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Almost periodic sequence solutions of a discrete
cooperation system with feedback controls

Ziping Li and Yongkun Li

Abstract—In this paper, we consider the almost periodic solutions
of a discrete cooperation system with feedback controls. Assuming
that the coefficients in the system are almost periodic sequences, we
obtain the existence and uniqueness of the almost periodic solution
which is uniformly asymptotically stable.
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[. INTRODUCTION

N Ref. [1], Cui and Chen studied the following continuous
cooperation model:

= rl(t)u[l - 4 i cl(t)u},

ay (t) + bl (t
6]

v

b = ra(t)v [1 RO CQ(t)v},

where 7;(t),a;(t),b;(t),c;(t)(¢ = 1,2) are continuous func-
tions bounded above and below by positive constants. They
investigated the asymptotic behavior of system (1). Also,
under the assumption that r;(t), a;(t), b;(t), ¢;(t)(i = 1,2) are
all continuous T'-periodic functions, they obtained sufficient
conditions which guarantee the existence of a unique globally
asymptotically stable strictly positive periodic solution of
system (1).

Since many authors (see for e.g. [2], [3]) have argued that
the discrete time models governed by difference equations
are more appropriate than the continuous ones when the
populations have nonoverlapping generations, then, discrete-
timemodels can provide efficient computational types of con-
tinuous models for numerical simulations. It is reasonable to
study discrete-time population models governed by difference
equations.

In Ref. [4], Bai, Fan and Wang studied the existence
of periodic solutions of the following discrete cooperation
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system:
w1(k +1) = 21(k) exp {rl(k) {1 -

fcl(k)wl(k)} |

z1(k)
ay (k) + b1(k)$2 (k)

ag(k) + bz (k)z1 (k)

wa(k +1) = 25 (k) exp {7'2(k) {1 -

—CQ(k)xz(k)} }

Feedback control is the basic mechanism by which systems,
whether mechanical, electrical, or biological, maintain their
equilibrium or homeostasis. During the last decade, a series
of mathematical models have been established to describe the
dynamics of feedback control systems ([5], [6], [7], [8]).

In this paper, we are concerned with the following discrete
cooperation system with feedback controls:

B 1 (k)
z1(k+1) = zy(k)exp {ri(k)[1 - ai (k) + by (k)z2(k)

_cl(k)xl(k)] —dl(k)ul(k)}, (k)

wa(k +1) = (k) exp {ra(k)[1 = ey @)
—Cg(k’)il}z(k‘)] - dg(k))ﬂg(k)},

Auy(k) = —fi(k)ui(k) + g1(k)z1(k),

Aug(k) = —fa(k)uz(k) + g2(k)z2(k),

where x;(k) (i = 1,2) is the density of cooperation species i
at the nth generation, r;(k) denotes the intrinsic growth rate of
species 4 and u; (k) (i = 1,2) is the control variables (see [1,2]
and the references cited therein). Under the assumptions of
almost periodicity of coefficients of system (2), we will discuss
the existence and uniqueness of almost periodic solutions for
system (2).
For any bounded sequence {r(k)}, we denote

= sup{r(k)}, rt = jnf {r(k)}.

Throughout this paper, we assume that

(H) {ri(k)}, {ai(k)}, {bi(k)}, {ci(k)}, {di(k)}, {fi(n)} and
{gi(n)}(# = 1,2) are bounded non-negative almost
periodic sequences such that

0< 7'§ <ri(k) <rd,

0 <al <ai(k) <a?,

0 < b} < b(k) < by,

0< cé <ci(k) <c¥ 3)

0< ff<fil

0< gl <gi(k) <gt
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By the biological meaning, we focus our discussion on the
positive solutions of the system (2). Hence, it is assumed that
the initial conditions of (2) are of the form

2:(0) > 0, u;(0) >0, i =1,2. @)

One can easily show that the solutions of (2) with the initial
condition (4) are defined and remain positive for all k € Z+ =
{0,1,2,...}.

II. PRELIMINARIES

In this section, we will introduce two definitions and some
useful lemmas.

