ruin probability by ¢ (u) = P(T < co|U(0) = u).

Further define random variable .J to be the cause-of-ruin:
J =k, if the ruin is caused by a claim from class k, k = 1,2,

Yr(u) = P(T < o0, J = k[U(0) = u)

is the ruin probability due to a claim from class k.
Let w(z,y),z € N,y € NT, be a non-negative penalty
function. For § > 0,, we define

o1 (u) = Ele™*Tw(U(T—

to be the Gerber-Shiu function at ruin if the ruin is caused
by a claim from class k, where U(T—) is the surplus im-
mediately before ruin and |U(T')| is the deficit at ruin, I(-)
is an indicator function. And the p.g.f of ¢y (u)is define as
or(s) = Zf:o stor(u), k =1,2.

In what follows we need to introduce some auxiliary func-
tions as in Zhang et al. [7]. Following the steps in Zhang et al.
[7], we define the following modified claim number processes
Na ;i (t) of Na(t). Let W] Vi + V414 +V, be the time
until the first claim occurs from the second class while the
other inter-claim times are the same as that in Ny(¢). With all
others being the same as in risk model (1), the only changes is
to replace No(t) by Noj;(t). We define the modified risk pro-
cess by U;(t) with Uy (t) = U(t) and define the corresponding
Gerber-Shiu function by ¢y ;(u),k = 1,2, = 1,2,--- ,n
Obviously, we have that ¢ 1 (u) = ¢p(u), k= 1,2.

Now we are ready to give the recursive equations for
(z)k,j (u)v k=12

a> PBux +

U(t) =u+ M(t)

LU < 00,J = K)U(0) = w)]

For j =1,2,-- — 1, considering an infinitesimal time
interval (0,dt) and unsmg the total expectation formula, we
have

1 j(u) = (1— (a+ B+ \j)dt)dr;(u)+
adt(l — ﬁdf)(l — )\idt)qﬁl"j(u + 1)+
Bdt(1 — adt)(1 — \dt)x

(Zk O (u—F)py +Z uk*u)pk)
+ A;dt(1 — adt)(1 — 6dt)¢1yj+1( ) + o(dt).
Substituting e®¥ = 1 4- §dt + o(dt into the above expression

and then dividing both sides by o(dt) and letting o(d¢) — 0,
one gets

1 (u) = (1= (a4 B+ A;)dt)dr 5 (u)+
Oédt(]. — ﬂdt)(]. — )\idt)qSLj(u + ].)+
Bdt(1 — adt)(1 — A\;dt) x

(Zk L 01w = k)p +Z (u k-

wp )
+ Ajdt(1 — adt)(1 — ﬁdt)qﬁlﬁl( ) + o(dt).
(3)

where A(u) u)pk. But for ¢y, (u), we

have

eédt(ﬁl,n (u) —

Zk: u+1 UJ(U k—

(1= (a+ B+ An)dt)g1,n(u)+

adt(1 — Bdt)(1 — \dt) oy (u+ 1)+

Bdt(1 — adt)(1 — A\;dt) x

(Zqzﬁl,Ju— )k + Z w(u, k —u) k)—i—
k= u+1

Andt(1 — adt)(1 — Bdt) Z P11 (u — k)gp + o(dt),
k=1

which leads to

O+a+ 8+ M)d1n(u) =apn(u+1)+ /32 d1,n(u — k)pi

k=1
+ A0 Y b1 (u— kg + Au).
- “
Similarly, we have

(64 a+ B+ X))oy (w) = ada;(u+ 1)+ 5 g (u— K)py

+)\‘7@52,]'-‘1-1(“)7 ] = 1727'“ , = 17
(&)

and

O+a+ 8+ M)p2n(u) =apz,(u+1)+0 Z da,n(u — k)pi

k=1

+ A Z¢2,1(U —k)qr + B(u),
k=1
(6)

where B(u) = Y72 w(u,k —u)gy
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Now define ¢ ;(s) = ool 0 8“Pr,;(u) to be the p.g.f
of ¢rj(u),k = 1,2, = 1,2,---,n, and A(s) =
2%, " A(u), B(s) = Y.°° s“B(u). Then multiplying (3)-
(4) by s“, summing over u from 0 to co and applying some
rearrangements, respectively, we obtain

<2>1,j(5) + Ajs $17j+1(5)

