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y-exponential Stability for Non-linear Impulsive
Differential Equations
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Abstract—In this paper, we shall present sufficient conditions
for the )-exponential stability of a class of nonlinear impulsive
differential equations. We use the Lyapunov method with functions
that are not necessarily differentiable. In the last section, we give
some examples to support our theoretical results.
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I. INTRODUCTION

Many evolution processes are characterized by the fact that
at certain moments of time, they experience a change of state
abruptly. The impulsive system of differential equations are
an adequate apparatus for the mathematical simulation of such
processes and phenomena studied in biology, economics and
technology etc. That is why, in recent years, the study of
such systems has been very intensive [3,11]. One of the most
investigating problems in stability analysis of such systems is
exponential stability, since it has played an important role in
many areas such as control theory, designs and applications of
neural networks [7,8].

Lyapunov method and Lyapunov-Razumikhin technique have
been successfully utilized in the investigation of asymptotic
and exponential stability of impulsive differential systems
[2,4,5,10].

Akinyele [9] introduced the notion of v-stability of degree k
with respect to a function v € C(Ry,R,), increasing and
differentiable on R, and such that ¢(¢t) > 1 for ¢t > 0
and lim; o ¥(t) = b,b € [1,00). In [6], Morachalo intro-
duced the notions of ¢)-stability, «-uniform stability and -
asymptotic stability of trivial solution of the nonlinear system
r = f(t,z). Diamandescu in [1], proved some sufficient
conditions for 1-stability of the zero solution of a nonlinear
\olterra integro-differential system.

The purpose of this paper is to establish sufficient conditions
for ¢-exponential stability and «-global exponential stability
for a class of nonlinear impulsive system of differential
equations via proposing a Piecewise Continuous Lyapunov -
function. The theoretical result have been supported by some
examples in the last section.

I1. PRILIMINARIES

Let R™ denote the Euclidean n-space. Elements of this
space are denoted by = = (z1,9,...,2,)7 and their norm
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is given by |z||= max{|z1],|z2|,...,|zn|}. For nxn real
matrices, we define the norm |A| = Supj,<i||Az|. Let
v : Ry — (0,00),i = 1,2,...,n, where Ry = [0,00) be
the continuous functions and let ¢ = diag[¢1, 12, ..., ¥y).
Consider the impulsive differential system

T = f(t,$)7 t#tka
Az = Ii(x),t=tg, k=1,2,...,n, Q)
l‘(t0+0) = Xy,

where f : Ry x R — R™ is a nonlinear function,
I, : R — R™ are continuous functions, 0 < tg < t; <
ty < ... < t, <t are fixed moments of impulse effect and
Az = Ik(l) = Hj(tk + 0) — :L’(tk — 0).
Here we assume that functions f,I,,k € N, satisfy all
necessary conditions for the global existence and uniqueness
of solution for all ¢ > .

Definition 2.1: Let FE C R™ be an
open set containing the origin. A  function
V : Ry x E — Ry is said to belong to class Vy
if
(i) V is continuous in each of the sets [tx_1,tx) X E.
(if) V(t,2) is locally Lipschitizian in all z € F C R™ and
for all t > ¢y, V(¢,0) = 0.
(i) For each z ¢ E C R™ and ¢ € [tg_1,tx),k €
N, lim(t’y)_,(t;’z) Vit,y) =V(t,,x).

Definition 2.2: Given a function V : Ry x E — R, the
upper right hand derivative of V' with respect to system (1) is
defined by

DYV(t,2) = lim sup %[V(t Fha(t+h) - VL) @)

for (t,z) e Ry x E.

Definition 2.3: The zero solution of system (1) is -
exponentially stable if any solution z(t, to, xo) of (1) satisfies
lp@)a(t to,z0)| < Bllzoll, to)e™ ") v ¢ €
[tk—1,tk),k = 1,2,...,n where §(h,t) : Ry x Ry — Ry
is a non-negative function increasing in h € Ry, and ¢ is a
positive constant.

If the function S(.) in the above definition does not
depend on tg, the zero solution of (1) is called v-uniformly
exponentially stable.

Definition 2.4: The zero solution of system (1) is said to be
1-globally exponentially stable if there exist some constants
0 > 0 and M > 1 such that for any solution z(t, %o, zo)
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of (1), we have |[¢(t)x(t, to, x0)|| < Me 90—t
[tkfl, tk), k= 17 2, ey N

Definition 2.5: A function V(t,z) € )V, is called a
Piecewise continuous Lyapunov-t function for (1) if V (¢, z)
is continuously differentiable in [t;_1,%;),k = 1,2,...,n and
there exist positive numbers A1, s, A3, L, p, ¢, r, 6 such that

M@z < V(E,z) < Aol () (D)7, ©)

Vit e

Vvt > 0,2 € R™;
DTV (t,x) < —Xg|lw(t)z(t)||” + Le™?, 4)
Vit € [tootstn) kb = 1,2,
V(ty, z(tr)) < V(t, 2(t)). (%)