Definition 1. [9] A sequence x : Z — R* is called an
almost periodic sequence if the e-translation set of ©

Ele,z} i ={reZ:|a(k+7)—a(k)| <c}

for all k € Z is a relatively dense set in Z for all € > 0, that
is, for any given € > 0, there exists an integer l(c) > 0 such
that each discrete interval of length l(€) contains an integer
T =17(e) € E{e,x} such that

le(k+7)—xk)| <e
forall k € Z, 7 is called the e-translation number of (k).

Definition 2. [9] Let f : Z x D — R¥, where D is an
open set in R*, f(k,x) is said to be almost periodic in k
uniformly for x € D, or uniformly almost periodic for short,
if for any € > 0 and any compact set S in D, there exists a
positive integer l(g, S) such that any interval of length l(e, S)
contains an integer T for which

|f(k+7,2)— flk,x)| <e

forallk € Z and x € S. 7 is called the e-translation number
of f(k, ).

Lemma 1. [9] If {x(k)} is an almost periodic sequence, then
{z(k)} is bounded.

Lemma 2. [9] {z(k)} is an almost periodic sequence if and
only if for sequence {h},} C Z, there exists a subsequence
{hi} C {h},},such that {x(k + hi)} converges uniformly on
x € S as k — oo. Furthermore, the limit sequence is also an
almost periodic sequence.

Lemma 3. [9] Let k € N, = {ko, ko +1,.... ko +7,...},
r > 0. For any fixed k, g(k,r) is a non-decreasing function
with respect to r, and for k > ko, the following inequalities
hold: y(k+1) < g(k,y(k)), w(k+1) < g(k, u(k)). If y(ko) <
u(ko), then y(k) < u(k) for all k > k.

Now let us consider the following single species discrete
model:

N(k+1) = N(k)exp{a(k) — b(k)N(k)},

where {a(k)} and {b(k)} are strictly positive sequences of real
numbers defined for k € N = {0,1,2,...} and 0 < @ < a¥,
0 < b <bv

Lemma 4. [10] If {z(k)} with initial condition x(k) > 0 and
for all k € N satisfies

x(k+1) < z(k)exp{a(k) — b(k)x(k)},
then

lim supz(k) < M,

k—-+oo

where a(k) and b(k) are nonnegative sequences with positive
bounded below, M = é exp{a* — 1}.

Lemma 5. [10] If {x(k)} satisfies
x(k +1) > z(k) exp{a(k) — b(k)x(k)}, k > No
and

lim supz(k) < M,

bu
Jim M > 1, 2(No) >0,

then

lim infz(k) > m,
k—-+o0

where a(k) and b(k) are nonnegative sequences with positive

a exp{a’ — b*M}.

bounded below, m = 5

III. PERSISTENCE

In this section, we establish a persistence result for model
2).
Theorem 1. Assume that (3) and (4) hold, furthermore,
(Hy) 7t —dtur >0,i=1,2

is  satisfied. Then  for any  positive  solution
(z1(k), z2(k), u1(k), uz(k)) of (2), we have
o < lim infaz(k) < lim supz(k) < i,
Tie < Hm in z(k) < k_{rlloobupx( ) < i )
i < lim infu(k) < lim supu(k) < uf,
— 400 k——+o0
where
Ty = o exp{r;’ — 1},
rick
b quy* !
Tiy = T:; zlul exp {ri —diul — (% + rfcf)xf}
(3 |
L 1
. 90T 9iTix
ul = ) Ujy =~
o fi

Proof: We first prove that
li (k) <af, i=1,2.
k_{glrfloosupﬂfz( ) S af, i )
By the first equation of system (2), we have

x1(k+1) < zy(k) exp{ri(k)[1 — e1(k)z1 ()]}
x1(k) exp{r1(k) — ri(k)ei(k)x1(k)}.

By applying Lemma 4, we have

1
lim supzy(k) < 5 exp{r} — 1} £ z]. (6)

k—+oc0 T1C1

1285



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:5, No:8, 2011

By using the second equation of system (2), similar to the
above analysis, we can obtain

1
lim supxa(k) < —— exp{ry — 1} £ 23 7
TaCa

k—-+oo

Therefore, for each € > 0, there exists a large enough integer
ko such that

x;(k) <af 4+¢,i=1,2, wheneverk > k.

Now we prove that

klim supu;(k) <uj,i=1,2.