= a¢l,j(0) - ﬁA(S)u? = 1a27 e, — 1a
and
(/Sl,n(s) + Ansq(s) (131,1(5) = ap1n(0) — ﬁA(3)~
Put ®4(u) = (fr1(u), dr2(w), - drn(w)T, By(s) =
(¢k,1(8)7 ¢k,2(8)7 Y d)k,n(s))Ta k= 17 27 and
Bsp(s) A1s 0o - 0
0 Bsp(s) Ags -+~ 0
Bs)=| S
0 0 0 An_18
Ansq(s) 0 0 Bsp(s)

As(s) = diagla —s(0+a+ G+ M),a—s(0+a+p+
Az), - a—s(6+a+ B+ A,)). And set Ls(s) = As(s) +
B(s). Then we can rewrite the equations about ¢(s) in the
following matrix form

Ls(s)®1(s) = a®1(0) — BsA(s)e, 7

where e is a column vector of length n with all components
being 1.

Similarly, from (5) and (6), we can obtain the following
equation for @5 (s)

Ls(s)®2(s) = a®3(0) — A, sq(s)en, ®)

where e, is a column vector of length n with all the nth
component being 1 and all others being 0. R

Noting that we are only interested in qﬁk 1(8) = ox(s), k =
1,2. Egs. (7) and (8) are two auxiliary equations that allow us
to obtain the generating functions ¢ 1(s),k = 1,2, which
heavily depend on the roots of a generalized Lundberg’s
equation to be discussed in the following section.

ITI. A GENERALIZED LUNDBERG EQUATION

Let 7, = Y., W be the arrival time of the kth claim from
the second class. Define Uy = u and for k =1,2,---

Ni(7r)
ZY— Z X;
N1 (W)

k
= U+Z Z X]‘
i=1 Jj=1

We seek a number s € C such that the process
{e=%s7Ur: € N} will form a martingale. Here the mar-
tingale condition is

Uk:U(Tk)_u—‘rM Tk

E [ —Wh Y1+ZN1(W1 )Xij(Wl)]
- E [e*(5+&+5(1*ﬁ(5))*%)wl:| B [s1]

=1,

which is equivalent to

H)\ = H (S+a+B+N)—a—PBsp(s). (9)
i=1
Eq. (9) is a generalized version of Lundberg’s equation.
In particular, when 3 = 0, we can see that (9) is reduced
to

s) [N =]]ls(6 +a+x)—al (10)
=1 =1

corresponds to the Eq. (12) of Yang and Zhang [5], and Yang
and Zhang show that Eq. (10) has exactly n roots within the
unit circle. We will show in the following theorem 1 that Eq.
(9) also has exactly n roots within the unit circle.

Theorem 1 For 6 > 0, the generalized Lundberg equation (9)
has exactly n roots, say, p1(8),p2(0),---,pn(0) within the
unit circle.

Proof Using the notations in Section II, let Ls(s,u) = As(s)+
uBs(s). Obviously, Ls(s) = Ls(s, 1). Denote the determinant
of a matrix D by |D|. It is easy to check that

Ls(o)] = [Las, )] = (<1 s7q() [ At
1 lo—s(6+a+B8x)+Bsps)]

Thus the equation |Ls(s)| = 0 is equivalent to Eq. (9).
For 6 > 0, Let % denote the circle with its center at (R, 0)

: _ +
and radius 1 — R, where R = 11<nllgn Ta +ﬁ+>\ ,and €7, the

interior of €. Denote the area {s: |s — R| > 1 — R, |s| < 1}
by ¢1. We first prove that for 0 < u < 1,

det(Ls(s,u)) #0,s € 6.

Thus we only prove that Matrix Ls(s, ) is diagonally domi-
nant for 0 <u < 1and s € %). Since fori =1,2,--- ;n—1,

la —s(6+a+ B8+ X))+ uBsp(s)|
Bu
SH+a+ B+
Bu }
S+a+ B+

2(5+a+ﬁ+k)[ p(1)

S+a+ B+

a

SHad B4+

2(5+a+ﬁ+k)[s—m ’ -

z(5+a+ﬁ+x>[1—R <7—R>—$}
Sat B+ A S+a+B+A;

=84 B+ N — Bu > A; > |Ajus| an

Similarly,

o —s(6+a+ B+ A) +uBsp(s)| > A\ > [Aqusq(s)|.

