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Rigorous Modeling of Fixed-Bed Reactors
Containing Finite Hollow Cylindrical Catalyst
with Michaelis-Menten Type of Kinetics
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Abstract—A large number of chemical, bio-chemical and
pollution-control processes use heterogeneous fixed-bed reactors.
The use of finite hollow cylindrical catalyst pellets can enhance
conversion levels in such reactors. The absence of the pellet core can
significantly lower the diffusional resistance associated with the solid
phase. This leads to a better utilization of the catalytic material,
which is reflected in the higher values for the effectiveness factor,
leading ultimately to an enhanced conversion level in the reactor. It is
however important to develop a rigorous heterogeneous model for the
reactor incorporating the two-dimensional feature of the solid phase
owing to the presence of the finite hollow cylindrical catalyst pellet.
Presently, heterogeneous models reported in the literature invariably
employ one-dimension solid phase models meant for spherical
catalyst pellets. The objective of the paper is to present a rigorous
model of the fixed-bed reactors containing finite hollow cylindrical
catalyst pellets. The reaction kinetics considered here is the widely
used Michaelis—Menten kinetics for the liquid-phase bio-chemical
reactions. The reaction parameters used here are for the enzymatic
degradation of urea. Results indicate that increasing the height to
diameter ratio helps to improve the conversion level. On the other
hand, decreasing the thickness is apparently not as effective. This
could however be explained in terms of the higher void fraction of
the bed that causes a smaller amount of the solid phase to be packed
in the fixed-bed bio-chemical reactor.

Keywords—rFixed-bed reactor, Finite hollow cylinder, Catalyst
pellet, Conversion, Michaelis-Menten Kinetics.

. INTRODUCTION

ETEROGENEOUS fixed-bed reactors often constitute

the core of chemical, biochemical, food, refinery and
pollution control processes. Its performance is therefore
crucial for the overall economics of the process. Any attempt
towards the optimal design of the any catalytic reactor begins
with a rigorous model of the heterogeneous reactor. Of
particular importance in this connection is the optimal design
of the catalyst itself by considering the size of the catalyst, its
shape and the distribution of the active material inside the
permeable porous solid support. The transport of the reactant
inside the porous network of the catalyst pellet occurs by the
diffusion phenomenon. Due to the mass transport resistance
however, the concentration of the reactant gradually decreases
towards the interior of the catalyst pellet. The regions deep
inside the catalyst are thus exposed to a much lower
concentration of the reactant. Due to the occurrence of the
concentration gradients inside the catalyst pellet, the rate of
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the reaction is also similarly affected. Regions with lower
concentration of the reactant possess lower reaction rates
while it is only the surface of the catalyst pellet that possesses
the highest rate of reaction. The net result of this phenomenon
is an inefficient utilization of the catalytic material. It is
therefore important towards the optimization of the catalyst to
design the shape of the pellet itself in such a way that the
regions with low concentration of the reactant can be
eliminated. The most suitable geometry towards this end is the
hollow cylindrical; where of the core of the cylinder is
removed thereby minimizing the effect of the internal mass
transport resistance. This will enhance the overall
effectiveness of the catalyst pellet, and will lead to an
improved efficiency of the heterogeneous reactor
configurations. The distribution of the active catalytic
component is assumed to be uniform throughout the porous
structure. The objective of the present study is to develop a
detailed rigorous model for a heterogeneous fixed bed reactor
that contains the solid catalyst pellet of hollow cylindrical
shape instead of the commonly used spherical shape. The
kinetics considered here is an important biochemical
Michaelis-Menten type of reaction Kinetics.

