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New pth moment stable criteria of stochastic neural
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Zixin Liu, Huawei Yang, Fangwei Chen

Abstract—In this paper, the issue of pth moment stability of a class
of stochastic neural networks with mixed delays is investigated. By
establishing two integro-differential inequalities, some new sufficient
conditions ensuring pth moment exponential stability are obtained.
Compared with some previous publications, our results generalize
some earlier works reported in the literature, and remove some
strict constraints of time delays and kernel functions. Two numerical
examples are presented to illustrate the validity of the main results.
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[. INTRODUCTION

URING the past few decades, recurrent neural networks

(see [1]-[6]), such as Hopfield neural networks, cellular
neural networks and other networks have been extensively
studied, and successfully applied in many areas such as com-
binatorial optimization, signal processing and pattern recogni-
tion. In particular, the stability problem of neural networks
has received much research attention since, when applied,
the neural network is sometimes assumed to have only one
equilibrium that is globally stable. However, because of the
finite switching speed of neurons and amplifiers, time delay
is unavoidable. It may cause undesirable dynamic network
behaviors such as oscillation and instability. Therefore, there
has been a growing research interest on the stability analysis
problems for delayed neural networks, and many excellent
papers and monographs have been available. On the other
hand, a real system is usually affected by external pertur-
bations which in many cases are of great uncertainty and
hence may be treated as random. As Haykin [7] pointed
out that in real nervous systems, synaptic transmission is a
noisy process brought on by random fluctuations form the
release of neurotransmitters and other probabilistic causes,
therefore, stochastic effects should be taken into account. Up
to now, many sufficient conditions, either delay-dependent
or delay-independent, have been proposed to guarantee the
mean square asymptotic or exponential stability for stochastic
delayed neural networks (see [8]-[12]), and the references cited
therein.

As a generalized form of mean square exponential stability,
pth moment exponential stability has been a growing research
interest in recent years (see [13]-[19]). In Ref [15], by using
the method of variation parameter and inequality technique,
Sun and Cao generalized the results derived by Wan and Sun
[9] from mean square exponential stability to pth moment
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exponential stability for a class of stochastic recurrent neural
networks with time-varying delays. For discarding the strict
constraint of time delays [15], Huang and He [16] established
an improved criterion by using Halanay inequality. However,
it is worth noting that some of the constraint conditions for
time delays or kernel functions in previous literature such
as [1], [3], [15] are strict, and few authors have considered
the problem of pth moment exponential stability of stochastic
neural networks with mixed delays.

Motivated by the above discussions, the main aim of this
paper is to study pth moment exponential stability of a class of
stochastic neural networks with mixed delays. By establishing
two new integro-differential inequalities, two new sufficient
conditions ensuring pth moment exponential or asymptotical
stability are obtained, respectively. These results obtained in
our paper extend some earlier results reported in the literature,
and remove some strict constraints of time delays and kernel
functions. Two simulation examples are provided to show the
validity of the main results.

II. PRELIMINARIES

In this paper, we will study the generalized stochastically
perturbed neural network model with mixed delays as follows

dr;(t) = [—cirs(t) + Z ai; fi(x;(t))

+ 2 bisfilws(t = ()

~ ! (D
+ Zdij/ kij(t — 8) fi(x;(s))ds|dt
Jj=1 o
+ 3ot (1), 25(8 = 7()))dwy (1), > 0
j=1
(El(t) = 772(t)7t S 07Z = 1727"' , 1,
where z(t) = (21(t), z2(t),...,7,(¢))T is the state vector

associated with neurons; ¢; > 0 represents the rate with
which the ith unit will reset its potential to the resting
state in isolation when disconnected from the network and
the external stochastic perturbations; a;;, b;; and d;; rep-
resent the connection weight and the delayed connection
weight respectively; f; is activation function, f(z(t)) =
(fi(z1(1)), falxa(t)), . .., falza(®))T,0 < 7(t) < 7 is trans-
mission delay. Moreover, w;(t) is a standard Brown motion
defined on a complete probability space (£2,.%,P) with a
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natural filtration .#;>o(i.e.,. % = o{w(z(s)) : —oo < s < t}),
and o;; is the diffusion coefficient. Kernel functions k;;(t) > 0
for i,j = 1,2,...,n, are real-valued nonnegative continuous
functions defined on [0, co0). The initial conditions for system
(1) are given in the form