Definition 2.6: A function V(¢,2) € V, is called a gen-
eralized Piecewise continuous Lyapunov-v function for (1) if
there exist positive functions Ay (t), A2(t), A3(t), where A (t)
is non-decreasing, and there exist positive numbers L, p, ¢, r, §
such that

Ml @Oz@F < V(E2) < Aoflp(H)z @)%, (€)

Vvt > 0,2 € R";
D*V(t,2) < =Asllw(®)z(t)]" + Le™, ™
vVt € [tk:—latk:)7 k=1,2,...,n;
V(tr,x(te)) < V(t (). ®)

In order to study exponential stability of (1), we need the
following comparison principle. Consider a scaler impulsive
differential system

u = g(t>u)7 t?'étkia
Au = Gk(u), t =1y, k=1,2,...,n,
u(t0+0) = Up

where g(t,u) € C[Ry x Ry, R.] and g(¢,0) = 0.

Lemma 2.1: Let u(t) be a maximal solution of above
system. If a piecewise continuous function v(t) with v(t) = ug
satisfy

DYu(t) < g(t,u(t)), VtE€ [tho1,tr),k=1,2,...,n,

then
v(t) — vite) < [ g(s,u(s))ds, YVt € [tho1,ti)k =
1,2,...,n.

I11. MAIN RESULTS

In this section, we shall present sufficient conditions for the
1-exponential stability, v-uniformly exponential stability and
1-globally exponential stability of (1) via proposed Piecewise
continuous Lyapunov-t function.

Theorem 3.1 The zero solution of system (1) is -
exponentially stable if it admits a generalized Piecewise con-
tinuous Lyapunov-v function and the following two conditions
hold:

As(t)

§> inf 22

B o >0 et O

3~ > 0such that V(t,z) — [V(t,2)]"/7 < ye%.  (10)

Proof. Let z(¢) be the solution of (1) with z(to) = xo, where
to > 0 is any initial time.
Set

Qt,z(t)) = V(t, z(t)eME0) Vi e [ty 1, tr), k=1,2,...

where M = infte]RJr %

We see that M < § and

DTQ(t,z) = DYV (t,2)eME=10) 4 MV (¢, 2)eMEt0),
Taking (7) into account, for all t > tq, t # tx, we get
DYQ(t,x) < (=As()|[w(®)a (D) + Le " )eM o)

+ MV (t,z)eMEto)

From (6) and since, by the assumption, A\s(¢) > 0 for all
t € [tg—1,tr), We have

() (t)]|* > ‘18(’5)’
equivalently
Jl ()] < 7[%}7-/4.

Therefore, we have

As(t) _ It
DrQ(t,z) < {=V(t,z)/1-—20 4 Le 0t eMt—to)
+ MV(t,)eM),
Since Ns(t)
3
O > M, VEE [t tr),
PROIRE ot
and by the condition (10), we obtain
DTQ(t,x) < M{V(t,z)— V(t,x)"/9}eMtt) 4 [e0tcM(t=to)
< M,ye—éteM(t—to)+Le—5teM(t—tU)

(L + M~)e0teMt=to)
(L + ]\/{’}/)E_é(t—to)EM(t—tD) .

Therefore, DT Q(t,2) < (L + M~)e@=0)(t~to),
[th—1,tk),k=1,2,...,n.
By Lemma 2.1 to the case

v(t) = Q(t.x(t), gt u(t)) = (L + Mry)eM =000,

we obtain

Q(t,z(t)) — Qto,z0) <

IN

Vte

= (L+ Mv)il 6{e<M*5>(t*to> —1}.

M
Setting 6 = —(M —¢), by condition (9), we have §; > 0 and
Lt My L+My u-s)i-t)

Q(t,x(t)) < Qto,x0) +
01 01
L+ M
S Q(t()?IO) + b ’y
1
Since Q(t(hl’()) = V(to,{l}’o) < )\Q(tQ)HIZJ(tQ)Z‘()Hq, we get
L+ M~

Q(t, x(t)) < Az (to) ¥ (to)woll* +

o1

Vt € [tkfl,tk,), k= 172,

t
/ (L + My)eMI=06—t0)gs ¢ 24,
to
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Letting

L+ M~y
o1

A2 (to) [l (to)zoll* + = B(llzoll, t0) > 0,

we have

Qt,z(t)) < B(l|lzoll, to), Vt € [th—1,tr),k=1,2,...,n

(11)
Furthermore, from condition (6), it follows that

MOz < V(¢ (1),

uw><m<{((@HW

Since Ay (t) is non-decreasing, Ay (¢) >

Vita(®) 1y
)

A1(to), we have

[z (@) < {

Substituting
Qt,x)

V(t7 1‘) = M (t—t0)

into the last inequality, we obtain

OO < (o

Combining (11) and (12),

P (12)

Blzoll; to)

[v@)z@)] < {m}l/p

_ (Bllzoll to) 3~ s o),
= w1
vVt € [tk-_l,tk),k’ =12,...,n

(13)

which shows that system (1) is w-exponentially stable and
hence the Theorem.