— 400

By the third equation of system (2), we can get that

kol k-1
wk) = [Ja —ﬁ(z‘)){ul(m N M]
- I AG)
< (1= % (0) +v1)
k—1 k—1
+oi@i+e) > [T 1= hG)
i=ko j=i+1
<(1- ﬁ)k(ul 0) +v1)
k—1
ot +e) Y (- ),
i=ko

where v; = z —0@n(®)

H (1=f1(4))
a positive number d such that 1 — f1 = e~ then, by Stolz’s
theorem, we have

Since 0 < f! < 1, we can find

k—1
Z (1 _ f )k i—1
i=ko
k=1 _d(i+1)
imky € 1 1
= Zikodk - 7= 77 (k—00).
e 1—e" 1
Thus -
x
lim supuy(k) < 91 ; L2 uy. (8)
k—-+o0 fl
In the similar way, we can prove that
lim supuq(k) < 9272 & us. )

Therefore, for each ¢ > 0, there exists ky € N such that

ui(k) <wui4e,i=12.

Next, we prove that

lim infax;(k) >z, i = 1,2.
k—-+o0

By the first equation of system (2), we have

z1(k+1) > z1(k) exp {rl(k) {1 - wlagk) - c’i‘ml(k)}

1

~dt(ui +2)}

> 1 (k) exp {[ri )+ o)

Tll L u
—| = +rici x1(k) .
ay

By Lemma 5, we have

r—di(ui +e)

l

L

T I
!

r
1 L u *

*<GT+T101>331}-

1

Let ¢ — 0, it follows that

lim infaq(k) >

k—-+o0

exp {ri —d}(uj +e)

1
lim infzq(k) > n = div

I (o)
(i)

In the similar way, we can prove that

exp dyuy

u
r27d us

rl ! A
7< +r20§‘>a¢§} =29 (1)
ab

Therefore, for each € > 0, there exists a large enough integer
ko such that

lim infxe(k) > !

ex
k—-4o00 p

{ri-
2o a0
{ri-

l’l(l{?) > T —e,1=1,2.

Finally, we prove that

lim infu;(k) > wis, © = 1,2.
k—+o0

By the third equation of system (2), we can get that

k—1 k—1 . .
ui (k) = H(l—fl(i)){ul(O)—s- M]
=0 i=0 1;[0(1 _,fl(j))
> (1-fi )k(ul(o) +v1)
k—1 k-1
+oh@n—o) Y I a-n6G)

k—1 o
where v; = > oDz ()
i=0 I (1=f1(3))
j=
a positive number d such that 1 — f{* = e~
theorem, we have

. Since 0 < f{* < 1, we can find

4 then, by Stolz’s

k—1
Z(l_f )k i—1
i=ko
k=1 _d(i+1)
= Zi:ko © — 1 = 1 (k — OO)
edk 1—ed ru

1
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Thus

lim infus (k) > LIt (12)
k—+o00 ! - f}‘ T e

>

In the similar way, we can prove that

!
9aL2x A

lim infuy(k) >
L, b 2 S

U (13)

Hence, from (5)-(13), we can get that
i < li i < i ' <z
ZTix < kll}foo infz(k) < kll»rf-loo supz(k) <z,
Ujse < klim infu(k) < kliT supu(k) < ul,

— 400

where ¢ = 1, 2. This completes the proof of Theorem 1.

IV. MAIN RESULTS

Consider the following almost periodic difference system
z(n+1) = f(n,z(n)),ne€ Z*, (14)

where f : Z x Sp — R*, Sp = {z € R* : ||z| < B}, and
f(n,z) is almost periodic in n uniformly for z € Sp and is
continuous in x. The product system of (14) is as follows:

z(n+1) = f(n,2(n)),y(n+1) = f(n,y(n)). (15

Lemma 6. [11] Suppose that there exists a Lyapunov func-
tional V(n,x,y) defined for n € N, ||z| < B, |ly|| < B
satisfying the following conditions:

(1) a(llz —yll) < V(n,z,y) < b(||lz — yl)where a,b €
K, with K = {a € C(R",R") : a(0) = 0} and a is
increasing;

(@) [Vi(n,21,51) =V (n, x2,y2)| < L(l|z1 =22l +[ly1 —v2l)),
where L > 0 is a constant;

(131) AVysy(n,z,y) < —aV(n,x,y), where 0 < a < lisa
constant and

AV(IS)(nvxmy) = V(Tl + 17 f(n7x)7 f(nvy)) - V(?’I,,.T},y).

