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Chaotic Response and Bifurcation Analysis of
Gear-Bearing System with and without Porous
Effect under Nonlinear Suspension

Cai-Wan Chang-Jian

Abstract—This study presents a systematic analysis of the
dynamic behaviors of a gear-bearing system with porous squeeze film
damper (PSFD) under nonlinear suspension, nonlinear oil-film force
and nonlinear gear meshing force effect. It can be found that the
system exhibits very rich forms of sub-harmonic and even the chaotic
vibrations. The bifurcation diagrams also reveal that greater values of
permeability may not only improve non-periodic motions effectively,
but also suppress dynamic amplitudes of the system. Therefore, porous
effect plays an important role to improve dynamic stability of
gear-bearing systems or other mechanical systems. The results
presented in this study provide some useful insights into the design
and development of a gear-bearing system for rotating machinery that
operates in highly rotational speed and highly nonlinear regimes.
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I. INTRODUCTION

HE dynamic analysis of gears are presented in the past

years. Many studies have focused on analyzing dynamic
behaviors or performance of gears. Ozguven and Houser [1], [2]
performed dynamic analysis on gears with the effects of variable
mesh stiffness, damping, gear errors profile modification and
backlash. Cai and Hayashi [3] calculated the optimum profile
modification to obtain a zero vibration of the gear pair.
Umezawa et al. [4] analyzed a single DOF numerical gear pair
model and compared their numerical results with experimental
dynamic transmission errors. Litvin, et al. [5] proposed a
modified geometry of an asymmetric spur gear drive designed
as a favorable shape of transmission errors of reduced
magnitude and also reduced contact and bending stresses for an
asymmetric spur gear drive. Guan, et al. [6] performed finite
element method to simulate the geared rotor system constructed
from beam and lumped mass/stiffness elements and compared
the required actuation effort, control robustness and
implementation cost. Giagopulos, et al. [7] presented an
analysis on the nonlinear dynamics of a gear-pair system
supported on rolling element bearings and used a suitable
genetic algorithm to measure noise and model error.
Theodossiades and Natsiavas [8] investigated dynamic
responses and stability characteristics of rotordynamic systems
interconnected with gear pairs and supported on oil journal
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bearings. They found many non-periodic dynamic behaviors.
They [9] also analyzed the motor-driven gear-pair systems with
backlash and found periodic and chaotic dynamics in this
system.

The current study performs a nonlinear analysis of the
dynamic behavior of a gear pair system equipped with journal
bearings and porous squeeze film damper under strongly
nonlinear gear meshing force effect and nonlinear suspension
effect. The discussions of dynamic behaviors of gear-bearing
systems with and without porous effect are also provided. The
non-dimensional equation of the gear-bearing system is then
solved using the Runge-Kutta method. The non-periodic
behavior of this system is characterized using phase diagrams,
power spectra, Poincaré maps, bifurcation diagrams, Lyapunov
exponents and the fractal dimension of the system. (with “Float
over text” unchecked).

II. MATHEMATICAL MODEL

The model discussed in this study is the porous squeeze film
damper mounted on a gear-bearing system with assumptions of
nonlinear suspension, short journal bearing, strongly nonlinear
gear meshing force and strongly nonlinear fluid film force
effect, the cross section of the porous film and a schematic
illustration of the dynamic model considered between gear and
pinion as shown in Fig. 1. Oy(X,, Y,) and O,(X,, Y,) are the
gravity centers of the gear and pinion, respectively. O; (X}, Y;)
and O,(X,, Y>) are the geometric centers of the bearing / and
bearing 2, respectively. O;(X;;, Y;;) and O;x(X), Yj;) are the
geometric centers of the journal / and journal 2, respectively.
m; is the mass of the bearing housing for bearing / and m, is the
mass of the bearing housing for bearing 2. m,, is the mass of the
pinion and m, is the mass of the gear. K,; and K, are the
stiffness coefficients of the shafts. K;;, K;,, K,;and K, are the
stiffness coefficients of the springs supporting the two bearing
housings for bearing / and bearing 2. C; and C, are the damping
coefficients of the supported structure for bearing / and bearing
2, respectively. K is the stiffness coefficient of the gear mesh.
C is the damping coefTficient of the gear mesh, e is the static
transmission error and varies as a function of time. Note that (X,
Y)) are fixed coordinates, while (e; ¢;) are rotational
coordinates, in which e; is the offset of the journal center and ¢;
is the attitude angle of the rotor relative to the X-coordinate
direction.