The diagonal dominance implies that det(Ls(s,u)) # 0 for
0<u<1,s € %. Now let f(u) denote the number of roots
of equation |(Ls(s,u)) = 0 in €. Then

1 %det(Lﬁ(S»U))
1 =55 | Gt oo, )

Hence f(u) is a continuous function on [0, 1], integer valued,
and therefore constant. We have f(0) = n since |(As(s)) =0
has n roots s; = 5755, =1,2, -, n. Thus, f(1) =n.
While from (11) with u = 1, we know that |(Ls(s)) # 0 for
s € 1. This completes the proof. O

Remark 1 We have proved that there exist n roots of Eq.(9)
within the unit circle, but also they are located inside the
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circle ¢ with its center at ( and radius

L= ol st

Remark 2 It is easy to check that 0 < [p;(0)] < 1 for
i = 1,2,--- ,n. Denote the root with the largest module
bypn(8). If § — 07, then p;(6) — p;(0), for i = 1,2, ,n
with p,(6) — 1. In the rest of this paper, the n roots are
assumed to be distinct and denoted by pi,p2,---,pn for
simplicity.

1 o
1S, SFa+ATA 0)

IV. GENERATING FUNCTIONS OF GERBER-SHIU
FUNCTIONS

__In this section, we will derive the analytic expressions of
¢1(s) and ¢2(s). For convenience, we introduce the same
operator 7;. as in Li [2] on real-valued functions with domain
being the set of positive integers. Define 7. to be an operator
on any real-valued function f(z), z € N*, by

o0 o0

T, f(y) =3 r"Vf(2) = Y r*f(e +y), re Cy € N,

T=y z=0

(12)
It is clear that the generating function of f, f(s) = sT,f(1),
and for distinct 71, 2,

roTy, f(y) — 11Ty, f(y)

TmTTz f(y) = ro — 11 .

13)

Other properties of this operator can be found in Li [2]. Using
above notations, and solving Egs. (7) and (8), we can get
the explicit expressions for ¢;(0) and ¢2(0) , and hebce the
generating functions ¢;(s) and ¢3(s) can be obtained.
Theorem 2 If the generalized Lundberg equation (9) has n
distinct roots within unit circle, then the Gerber-Shiu functions
with zero initial surplus, ¢1(0) and ¢2(0), are given by

n—1 n

B IT M IT o
k=l k=1

#1(0) - a R
i an,_lA(pm)d(pm)
m=1 ] (o = pm) [BokpmTp. Ty, 0(1) —
k=1.k#£m
(14)
and
[T Aepw
=R
$2(0) = o R
" p%le(pm)
m=1 [ (pr = pm)BprpmTp. ), p(1) — a]
k=1.k£m
(15)

noon s(0+a+pB+N;)—a—PBsp(s)
where d(s) =1+ 3 ] Py .
k=2 j=k
Proof From the proof of Theorem 1, we know that |Ls(s)| = 0
has n roots within unit circle, then we can determine nonzero

column vector d;,i = 1,2,--- , n satisfying Ls(p;)Td; = 0.
Then from (7) and (8),
~ An -~
It follows from the generalized Lundberg equation (9) that d;
can be selected as follows
d, — H pi(0 4+ o+ B+ \) — a— Bpip(ps)
puie Ak—1pPi

’

)

ﬁ pi(0 +a+ B+ M) —a—Bpip(ps)
Pt Ak—1pi

pi((5+a+ﬁ+/\n)*

)\nflpi
Let D := (djj)nxn = (d¥,d%, -+ ,dT), and let D;; denote
the minor of D with respect to row ¢ and column j. Then (16)
can be rewritten as

"

a — Bpip(pi) 1) g

prA(pr1)d(p1)
A(p2)d
D®, (0) = B P2 (Pz.) (p2) 7 a7
a .
PnA(Pn)d(pn)
p1B(p1)
B
D%(O):ﬁ p2 .(02) 1)
a .
pnB(pn)

Applying Cramér’s rule to the above linear system gives
m@(m)d(m) diz din
p2A(p2)d(p2)  da2 d2n

ﬁ Png(Pn)d(ﬂn) dn2 dnn

#1(0) = ¢1,1(0) = o D]

Expanding the determinant in the numerator along the first
column then yields

- Dm N
¢1 (O) = g Z (_1)m+1gpmA(pm)d(Pm)u 19

D

m=1

After some careful calculations, we can get

D
n—1
12 4 Bp(p) (2 +80(en))
n—1
! 1 2 4 Bp(p) (2 +69(p2))
RV - :
n—1
1 B(p) (= + 8p(on))
1 i o «
S 2 1 9(on) - =~ 5900 )
MAZ AT j,ka>j (pk pj !
1 s Pk — Pj
=312 ot ——— (Boep;Tp Tp,p(1) —
A3 AL j,kzlz,[bj ( PrP; et )