If we consider v as scaler function independent of ¢, then
we get a sufficient condition for w-uniformly exponential
stability as stated below:

Theorem 3.2 Let ) be a constant function independent of ¢.
Then the zero solution of system (1) is ¢-uniformly exponen-
tially stable, if it admits a piecewise continuous Lyapunov-i)
function and the following two conditions hold:

A3
[Ao]r/a’
3~ > 0 such that V(t,z) — V(t,2)™/7 < ye ™,

Vt € [tp-1,tk), k=1,2,..,n

5> (14)

(15)

Proof. The proof is in the same line of the proof of Theorem
3.1, so omitted.

Theorem 3.3 The zero solution of system (1) is v-globally
exponentially stable, if it admits a piecewise continuous
Lyapunov-¢ function with p = ¢ = r and &, with § > 32
Proof. Let

Q(t,x) =V(t,z)et 2 Vie [ty 1,te),k=1,2,...,n.

(16)

Then from (3), (4) and (16)

A
DtQ(t,z) = DTV(taz)ed/* + )\—“V(u z)estre Ly
2
A
< (“allRz(@)|]P + Le et/ 4 A—BQ(t,x)
2
A A
< (C0V() + LeT e 4 BQ(t )
A2 A2
— Le (—0+33 )
= Le” pt , 1 # tk, (17)
where 8 =6 — A
Integrating both S|des (17) from tq to ¢, t # tx, we get
Q(t,x) — Q(to,m9) < B 'Lle " — e
A
< BL=LE-T)7h
A2
Therefore
A
Q(t,x) < Q(to, ) + L(6 — 7;‘) —a,  (18)
where a = Q(tg, xo) + L(§ — )—1.
From (3), (16) and (18) we have
1
lW®=@l < -V, )P
1
= [ Qo
< oLt/
1
= Me ™ < Me ")t e [t ty),
where M = (a/A1)'/? and n = A3/ (\ap).
This completes the proof.
IV. EXAMPLES

In this section, we give some examples to support our results
in above section.

Example 4.1 Consider an impulsive differential equation
]_ .

Tz = —getx& + — 12 + e 2cost, t#kn/4, k=1,2,..,
Az = -1/2, t=kr/4 (19)
Let ¢(t) = €' and a piecewise continuous Lyapunov-i
function V (¢, z) € Vo with E = {x :| « |< 1} given by

V(t,x) = e b,

Then (6) holds for p = ¢ = 6, A\ (t) = e 1342 \y(t) = e~
Now

. 1

Vt,z) = —567'&/2:1:6 — /24285 4 e~ xS cost

< =25 L 6em 2t kn/4

It follows that conditions (7) holds for As(t) = e=51*/10 [ =
6,r = %, 0=2.
Now inf 2480 = infe'/? =1 <2=36
and

V(t,a:) _ [V(t,l’)]T/q — e t/246 _ o—Tt/15,28/5 <0<
et kr/4
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Hence by Theorem 3.1, the zero solution of (19) is -
exponentially stable.

Example 4.2 Consider impulsive differential equation

1 s
& —37? +ze ™ t#k k=1,2,.., (20)
Ax = -1, t=k.
Let ¢(t) = % and a piecewise continuous Lyapunov-i
function V (¢,x) € Vo with E = {z :| 2 |< 1} is
3
T B forxz >0
Vo =leP={ T ez
Now

. .3 3,—2t >
Vita) = { zz + 3x°e forz >0

3 — 3a8e2t forz <0

—z|F 43z P e
f|$|% +3e72, t # k.

and (4) holds for
22p = ¢ = 3,

IN

It follows that conditions (3)
A1 = L = 16,A3 =
L=3r=%and =2

A3 _
Now N7 <2=90

V(t,l‘) - [V(t>m)]r/q :| T |3/2 (‘ T ‘3/2 71) <0< 67%7
t# k.

Hence the zero solution of (20) is «-uniformly exponentially
stable.

Example 4.3 Consider impulsive differential equation

i = —ar+42%e P, t4£k k=12, (21)
Axr = -2, t=k.
Let ¢)(¢) = 1 and a piecewise continuous Lyapunov -function
V(t,z) € Vo with D = {x :| z |< 1} given by

22 forz >0
Vit,e) =l 2= { 22 forz <0

Now

V(t,x)

{ —120+ %233/26731‘/ forz >0

%.750 - %:1:3/26*3’5 forz <0

_ 7} 0 1 3/2 -3t

= Glal4slae

—% | z \% +%e_3t, t#k.

It follows that conditions (3) and (4) holds for A\; = 1, A\ =
L,LAs=1/2,p=q=r=1/2,L =1/2,6 = 3.

Now 4¢ =1/2 <3 =34.

Hence the zero solution of (21) is ¢-globally exponentially
stable.

<
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