Il. LITERATURE REVIEW

There are several issues that need to be considered towards
the optimal design of the catalyst pellet. This includes the size
of the pellet itself. A pellet of small size, for example, can
always help to lower the effect of the internal mass transport
resistance. Another important aspect is the shape of the
catalyst pellet. Most non-spherical shapes tend to possess
higher effectiveness factor as compared to spherical pellets of
the same volume owing to greater surface areas possessed by
particles of non-spherical shape[1-2]. Another aspect that has
attracted a lot of attention is the deliberate non uniform
distribution of the catalytic material within the support. This
aspect has been an active research since early sixties [3-6].
For example, it was shown by Mars and Gorgels [3] that
catalyst pellets that possess an inert core show better
selectivity during selective hydrogenation of acetylene. On the
other hand, it was shown by Kosaoka and Sakata [6] that
higher effectiveness factors are obtained for slabs with a
declining catalytic activity distribution towards the interior of
the catalyst. It is interesting to note the effect of the order of
the reaction on the effectiveness factor in the case of the non-
uniform distribution of the catalytic activity. It was reported
that non-uniform distribution can help to improve the
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effectiveness factor for different types of reaction kinetics [7—
11]. An important contribution in this area was made by
Morbidelli et al. [12]. They showed that the optimal catalyst
distribution is an appropriately chosen Dirac-delta function for
a fixed amount of the catalytic material. This means that the
active catalyst should be located at a specific position within
pellet. Their findings were supported by numerous other
researchers for various types of reaction kinetics [13-16]. In
this context, it is important to note the limitations pointed out
by Armor as far as the actual commercial implementation of
the Dirac-delta type catalytic activity distribution is concerned
[17-18].

Another approach recently suggested in the literature is to
design the catalyst matrix by mixing materials of two different
diffusivities. The idea is to improve the diffusivity of the
catalytic material by adding material of high diffusivity such
that the resultant diffusivity of the product is much higher than
the actual catalytic material [19-22].

It has been recently pointed out by Asif [23] that a non-
spherical catalytic support is preferable over a spherical one
since the former provides a greater surface area than the latter
for any given volume. The author was clearly able to show
that a substantial improvement in the effectiveness factor is
obtained using hollow cylindrical catalyst pellets. It is
therefore important to present a rigorous heterogeneous
reactor model that can be used to optimize the conversion
level in a fixed bed reactor.

I1l. MATHEMATICAL MODEL

The main features of the model presented in the following
are similar to those recently discussed by Asif [23]. The
difference lies in the reaction kinetics. The present model is
based on the Michaelis-Menten type of reaction Kinetics,
which is commonly encountered in liquid-phase biochemical
reactions. The particular reaction considered here is the
decomposition of the urea. The proposed model accounts for
the presence of both the mass transport mechanisms of the
dispersion as well as the convection in the fluid phase. The
reactant concentration gradients in the fluid phase exist only in
the axial direction. On the other hand, the solid phase in the
present model comprises of finite hollow cylindrical catalyst
pellets, where concentration gradients exist both in the axial as
well as the radial directions due to the presence of internal
mass transport (diffusional) resistances. The presence of the
film or the external mass transport resistance at the interface
of the solid and liquid phase is also accounted in the problem
formulation.

A. Model for Solid Phase with Michaelis-Menten Type of
Reaction Kinetics

The two-dimensional partial differential equation governing
the reactant concentration distribution inside the solid catalyst
pellet is given by

2
0 12(i%) , 5,7

_ 1
ar oz’ R(Cx) = 0 @

At the solid-fluid interface, the film mass transport resistances
are accounted using the following boundary conditions are,

aoc
Atr=R, D, [TrA) =k, (Ch—Cy) (2a)
Atr=R,, -D, (&j =k, (Cp—Cy) (2b)
or
Atz=0, (%)zo (2¢)
0z
aC
Atz=(H/2), -D, (ﬁ]=km (Ca—Cu) (2d)

where, Cps and Cp; are the reactant concentration in the solid
phase and fluid phase, respectively. D, and D,, are effective
diffusivities in r and z directions, respectively. Ry(Cas) is the
generalized rate of the reaction For the hollow cylindrical
catalyst pellet, H is the height, R; and R, are inner and outer
radii, respectively. ky is the mass transfer coefficient. Note
that the boundary conditions imposed account for the film
mass transfer resistance.
Introducing the following dimensionless variables,