(20
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and accordingly From (17), one gets
Dy = =t (1) o Alpm)d(pm) Do
W N B0~ 2| Zna GV onAlpn)d(pn) Do
<Pk S (Bpupy T Ty, p(1) — a)> YT aD| :
Jima N PR ’ et (Z1) ™ Apra)d(prn) D
Jk #m, k >3
(21) (26)

By similar matrix treatment as in Zhang et al. [7] , by virtue

Substituting the above two formulas into (19) yields (14). of (20), (21), (25) and (26) we can verify that

Using similar arguments, we can obtain (15). This com-

pletes the proof.0] aLj(s)®1(0)
Next, we will derive the expressions of ¢y (s),k = 1,2. n ~
Theorem 3 If the generalized Lundberg equation (9) has n = (-1)""p H Ai Z P A(prm)d(pim) X
distinct roots within unit circle, then the generating functions i
of Gerber-Shiu functions, qbl( ) and gz52( ), are given by ﬁ (s = pr)(BsprTsT,,p(1) — )
n—1 n k=1.ktm (pm - Pk)(ﬁﬂmkame ( ) O‘)7
- A s —

pm(ﬁsf)kT kp(1> o‘) —~ ~ n—1
an ) Hk Lkt ) Brmpr T T P a)Tme A(1L)d(pm) BsA(s) }71(5)6 - (_1)n+1/38n14(5)d(5) H A
[T (= s(6+a+ B+ N) + Bsp(s)) — sq(s) [Ti—y X =1
(22)

Substituting the above two expressions into (24) and using the
expression of |Ls(s)|, we can get

and
~ n d1(s) =8 H A X
b2(s) = | | A(s — pr)) x = - B
) 1}:[1( ( ) Tin=t P Aem)d(em) T et <pm(—ni%géi:];:;:pkﬁ;:)p(g)—a) — oA
P (BsprTsT,, p(1)— SPQ() Iy A — T (@ = 5(5 + a + 6+ Ag) + Bsp(s))
Zm 1 Hk 1k#m (pm—pk)(ﬂp:lkapka kp(l) o) TPmT B( ) ! ! @n
. , — (5 /\z — 8" i — /\z . @ S /s
Hl:l(a S( +a+ /3+ ) + ﬁsp( )) S q(S) H1_1(23) Since d( ) — 1+ Z H Stat; +[i (1-p(s))—a/ by a Change
k=2 j=k
of variables y = F(5)) + /s, yx = FP(oK)) + a/pr, b =
Proof By (7), we have 1,2,--- ,n, the function d(s) is reduced to
~ L* P _ BsA Sd+a+X+p5-
8,(s) _ Li)OP10) — fsd(s)e) ) =) =1+ 3 [ HeEN I
Ls(s)| k=2 j=k i1
where L} (s) is the adjoint matrix of Lj(s). Then we have which is a polynomial function of y with degree n — 1. Using
R Lagrange interpolation formula yields
> L 1 (s)(a®1(0) — BsA(s)e)
B1(s) = bra(s) = o e v
[Ls(s)] Y 10 VU gy,
where m=1k=1,k#m
which leads to
L;,l (8) n
d(s) = 3 d(pm)
= [T (e~ s(@+a+5+X) +Bsp(s), =t
= ﬁ Bp(s)) + /s — Bplpr)) — a/pr
~us [J(a =56+ a+ 6+ ) + Bspls)), bt i OP(Pm)) + 0t/ pm — BP(pr)) — e/ pi
k=3 1
n _ n—1
N - Pm X
/\1/\252H(afs(6+a+ﬁ+/\k)+ﬁsp(s)), C mZ:1
S ﬁ (s — pr)(BsprTsTp, p(1) — )
)" T )\k3"1> (25) bt ivzm (Pm = PE)Bpmpr T, Tpp(1) — )’
N Substituting the above equation into (27) and after some
is the first row of the adjoint matrix of L}(s). calculations, we can get (22). Similar to the proof of ¢1( ),
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by (8), (18), (20) and (21) we can obtain

(s—pr)(BsprTsTp, p(1)—a)

n N n
n > PmBlom) 11 (pm=p1)BPmprTpy T p(D—a) —

~ m=1 k=1,k#n
¢2(8) :H)\1 1,k#m

s smals) [Ty M — TTs (o — (0 + a4+ B+ Ai) + Bsp(s))

which can be rewritten as (23). This ends the proof.
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