(t) =n(t), —o0 <t <0, )

where 1 € LY ((—00,0],%"), here L' ((—o0,0],%") is
the family of all .%; measurable C((—o0,0], Z")—valued
random variable satisfying that sup_,,<o E[n(¢)|P < oo,
C((—00,0],%#™) denote the family of all continuous
Z"—valued functions ¢(t) on (—o00,0] with the norm
INA = sup_soci<o [n(t)|P. Throughout this paper, the
following standard hypothesis are needed
(Hy) Function f;(x) satisfies the Lipschitz condition. That
is, for each ¢ = 1,2,...,n, there exists constant I; > 0,
such that |f;(z) — fi(y)] < Lz — y|,YVa,y € %, where
l;(1=1,2,--- ,n) is Lipschitz constant.
(H3) There are nonnegative constants i, v;(i =
such that tracelo® (t;z,y)o(t;z,y)] < D}
viy?) Y(t;m,y) € BT x B x B
( 3) Assume that f(0) =0,0(t,0, O) =0.
Hy) [ kij(t)dt =1, 4,5 =1,2,-

(Hr) There ex1sts a positive number € such that
fO Efk” Ei]‘ < 0.

Deﬁnmon 2 1: ([20]). The trivial solution of system (1) is
said to be pth moment exponentially stable if there exists a
pair of positive constants A and « such that

Ella(t,to, n)[|” < aB|n|ie ") ¢ > to

holds for any ¢y and n € L, (( 00,0],#"™). Especially,
when p = 2, it is called to be exponentlally stable in mean
square.
Lemma 2.1: ([21]) Let p > 2 and a > 0,b > 0, then
(p—1a” &
p p

aP~lh <

and
— 2)aP 2bP
(p—2)a?
p p

aP72p? <

III. MAIN RESULTS

In this section, we will discuss the global stability of the
trivial solution of system (1). To proceed, we first generalize
two important inequalities as follows.

Lemma 3.1: Assume that positive scalars ~,[, h satisfy
I+ h < =, y(t) is a nonnegative continuous function on
(=00, +00) and satisfies the following inequality on interval
[tOv +OO)

Dy(t) < O+t~ 0) 41 [ K- (s,

where 0 < 7(t) <7, >0, [k
constant, then as ¢ > tg,we have

y(t) <

s)ds =1,k(s) >0, Tisa

sup y(t0+0)—yt0,and hm y(t) =0.
—00<6<0

Proof. We will complete the proof in two steps. In step
1, we will prove that y(t) < y,. In step 2, we’ll prove that

Step 1: we first prove that for any positive constant d > 1,
the following inequality holds

y(t) < dy,,t > to. (€))

Since for any ¢ € (—00,tp), y(t) < sup_og<oy(to +0) =
Yto- If 4z, = 0, then we get 0 < y(t) < 0, namely y(t) = 0.
Thus, we always assume that y;, > 0. When ¢ < ¢, we have
y(t) < yr, < dyy,. If inequality (3) does not hold, there must
exist t1 > to such that

y(tl) = dyt[ny(t) < dyto,\v/t < t17
which implies that DVy(¢1) > 0. On the other hand

Dy(ty)

IN

t1
—ydyt, + hdyy, +1 / dk(t1 — s)yr,ds

t1
[—'y +h+1 /70o k(ty — S)ds}dyto )

—+oo
=[-v+h+ l/ k(s)ds]dyq,
0

= [y + h+dy, <O0.