Moreover, if there exists a solution ¢(n) of (14) such that
le(n)|] < B* < B, for n € ZT, then there exists a unique
uniformly asymptotically stable almost periodic solution p(n)
of system (14) which is bounded by B*. In particular, if f(n,x)
is periodic of period w, then there exists a unique uniformly
asymptotically stable periodic solution of (14) of period w.

According to Lemma 6, we first prove that there exists a
bounded solution of (2), then construct an adaptive Lyapunov
functional for (2).

We denote by ) the set of all solutions X (k) =
(z1(k), z2(k), u1 (k),uz(k)) of system (2) satisfying z;. <
xi(k) < af, wie <wi(k) <uf,i=1,2forall ke Z .

Lemma 7. Assume that (H) and the conditions of Theorem
1 hold, then Q # 0.

Proof: It is now possible to show by an inductive argu-
ment that the system (2) leads to

From Theorem 1, for any solution X (k) = (z1(k), z2(k),
up(k),uz(k)) of system (2) with initial condition (4) satisfy
(5). Hence, for any € > 0, there exist ko, if kg is sufficiently
large, we have

L _5§xt(k) §$r+67ul* —e< ut(k) Su:+577': 172

Let {7, } be any integer valued sequence such that 7, — oo
as o — 00, we claim that there exists a subsequence of {75},
we still denote it by {7}, such that

zi(k+74) — 2} (k)

uniformly in » on any finite subset B of Z as @ — oo, where
B={ai,as,...,am}t, ap € Z, h=(1,2,...,m) and m is a
finite number.

In fact, for any finite subset B C Z, when « is large enough,
Ta +ap > ko, h=1,2,...,m. So

Tix —e < zi(k+70) <af+ei=1,2,
Ui — € Sui(k+ 7o) Suf +e,i=1,2.

That is, {z;(k + 7o), u;(k + 7,)} are uniformly bounded for
large enough a.

Now, for a; € B, we can choose a subsequence {r&“}
of {r.} such that {z;(a; + Tél))7Ui(a1 + Tél))} uniformly
converges on Z7 for o large enough.

Similarly, for as € B, we can choose a subsequence {Té?)}
of {7‘,&1)} such that {z;(az + 7'(&2)), u;(as + 7'(&2))} uniformly
converges on Z* for o large enough.

Repeating this procedure, for a,, € B, we can choose
a subsequence {7\ Y} of {r{™} such that {z;(am +
7{m ), ui(am +T(§m))} uniformly converges on Z* for « large
enough.

Now pick the sequence {Tém)} which is a subsequence of
{7}, we still denote it as {7, } then for all £ € B, we have

{zi(k +70) =z}, ui(k + 7o) — ul'}

uniformly in k € B as @ — 0.
By the arbitrary of B, the conclusion is valid.
Since {ri(k)}, {a:(k)}, {b:(k)}, {ci(k)}, {di(k)}, {fi(k)}

and {g;(k)} are almost periodic sequence, for above sequence
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{Ta},Ta — 00 as a — oo, there exists a subsequence still
denote it by {7,} (if necessary, we take subsequence), such
that

( ) = ri(k), ai(k+ 7o) — ai(k),
bi(k + 7o) — bi(k), ci(k+71a) — ci(k),

( ) = di(k), fi(k+7a) — fi(k),
gi(k +7a) — gi(k),

as o — oo uniformly on Z+.

For any 6§ € Z, we can assume that 7, + 9 > kg for ¢ large
enough. Let k¥ > 0 and k¥ € Z, by an inductive argument of
(2) from 7, 4+ d to k + 7, + d leads to

xi(k + 7o + 0)

k+1atd—-1
- o . z;i(1)

—ci(l)m,-(l)} - d,-(l)u,-(l)},

ui(k + 7o + 0)
k+7o+0—1

=u(ra+0)— >

fiDui(l) = gi(Di(1) p-
I=Ta+5 { }

Then, for 4,5 = 1,2, i # j, we have
zi(k + 7o +9)
k+6—1
= z;(7 +0) expz { I+ 7a) {1
B ‘Tl(l-i-’l'a)
a;i(l+ 7o) + bi(l + 70)z; (L + 7o)
—ci(l+ 7o)z (1 + Ta):| —di(l 4+ 7o )u; (1 +Ta)},

ul(k +7’a +5)
k+6—1

> AL+ e uil + 7a)

1=6
—gi(l+ 7a)zi(l + 7a) }.