Cc r z H/2
u=s—; p=—; &= ; 70=( /):

CAfo Ro (H/Z) Ro (3)
K:&; 72:g7/§, Sh:kao

R, D, D,

Note that the height to diameter ratio (y,) and thickness (x)
are two important shape factors that determine the shape of a
hollow cylindrical catalyst pellet. A high value of y, means a
long catalyst while x = 0 is a solid cylinder, and x —1
indicates a very thin hollow cylinder. Rewriting the
differential equation and associated boundary conditions in the
dimensionless form:

1o jau) 12U} ey 4
(papj+ [] gl -0 @

pop y*\og’
At pek; ——[ My oy foralle (5a)
Sh\ op

At p=1 =M yoyforallg (5b)
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at g=0, Mg forallp (5¢)
o¢

At =1 Lo U, =y forallp (5d)
77shl o¢

where,
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where Cag is the inlet feed concentration while Vi, and K,
are reaction rate parameters.

The corresponding problem for the spherical geometry can
be written as:

1 0 zauj 2 7
——|p —| - #fu) =0
P’ 6/3[ ap v)
Atp=0; (a“j:o (8a)
op
Atp=1 Lfoud oy (8b)
Sh\ dp

B. Model for the Fluid Phase [23]

The fluid phase modeling equations are essentially same as
presented before [23]. Yet the detailed derivation is once again
presented here in order to make the present paper self-
contained.

The differential equation governing the axial distribution of
the concentration of the reactant A in the fluid phase (Cx) is
given by,

g{acAf :|:_|:a[_ N oCy +UC,, j:|+(l_£)WA (92)
ot oz oz Ve

where, ¢ is the fraction of solid phase per unit bed volume, V,
is the volume of the catalyst pellet, U is the local fluid
superficial velocity, D,, is the fluid phase dispersion
coefficient. Here, the molar flow (W,) of the reactant to the
solid catalyst pellet, in terms of the rate of the reaction (R,), is
given by,

C, )rdrdzdé (9b)

where, Cys is the concentration distribution of the reactant A in
the solid phase comprising of the hollow cylindrical catalyst
pellet of height H, and R; and R, being the internal and outer
radii, respectively.

Introducing the dimensionless variables in (9a),

Ut UL  Cy. . (9c)

and rearrangement leads to,

2
o _ ii‘z’_@Jr(l_g) L | _W, (10a)
or Pe ox®  ox U, { CanVy

where, the Peclet number (Pe) is a measure of the degree of
the back-mixing prevailing in the reactor. For long reactors,
Pe is large and the effect of the fluid back-mixing is
negligible. Recalling that the molar flow to the catalyst pellet
depends upon the average rate of the reaction inside the
catalyst pellet, the fluid-solid interaction term in (10a) can be
written as,

R REILCALEE (100

p

The steady-state counterpart of (10a) can now be rewritten
as,

1[d¥v ]| dv 2 ¢
) B A f pdpde=0 (113)
Pe{dxz} dx+( U, Afo1 chU: wpapds
where,
RxO = Rx (CAfo) (11b)

is the rate of reaction evaluated at the feed conditions.
Defining the effectiveness factor (n) and the Damkohler
number (Da) as follows:

Da = LRxc — L Vmax
UoCAfo Uu I‘(m +CAfo (12)

2 11
f7=m”fxpdpd§

Therefore, (11a) can be written as,

2
1idv —@+(1 £)Dan=0 (13)
el dx® | dx

The widely used boundary condition can be rewritten as,

——[dv)+v:1 (142)