This contradicts to DFy(t;) > 0, so inequality (3) holds.
According to the arbitrary property of positive constant d, we
obtain

y(t) < sup  y(to+0) 2y, Vt > to. (5)

—00<6<0
Step 2: In what follows, we will prove lim;_, o, y(t) = 0.
From inequality (5), we know that y(¢) is a bounded con-
tinuous function, thus when ¢ — +oo, the upper limit(noted
by p) of y(t) exists, namely

=p,p20. (6)

The remaining proof is to prove p = 0.
If it’s not true, there must exist arbitrary positive constant
€ > 0, and constant T3 > t; such that

y(t—7(t) <p+e,

On the other hand, since fo
T5 > tg such that

mt—><|-ooy(t)

y(t)<p+5, vt > Ti.

s)ds = 1, there must exist

+o0
/ k(s)ds < e,Vt > T.
t

Set T'= max{T1,T»}, when t > T, we have
t

DY y) < —ult) + hy(t = () +1 [t = ()i

< —yy(t) + h(p +€) + leys, + (p + )l

By direct calculation, we get
1
y(t) < y(to) exp{—v(t—to)}Jr;[(p+€)h+€lyto +pl+el].
According to inequality (6), we can obtain

1
p < ;[he + elys, + pl + ph + €l].
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In views of the arbitrary property of €, we have p < @,
namely v < h + [, which contradict to the assumption vy >
h+1, thus lim;_, . y(¢) = 0 holds. The proof is completed.
Lemma 3.2: Assume that positive scalars +,l,h satisfy
kl + h < =, y(t) is a nonnegative continuous function on
(=00, +00) and satisfies the following inequality on interval
[tU’ +OO)
t

DY y(t) < —y(t) + hy(t — () +1 / Kt — syy(s)ds,

—00

where 0 < 7(t) < 7,80 > 0,k = [;°
is a constant, then as t > t;, we have

y(t) < yroe =710, (8)

where y;, = SUP_ oo <g<o Y(to + 0), € is the unique positive
solution of the following equation

e**k(s)ds, k(s) > 0, T

e = —1k— heT.

Proof. Set (t) = d - ys,e =(*"%), d > 1. If inequality (8) is
not true, then we can have y(t) > y;,e (=), On the other
hand, since y(to) < vz, < y(t), thus there must exist t* such
that

y(t) <y(t),vt <t y(t") =y(t").
Namely
DYy(t*) — DVy(t*) > 0,Vt < t*. )

In views of the condition of Lemma 3.2, we get

+z/ k(t* — s)y(s)ds

< —AG(E) + hy(t — (") + / K(t* — $)7(s)ds

D y(t") < —yy(t*) + hy(t" — 7

< —g(t") + hy(t” —7(t")) +1 /7 k(" — s)y(s)ds

< —yygge T

* * +OO
+hytoe—g(t —7—tg) +lyf,06_5(t —to)/
0

e“°k(s)ds

=[-v+Ilk+ he”]ytoefs(t*ft‘])
= 7syt0675(t*7t0) = DTy(t").
10

This contradict to inequality (9). From the arbitrary of d,
one can see that inequality (8) holds.

Remark 1. If [ = 0 and replacing y(t —7(t)) as y(t — 7(t)) £
SUp;_,<.<; Y(s), Lemma 3.2 becomes the classical Halanay
inequality, thus, this lemma can be regard as a generalized
form of Halanay inequality.

Theorem 3.1: Under the assumptions (H;) — (H3) and
(Hs), the trivial solution of system (1) is pth moment ex-
ponentially stable(p > 2), if there exist positive scalars
Ai >0,i=1,2,--- ,n such that

A1+ A+ K A3 <0, (11)

where

A= min {ep — > (= Dlagl;| = > (0= Dlbily]
Jj=1 j=1

= —2

~ 20 il - o R

j=1
" p—1)(p—2 - A,

- Zl’j% - Z /\7(|a]'ili| —pi(p— 1))},
j=1 j=1""

)\—j[|bjili\ +vi(p—1)},

{Z - |d11||l P}k =

1< < én}”g(n{ i}

Proof. Constructing Lyapunov functional for system (1) by

n
= Ailzi(t)
=1

Similar to the disposal route in [1], [16], by Ito’s formula, we
have

2V (a(t)
- ZA {plai (O sgndai()} ez (1)
+ Zaijfjm(t» + D bisfi(wi(t = 7))

N Zdw / i (¢ — 8).; (25 (s))ds]}

+ §p(p -1 ; il ()P 2: osgn{wi(t)}
< z: Ai{ —ciplai(t)
n fjlpbijmzi(t)
s Z sl [ bitt = a0~ 1))}