1538



International Journal of Mechanical, Industrial and Aerospace Sciences
ISSN: 2517-9950
Vol:7, No:7, 2013

A. Principles of Force Equilibrium
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Fig. 1 Schematic illustration of the gear-bearing system with PSFD,
model of force diagram for pinion and gear, and cross section of the
porous film

According to the principles of force equilibrium, the forces
acting at the center of journal 1, i.e. O;; (Xj;, ¥;;) and center of
journal 2, i.e. Oj; (X5, Y}5) are given by

Fo=f.cos¢ + f,sing =K(X,-X,)/2 ey

F, = f, sing, —fwl cosp =K(Y, —le)/2 2)
F,=/f,c080,+ f,sing, =K(X, - X,)/2 (3)
F,, = f,sing,— f,cosp, =K(Y, -Y},)/2 4)

in which f£;; and f,,; are the viscous damping forces in the radial
and tangential directions for the center of journal 1,
respectively, and f;, and f,, , are the viscous damping forces in
the radial and tangential directions for the center of journal 2,
respectively.

B. Nonlinear Fluid Film Force
In this study, the modified Reynolds equation and the short

bearing assumption ( ., . @ __op)isused.
— <025 — <<=
D 00 oz

P ap oh _ on )
9 20 Py =60 112,
& o) =S G Iy,

where @ is permeability of porous ring, ® can also be

performed as g, OuH , 4 is area of porous ring, # is film
ApA

thickness of porous ring, Ap is pressure difference of porous

ring, Oh_ ce .

sin@ ° %:cécosﬁ+cs¢sin¢9 » x=R0 , U=Rw ,
ox ot

_e and h=c(l+ecos(y—(t))=c(l+&cos@) . Then

c
Reynolds equation can be rewritten as

>p _ —buacesin@+12p(cé cos  + cspsin 0) (6)
oz’ 120H
with boundary conditions %Z -0, z=0
-
then
p=- gg‘;{ [(@—2¢)e sin 625 cos 0](2> —%2) )

The resulting damping forces about the journal center in the
radial and tangential directions are determined by integrating
(7) over the area of the journal sleeve on the basis of the
hypothesis of cavitating conditions with 77 -film.

f :jo E (8, 2)R cos Odzd6 ®)
f= J: ji (6, 2)Rsin Odzd6 ©)
Let , ‘Z?SH s fo=to fo=,
f=- ;’f;j [/ {i(@=2¢)zsin 0—2¢ cos G1sin 6}d6 (10)
/= JZ‘CLS; [ {[(@2¢)esin 0 -2z cos Osin 0)d0 an

Substituting (10) and (11) into (1), (2), (3) and (4),
respectively, enables the values of Fy;, F\,, F,; and F,; to be
obtained.

C. Equations of Motion

The differential equations of motion used to describe
geometric centers of gear and pinion (Oy(X,, Y,) and O,(X,, Y,))
can be written as

m X, +CX, +KX, =W, +F,+KX,, (12)
m,¥, +CY, +KY, =L, ~G, —W, —m,g+F,+KY,, (13)
m£Xg+CXg+KXg :7sz+sz+KXg0 (14)
mg),g+C)/g+K)]g :Lm'_Gnr'*'VVt'J'_mgngFyZJrKYgﬂ (15)

where L, and L, are the centrifugal forces in the vertical gear
mesh direction for pinion and gear, G, and ¢ are the inertia
g

forces in the vertical gear mesh direction for pinion and gear,
w, is the dynamic gear mesh force in the horizontal direction,

and w_ is the dynamic gear mesh force in the vertical direction.

Ly L, G,s Gys W, and w,, can be performed as
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L, = mpel,a)f] sin 6, (16)
L, =m.e,asin0, a7
G, :mpepéf1 cos G, (18)
G, =m,eb, cosb, (19)

W, =C,(X, - X, —e Qsin(Q))+K, (X, - X, e, cos(Q))  (20)
W, =C,(Y, Y, —e,Qcos(Q)+K, (Y, - Y, —e, sin(Qr)) 21