Let « — oo, for any k > 0,

= ui(7o +0) —

k+6—1
s e PN ()
skt d) = zi®ew D {ro]s PROESNOPA0
ey m] i m},
k+6—1
40 =) - 3 {ﬁ(l)ur(w—gi(znz(w}.
=6

By the arbitrariness of 0, X*(k) = (x5 (k), z5(k), ui(k),
u3(k)) is a solution of system (2) on Z . It is clear that

0 < <af(k) < u:,k€Z+.

So © # ®. Lemma 7 is valid. ]

7,0 < up < uj(k) <

Theorem 2. Suppose the conditions of Lemma 7 are satisfied,
moreover, 0 < (3 < 1, where

B8 = min{r;;, T;}},

2 2
2t P 5 2
ekl i Si u” u” %2
rij = — u*+20rxl*f TR —r; ¢ @
2 i iV
ajl + bj'e; (a; +b; m]*)
2
e Tl
—2 et — gt e B Y
(a "‘bIJ )
ry c“b“ xiay 3 ,“bfx, wj _ rpdiay
(a0 (ol +be)? dl + b
2 2 2
wu kK
—rtetdiat — (1— fHar +dl — M
A R B2 (3 (2 (3 (l+bl.’lfi*)4
2
w2 UpHU o Wi k2
b:zc x; Ty c]b] it ribial x}
( —&—blxt*)?’ (aj—i—bé-ac,*)2 (aj—i—bé»xi*)z
u LU u
_ ]de] 5
)
(a j—&—blxb*)
! udu * . .
* it ) w U JU Lk *
rij_zfi_il —ricidiry — (1= fj)x] +d;
a’ +bz J*
u U u
7,bzdz e _ u?
C(ab+bla )2 — i
i T 0iTjx
for i,j = 1,2, © # j. Then there exists a unique uni-

Sformly asymptotically stable almost periodic solution X (k) =
(z1(k), z2(k), u1(k), ua(k)) of (2) which is bounded by § for

allk € Z™.
Proof: Let p;(k) = Inz;(k), from system (2), we have
_ ri( exp{pl( )}
pill+ 1) = milh) )1~ L
itk )exp{mk)}] < > J(8),

Aui(k) = = fi(k)ui(k) + gi (k) exp{pi(k)},
(16)

where 7,7 = 1,2,4 # j. From Lemma 7, we know that system
(16) has a bounded solution Y (k) = (p1(k), p2(k), ui (k),
uz(k)) satisfying
Inzi <pi(k) <lnal,upn <ui(k)<u, i=1,2, ke zZt.
HCHCG, |pl(k‘)| < Ai, \uz(k)| < B,,AL = max{\ lnxi*\,
|Inzf|}, B; = max{uzul},i=1,2.
For (X,U) € R?>™2, we define the norm ||(X,U)|| =
2 2
Doim lwal + 20 |l

Consider the product system of system (16)

exp{pi(k)}
a; (k)+bi(k) exp{p; (k)}

—eilh) exp{m(k)}} = d(k)ui(k),
Aug(k) = — fi(k)us(k) + g:(k) exp{pi (R)},
qi(k +1) = qi(k) +ri(k) [1 - tbto b

pz(k + 1) = pl(k) + Tl(k) |:

a;(k)+bi(k) exp{q;(k)}
—eilk) exp{qm}} (k)i (k),
Awi(k) = — fi(k)wi(k) + gu(k) exp{gs(k)}.
am

Suppose that Z = (pi(k),p2(k), ur(k), uz(k)), W =

(q1(k), g2(k),w1(k),ws2(k)) are any two solutions of sys-

tem (16) defined on ZT x S* x S* then |Z]|
2

B|, W] < B, where B = > {A; + B;}, S* =
i=1

IN
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{(pr(F), p2(k), ur (), ua(F))| Inzin < pi(k) < I, up <
wi(k) <uf,i=1,2,ke ZT}.