At x=0;
dx

atx=1 Y _o (14b)
dx

IVV. RESULTS AND DISCUSSION

The example used here is the enzymatic conversion of urea
using the urease enzyme, which catalyzes the degradation of
urea to ammonia and carbamine acid. The acid decomposes to
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produce another molecule of ammonia and carbon dioxide. As
shown in Fig. 1la, the reaction scheme for the formation of
ammonia and carbamine acid is given as:

—> NH, + CO

2

0
=~
N—C
Bl

(b)

Fig. 1 (a) Reaction scheme for the formation of ammonia and
carbamine acid (b) Reaction scheme for the formation of ammonia
and carbon dioxide

On the other hand, the carbamine acid decomposes
spontaneously to form ammonia and carbon dioxide as shown
in Fig. 1b.

The reaction kinetics for the above reaction scheme can be
represented by the Michaelis-Menten type kinetics as follows:

— VmaxCurea (15)
e (Km + Curea)

where, units of the rate of reaction is (kmol/m®.s) and those of
Curea are (kmol/m3). The reaction parameters are V= 0.067
(kmol/m®s), K,= 0.0266 (kmol/m® while the initial urea

concentration is taken Cag = 0.20 (kmol/m3).
In the present, the validity of the numerical code is first
tested by using the analytical solution for the linear kinetics.
This was achieved by modifying the kinetic parameters by

assigning Ve = 1.33 and K, = 2.66. This led to ¢i, being

6.85. For this value of the Thiele modulus, the effective factor
for the corresponding spherical and hollow cylindrical catalyst
pellet was 0.35 and 0.61, respectively. The conversion profiles
are presented in Fig. 2 using 41 grid points. The run with 21
grid points showed convergence problem. Runs were made
using 31, 41 and 81 grid points both in the axial as well as
radial directions. The required CPU times were 7.931069 s,
10.319631 s and 23.284904 s, respectively on a laptop with
Intel Core i7-2640M, 2.80 GHz processor. As far as solution
accuracy was concerned, there was hardly any difference in
the result. All the subsequent runs were therefore made using
41 grids.
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Fig. 2 Comparison of numerical and analytical solutions for the
Michaelis-Menten type urea decomposition kinetics using 41 grids in
the axial and radial directions of the hollow cylindrical catalyst pellet

TABLE |
REACTION KINETICS AND REACTOR CONDITIONS OF THE UREA
DECOMPOSITION

Catalyst diameter (Dy) 6.35 mm

Shape parameter for hollow spherical catalyst k=05, =1
pellets 0
Equivalent specific surface radius, Ry, 1.83e-003
Qutside radius, R, 3.05e-003

Bed void fraction, € 0.45

Bed porosity, & 0.59

Effective diffusivity, D, 1.0e-07(m?.s™)

Fluid velocity, U, 0.025 (m/s)

2 05
Thiele modulus, 4, Z[Rx(CAﬂ’)R‘/] 5.44

CAfo De
Effectiveness factor, 7] 0.86
Damkohler number, Da 1.9
Sherwood number, Sh 100
Peclet number, Pe 12

Using the parameter values reported in the Table I, the
governing differential equations were solved, and the
predictions are shown in Fig. 3. It is clear that the hollow
cylindrical pellets show improved conversion. The conversion
is about 8.5% higher for the hollow cylinder as compared to
spherical ones. Another feature of the plot seen here is a finite
amount of conversion at the reactor inlet. This is due to the
incorporation of the dispersion effects in the reactor. This is
worthwhile to point out that the dispersion can often be
ignored for high fluid velocity and long reactors. The
influence of the liquid back-mixing or the dispersion in the
present liquid—phase reactor cannot be ignored in view of the
fact that the reactor lengths are often short. Note that the
boundary at the reactor inlet conforms to the well-known
Dancwert's boundary conditions.
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Fig. 3 Conversion profile for the conversion for heterogeneous
model using hollow cylindrical catalyst pellet and spherical pellet for
(yo) =1 fork=0.5