Substituting (16) to (21) into (12) to (15), yields the
following equations:

m X +CX +KX, =C, (X X —e Qsm(Qt)) (22)

p-pr

+K, (X, - X, —e, cos(QN)+F, +KX,
m, Y +CY +KY =m e @ sing, -

2€r@p
C, (Y, -7, —e,Qcos(Q)) - (23)
K, (Y,-Y, —e,sin(Qt))—m, g+F,+KY
m X, +CX,+KX, =-C, (X, - X, —e,Qsin(Q)) (24)
-K, (X, — X, —e, cos(Q))+F,+KX
m, Y +CY +KY, 7mgega)g siné,
-C, (Y, -7, —e,Qcos(Q)) (25)

+K, (Y, =Y, —e,sin(Qt))—m, g+F,+KY,

The equations of motion of the center of bearing 1 (X;, Y;)
and the center of bearing 2 (X,, Y;) under the assumption of
nonlinear suspension can be written as

mX, +e X, +k, X, +k,X' =F, (26)

m¥ +c ¥ +k, Y+ kY =-mg+F, 27)
mX, + ¢, X, +ky X, +ky,X," = F,, (28)
m¥, +¢, ¥, +k, Y, + kY, = -m,g +F, (29)

D.Dimensionless of Dynamic Equations of Motion
Equations (21)-(24) and (25)-(28) can be expressed as
_ BieK (v, — 3 —& sing)cos g —(x, —x; — & cos @) sin g, ]
) 4oy (6, — A1) (30)
_ 6K [(x, —x, —& cosp)cos g +(y, =y, — & sing)sing ]

da, (7,6, - po

o _ 1K, —y —&sing)eos g —(x, — X, —& cosg)sing, |
2 4a,0,6,0
BleK, (v, v~ sing)cosg —(x, —x,
4a,6,6, (1,6, _,312)50
ﬁl K, [(y, —y — & sing)cos g, +(x, —
4a,66,(1,6, - ﬂ1 )w

—& cosg)sing,] (31)

—& cosg,)sing, ]

o= BieK [(y, =y, —&;sing,)cos @, —(x, —x, — &, cos @, )sing, ]
4oy (7,6, - fHe (32)
X, =&, C08,) oS, +(y, — ¥, —&,8ing,)sing, ]
day (16, - o

o,cK » [()cg -

o1 K, =y, =&, 5ing,)cos g, —(x, =X, =&, 0, )sing, |

%= 2 4a,6,6,0
ﬁl K [(y, =y, — & sing,)cos @, +(x, —x, — &, C0s9,)sin g, ] (33)
4o,6,0,(y,6, — ﬂ] Yo
—&,C080,)C08 P, + (¥, — ¥, — &, sing,)sing, ]
4a,£,6,(1,9, *ﬁlz)a’

 BK, (5, ~x,

" 2 , 1
x, :—i B —z(xp—x]—£1c0s¢1)+ﬂcos(¢/4)

5 N N (34)
7%@;7x;,7Epsin¢)f—z(xp7xg7Epcos¢)

" 26, , 1 . .
¥y, :_752 v, _T(yp -y —& sm(pl)+ﬂsm(¢/4)—é
N N N 35)

2 A R
25 5 (3} 2, B, c058) -3 (5, -3, - E, sing)

28,1
5 =2y L v g cosp, )+ B, cos(@/8) +

N s (36)

25 r r : A
TS(xp—xg—Epsm¢)—s—2g(xp—xg—Epcos¢)
" 2¢, , 1 . .
Ve ===yt = (v, — 32—, sing, )+ B, sin(4/8)
S N N (37)
L2
S(yp vy —E, cosg)+ g(yp v, —E, Sm¢)—f
X, +ix, +—xl+a‘ x’ #(x —x,—& cosg) =0 (38)
s, s, s 2C|,,s2 ’
a, 1
N +%y1 S] I+t 2)/137m(yp7y1 €1SH1(/71)+*: (39)
x2 2 x2 +—x2+ 21—$(x —x, —&, cosg,) = 0 (40)
s, , sZ 2C2Ps2 ¢
[ . 1 .
V2 +%Yz ?J/z+%y23_m(yg_YZ_‘Ezsm¢z)+siz:0 (41)

3 ks
where 22 __MLR -, ﬂ,:J sinfcos6dl > 7, :I cosfcosOdb
ZCZW 0 0

8, = [sinOsin 040
Equations (30)-(41) describe a non-linear dynamic system. In
the current study, the approximate solutions of these coupled

non-linear differential equations are obtained using the fourth
order Runge-Kutta numerical scheme.
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III. NUMERICAL RESULTS AND DISCUSSIONS