Consider a Lyapunov function defined on ZT x S* x S* as
follows

V(k,Z,W) Z{ pi(k) — ¢i(k))* + (ui (k) — w;i(k))*}.

It is easy to see that the norm

12 =Wl = Z{Ipz = qi(k) | + | ui(k) —wi(k) |}

and the norm

2
12 =Wl = { 00 — (0 + () 0}
i=1
are equivalent. That is, there exist two constants C; > 0,
Cy > 0, such that
Glz-W[<||Zz-W]|. <G|z -W],
then
(C1lZ =W)* < V(k, Z,W) < (C2]|Z = W])*.

Let a € C(R*,RY), a(z) = C?22, b € C(R*,R™Y), b(z) =
C2x2, thus the condition (i) in Lemma 6 is satisfied.
In addition,

|V (n, Z,W) = V(n, Z,W)|

e

3 () — ) — ) )
-y {|<pi<n> — qu(n) + (B () — ()|

{<|pi<n>\ las(m)] + 5s(m)] + ()

™

s (1) s ()| + s ()] + |wz-<n>|>}

< L) Alpi(n) = pi(n)| + [ui(n) — @s(n)[}

=1

+Z{|(h = @i(n)| + lwi(n) — wi(n)|}}

—L{HZ Z||+ W = w3,

where L = 4max{A;, B;}(i = 1,2). Hence, the condition
(i1) of Lemma 6 is satisfied.

Finally, calculate the AV of V (k) along the solutions of
(17), we can obtain

AV (k)

=V(k+1)-V(k)

= Z{(pz(k +1) —q(k+1))?

7<uz<k 1) =ik + 1))

72{ (pi(k) — qi(k +(uz(k) 7‘4)2'(]{))2}

: _ . B exp{pi(k)}
2 {(pr+nae {1 ax(R) + bi) exp o ()}

—eilh) oxp{pxk)}} ~ di(kYus (k) — ai(h)

exp{gi(k)}
ai(k) + bi(k) exp{q;(k)}

—ci(k) eXp{qz'(k)}} - dz‘(k)wi(k))2

(A = fi(k))ui(k) + gi(k) exp{pi(k)}
—(1 = fi(k))wi(k) — gi(k) exp{a:(k)}]?

—(pi(k) = ai(k))? — (ui(k) — wi(k))

y r3 (k) .
; { [( 0 T bukyen iz T i (k)e (k)

+2r2(k)ei(k) + g7 (k )} (ePi(R) _ gai(R))2

—ri(k) {1 -

b2 (k) (ePiF))2(epi (k) — eas(k))2
il ) bi(k )61’1(’”) (ai(k) + bi(k)ess ()2
) k)ePi(F) (epi (k) — eai (k)2
{ em'ﬂ)( (1) + bi(R)ess®)2
v (k)bi(k)ci(k) }
R O o) + B
x (ePi(k) _ g (k))(epj(k) — % (k)
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Using the mean value theorem we get
P — et ™) = (k) (pi(k) — (k). i=1,2, (19

where &; (k) lies between ePi (%) and % (¥) i = 1,2. From (18)
and (19), we have
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We get for j = 1,2,

2
AV = Z{Vlz‘j + Vaij + Vaij + Visj + Vaij + Veis b,
where -
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where 3 = min{ry;,r};},4,j = 1,2,4 # j. That is, there
exists a positive constant 0 < 3 < 1 such that

AVan (k) < =BV (k).

From 0 < [ < 1, the condition (4¢) of Lemma 6 is
satisfied. So, from Lemma 6, there exists a uniqueness uni-
formly asymptotically stable almost periodic solution X (k) =
(p1(k), p2(k),u1(k),ua(k)) of (16) which is bounded by sx*
for all k € Z*t, which means that there exists a unique-
ness uniformly asymptotically stable almost periodic solution
X (k) = (z1(k), z2(k), u1(k),u2(k)) of (2) which is bounded
by Q for all k € Z*. This completes the proof. |

IN

qi(k))? + 1 (ui(k) — wi(k))*}

= qi(k))* + (ui(k) — wi(k))*}

A
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