= —IZ)\|aE7 )P~ 2Zuj t) + v

[+ plaglyllei(OF | (0)]

j=1

[P~ e (t = 7))

j(t—1)
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=Y Ni{—cplzi @)+ plaijl|lzi(t)[P (1)
i=1 j=1

+ ) plbily | ()P s (- 7)]

j=1

+i|dv¢j|/j kij(t
Zu;lxz
H’(p; ”iw )
<Z)\{ eiplai(t |P+Z|a,ju
+ [ ()] + Z |bi;l;[(p

=1

+Z|dij|/; kij(t = s)[(p — Dlzi@®)|” + [ f5(2;(s))[]ds

s)plzi ()P~ | £ (x;(5))lds

(P23 (1)

= D]z @)
= D]z + |a;(t —7)|"]

n

+ DSl = 20 + 20 ()

j=1

o 2 13l = Dl + 2l (¢ = 7))

—ZA{ cipla(t |”+Z
+Z|a”l|\xj |P+Z
+Z|bz-jzj||xj<t—r>\f’
+S-
+Z|dij|_[ bt = 9y (s)) s

+Z == ) |p+21u3 p— Dl 0P
+Zw D=2 1) \+Z;v] p— Dlas(t - 1)}
—ZA{[ c,p+z 1)]ag;l; |+Z 1)|b1;]

+Z —1|du|+Zu] — 2)

+ ZWW} ag(8)|P

+

Dlaisl|lz:(6)[

Dlbigllla:(6)”

)|y | (¢ |ﬂ/ it — s)ds

+ 3 Myl + (= D] - |25 ()P

- i[\biﬂjl +v;(p

+Z|du| [

_ZA{[ clp-l-z
Z |d”|+Zu] =2

+2J ol 2>+§<p_1>|b“zj| "

+ Z — )] |za(®)[”

+Z Z[Ibﬂl|+%(

+2 Ty

< —A1V( (1) + AV (z(t — 7))

+ A3/ K (t—s)V(x(s))ds,

—00

= D]z =)
s)|fi(x;(s))|Pds}

Dl

|a]zl | + /M(
D] |zt = 7)f”

i(s)[Pds}

where k,(t — S) e maxi<i,j<n kji(t — S)
On the other hand, by Ito’s formula, for all £ > 0, we have

DYV (t,z(t)) = LV (¢, z(t))dt

OV (t, x(t)) 13
T(t)a(t, z(t),z(t — 7))dw(t).

Taking mathematical expectation of the both side of equation
(13), we have

DTEV(t,z(t)) < —A1EV (2(t)) + AsEV (z(t — 7))

L 14
+ Ag/ K (t — $)EV (x(s))ds.
In views of Lemma 3.2, we can get
Ellz(@)PF < X7 Elnllje™, (15)

where A = maxy<;<,{A;}, which complete the proof.
Remark 2. In previous publications such as [1], [3], the
kernel functions are usually assumed to satisfy (Hy), (Hs)
and [~ se**k(s)ds < oo. Time-variance delays are usually
required to satisfy 0 < 7(¢) < 1 or 0 < 7(t) < p. In
Theorem 3.1, we only require time delays are bounded, the
derivative of time-variance delays can be unbounded, or
even non-differentiable. Kernel functions only need to satisfy
fooo ek (t)dt £ E,;j < o0. These requirements enlarge the
selections of time delays and kernel functions.
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Remark 3. When [ = 0, Theorem 3.1 becomes the Theorem
3.3 and Corollary 3.4 in [16]. Thus, the criteria in [16] can be
regarded as special case of ours.

Theorem 3.2: Under the assumptions (H;) — (Hy), the
trivial solution of system (1) is pth moment uniformly and
asymptotically stable(p > 2), if there exist positive scalars

Ai >0,i=1,2,---,n such that
—A1 + A2 + A3 <0, (16)
where
A= min {eip — 2;(17 = Dlagl;] — Z;(p — )bl
J J=

z 1| - zu] i
—Zujw—Z%Uaﬁzn—m(p—l»},

A
/\*’Hbﬁli\ +vi(p— 1)},

i

1<i<n

LD
Az = max {) 1l Ll
=1

Proof. In views of inequality (14) and Lemma 3.1, we can
easily obtain this conclusion, which complete the proof.