Two more simulation runs were further carried out by
varying the height-to-diameter ratio. For y, = 0.10, the results
are presented in Fig. 4. The conversion is better than the
previous case of y, = 1. The improvement is now 11% as
compared to a solid sphere. On the other hand, the conversion
reaches as high as 0.976 using y, = 10, which is a significant
enhancement in the conversion level. The reactor profiles for
the spherical as well as the hollow cylindrical pellets are
shown in Fig. 5. The improvement is now 17%. Note that 83%
conversion in this case is reached with half the reactor length.
It is clear that higher conversions are obtained using long
hollow cylinders as compared to short ones.
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Fig. 4 Conversion profile for the conversion for heterogeneous model
using hollow cylindrical catalyst pellet and spherical pellet for (y,) =
0.1fork=0.5

10 7 0.976
0.8 - P0.833
T ]
< 06 1
:" -
2 ]
§ 0.4 1 -=-Sphere
£ ] -=Hollow Cylinder
O p2
0.0 — — — — - . —
0.0 0.2 0.4 0.6 0.8 1.0

Dimensionless reactor length, (-/-)

Fig. 5 Conversion profile for the conversion for heterogeneous model
using hollow cylindrical catalyst pellet and spherical pellet for (y,) =
10 fork=0.5

The effect of both the shape parameters, i.e. y, as well as «,
are shown in Fig. 6. The effect of the height to diameter ratio
was already clear from the foregoing discussion. On the other
hand, the effect of the thickness appears a little less critical.
The conversion level for k = 0.3 and k = 0.5 are almost same
whilst the one with « = 0.7 appear to yield a lower conversion
level. In this connection, it however important to note that bed
void fractions in these cases are quite different due to the
difference in the catalyst thickness. For x = 0.0, 0.30, 0.50 and
0.70, the bed void fractions are 0.45, 0.50, 0.59, 0.72, and the
effectiveness factors are 0.65, 0.78, 0.88, 0.95, respectively. It
is therefore clear that increasing the « from 0.3 to 0.5 helps
increasing the effectiveness factor by almost 13% while
increasing the x from 0.5 to 0.7 yields a relatively smaller
enhancement of 8% in the effectiveness factor. Moreover, any
further increase in x will not be useful as the effectiveness
factor is already close to unity. There is nevertheless another
important issue that need to be carefully examined. This
relates to the bed void fraction. The percent increase in the
voidage is 18% for the change in x from 0.3 to 0.5 while the
change in « from 0.5 to 0.7 yields a 22% increase in the bed
void fraction. A greater bed void means a less volume of the
solid catalytic material. The lowering of the bed conversion
level in Fig. 6 is therefore due to the lesser quantity of the
catalytic material present in the bed.

3 ]
0.8
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< 06 7
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o 02 o -a-(H/Do) = 1.0, K=0.3
§ ~-(H/Do) = 1.0, K=0.7
0.0 - : — j ———r
0.0 0.2 0.4 0.6 0.8 1.0

Dimensionless reactor length, (-/-)

Fig. 6 Effect of shape parameters on the level of conversion
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V. CONCLUSION

A rigorous model is presented here for the fixed-bed
bioreactor containing finite hollow cylindrical catalyst pellets.
The model is capable of describing the convection as well as
the dispersion in the liquid phase. Both the internal as well as
the external mass transport resistances are accounted in the
modeling of the solid phase which comprises of finite hollow
cylindrical catalyst pellets. Several runs were made to examine
the improvement in the conversion level in the fixed bed
reactor using the finite hollow cylindrical pellets as compared
to the spherical pellets. In all cases, a significant improvement
was observed. A greater conversion level is obtained using
long pellets as compared to short ones. On the other hand, the
effect of the thickness of the hollow cylindrical catalyst pellet
was not so substantial. This is attributed to a significant rise in
the bed void fraction than a corresponding increase in the
effectiveness factor.
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