In the present study, the nonlinear dynamics of the
gear-bearing system shown in Fig. 1 are analyzed using
Poincaré maps, bifurcation diagrams, the Lyapunov exponent
and the fractal dimension. A number of parameters can be used
to generate bifurcation diagrams, e.g. the rotating speed,
unbalance, damping coefficient, stiffness coefficient, etc. In
practical bearing systems, the rotational speed ratio s is
commonly used as a significant control parameter. Accordingly,
the dynamic behavior of the current gear-bearing system with
and without porous effect (y =0.0 for the case without porous

effect , y=0.0001, 0.001 and 0.1 for the cases with porous

effect) was examined using the dimensionless rotational speed
ratio s as a bifurcation control parameter. Fig. 2 presents the
bifurcation characteristics of the pinion center and bearing
center displacement in the vertical direction against the
dimensionless rotational speed ratio, s with y =0.0. It can be

seen that the motion is non-periodic at almost all rotating
speeds. We also find that dynamic behaviors with y =0.0 (zero

permeability or the case without porous effect) are almost
non-periodic and the dynamic amplitudes become greater and
greater with increasing rotational speed ratios. In order to
explore different Dbifurcation phenomena and dynamic
behaviors, other permeability is also taken into consideration.

] SS—— —EEE;;%E;-.q

y2(nT)

yp(nT)

Fig. 2 Bifurcation diagrams of gear center using dimensionless
rotational speed ratio, s, as bifurcation parameter (y =0.0)

yp(nT)

¥2(nT)

Fig. 3 Bifurcation diagrams of gear center using dimensionless
rotational speed ratio, s, as bifurcation parameter (y =0.0001)

Fig. 4 Bifurcation diagrams of gear center using dimensionless
rotational speed ratio, s, as bifurcation parameter (y =0.001)

Fig. 5 Bifurcation diagrams of gear center using dimensionless
rotational speed ratio, s, as bifurcation parameter (y =0.1).

Fig. 3 shows the bifurcation diagrams with y =0.0001. The

bifurcation diagrams show that at low rotating speeds the
dynamic motion is sub-harmonic with period 8. At about s>1.18
the motions becomes chaotic. The chaotic state remains for a
short range of rotating speed ratios (1.18<s<1.80). At around
s=1.48~1.60, chaotic vibration also behaves highly amplitude
and then the motion becomes 8T periodic motion at
s=1.61~3.10. Finally, at s=3.11 it again becomes chaotic
vibration. Fig. 4 is the bifurcation diagram with y =0.001 and

chaotic motions are found at s=1.60~1.62 and s>3.15. It
performs sub-harmonic motions with period 8 at almost all
another rotating speed ratios. With greater permeability for
w =0.1 as shown in Fig. 5 show that the vibration behaves 8T

periodic motions for almost all the rotating speeds except at
s=1.60~1.62 and s>3.15. We will not be able to distinguish
dynamic behaviors to be chaotic or quasi-periodic motions only
by dynamic orbits or bifurcation diagrams, but also use other
schemes such as Poincaré maps, Lyapunov exponent or fractal
dimension to specify our dynamic responses. Thus we introduce
Figs. 6 and 7, i.e. phase diagram, power spectrum, Poincaré
Map, Lyapunov exponent and fractal dimension for y, and y,

with s=3.27, and we can find the simulation results are
corresponding with one another. Phase diagrams show
disordered dynamic behaviors; power spectra reveal numerous
excitation frequencies; the return points in the Poincaré maps
form geometrically fractal structures; the maximum Lyapunov
exponent is positive; the fractal dimensions are found to be .28
for y, and /.41 for y,.
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Fig.6 Simulation results obtained for gear-bearing system with s=3.27
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Fig. 7 Simulation results obtained for gear-bearing system with s=3.27
()

IV. CONCLUSIONS

Effects of change in the rotating speed ratio on the vibration
features of the gear-bearing system are investigated
theoretically in this paper. It can be seen that the system exhibits
very rich forms of nT-periodic and chaotic vibrations. The
bifurcation diagrams also reveal that greater values of
permeability may not only improve non-periodic motions
effectively, but also suppress dynamic amplitudes. Therefore,
we may conclude that porous effect can improve dynamic
stability of gear-bearing systems. Overall, the results presented
in this study provide a detailed understanding of the nonlinear
dynamic response of a gear-bearing system under typical
rotational speed conditions. Specifically, the results enable
suitable values of the rotational speed ratios to be specified such
that chaotic behavior can be avoided, thus reducing the
amplitude of the vibration within the system and extending the
system life.
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