Remark 4. Theorem 3.1 is invalid, when time-variance delays
are only bounded and the kernel functions only satisfy (Hy4). In
this case, Theorem 3.2 provides a useful complement criterion.

IV. NUMERICAL EXAMPLES

In this section, two numerical examples will be presented
to show the validity of the main results derived above.

Example 1. Consider the following stochastic neural network
with mixed delays:

[l 15 2l
tanh(xq (¢
+ { —0.31 0]11{ tanhg:i(f)) ]
*{ 0.21 —031] {fm_ a7
o[ L [t Jase

V0.2z1 () b12 dw (t)
+{ bay \/7$2()}{dw2(t)]’t>0
z(t) = [1.01, -1.15]7 ¢ < 0.
where

f11 = tanh(z1 (¢t — (2 + 0.01| sint]))),
f12 = tanh(z2(t — (2 + 0.01] sin t]))),

ain = —0.51e7207%) g5 = 0.31e2(%)

=

05,

x(t)

-05

-15 L L L L L L
0 100 200 300 400 500 600 700

time t

Fig. 1. State trajectories of the stochastic system (17)

a21 = 0_36_2“_8)70,22 == 0.256_2(t_s)7
b1z = v0.3z2(t — (2 + 0.01|sint])),
ba1 = vV0.3z1(t — (2 + 0.01]sint])).

We can verify that the point (0,0)7 is an equilibrium point
of system (17). By simple calculation, we get that [;,l5 = 1.
Set ¢ = 0.1, then Eij ~ 22,7,,] = 1,2 Let )\1,)\2 = l,p =2
then we have

Ay = 4.09, Ay = 0.52, Az = 0.81,
A2 + kAg < Al.

In views of Theorem 3.1, the equilibrium point (0,0)7 of the
given stochastic system (17) is mean square exponentially
stable. Fig.1 shows that the trajectories of the stochastic
system (17) converge to zero in mean square exponentially.

Remark 5. From system 17, we can see that kernel function
k(t) = e~2!. It obviously satisfies (H3), but does not satisfy
(H4). However, in previous publications, we always assume
that (Hy) is held. Thus, our criteria enlarge the selection of
kernel functions.

Example 2. Consider stochastic neural network with mixed
delays as follows

AR IS N i

e[ 0] )

+ { 002211 —001111 ] { Q; } (18)

o[ [ o ][ e ] aga

+ | Vorn ¢*b1§2<> [t ] >0
z(t) = [2.8,-2.3]T,t < 0.
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(1)

I I I I
500 1000 1500 2000 2500 3000
time t

Fig. 2. State trajectories of the stochastic system (17)

where
f11 == arctan(z1(t — (2 + 0.01]sint]))),

f12 = arctan(aa(t — (24 0.01] sint|))),

—0.21 Ale c

a1 = T&@_O 21 (t_s)7a12 = ge_i(t_s)7
0.2 25¢ c

a1 = 7266_0% (t_5)7a22 = %e_f(t_s)7

biz = V0.3z5(t — (2+ 0.01] sint[)),
bor = V0.3z1 (t — (2 + 0.01] sint[)),

€ is the same as defined in (Hj). We can verify that the
point (0,0)” is an equilibrium point of system (18). By
simply calculating, we can get [;,lo = 1. Set ¢ = 0.1,
A1, A2 = 1, p = 3 then we have

Ay = 5.16, Ay = 0.42, A = 0.41,
As + Ag < A;.

In views of Theorem 3.2, the equilibrium point (0,0)7 of
the given stochastic system (18) is 3th moment asymptotically
stable. Fig.2 shows that the trajectories of the stochastic system
(18) converge to zero asymptotically.

Remark 6. From system (18), one can see that kernel function
k(t) = £e~2'. It obviously satisfies (Hy), but does not satisfy
(Hs). In this case, Theorem 3.1 lost its validity, but Theorem
3.2 is still valid.

V. CONCLUSIONS

By establishing two new integro-differential inequalities,
some novel sufficient conditions ensuring pth moment stability
for a class of stochastic neural networks are obtained. These
new results discard some strict constraints of time delays and
kernel functions. Simulation examples show that the results
obtained in this paper are valid.
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