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Parallel multisplitting methods for singular linear
systems

Guangbin Wang™, Fuping Tan

Abstract—In this paper, we discuss convergence of the extrapo-
lated iterative methods for linear systems with the coefficient matrices
are singular H-matrices. And we present the sufficient and necessary
conditions for convergence of the extrapolated iterative methods.
Moreover, we apply the results to the GMAOR methods. Finally,
we give one numerical example.
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I. INTRODUCTION
I ET us consider a system of n equations
Az = b, ey

where A € C™*" is singular, b,z € C™ with b known and
x unknown. We assume that the system (??) is solvable, i.e.,
it has at least one solution. In order to solve the system (??)
with parallel multi-splitting iterative methods, we assume that

(1) AZMkak, k:1,2,~~-70(,
where M}, is a nonsingular matrix;
(2) Y En=1I(¢€R™™),
k
where Fj are diagonal and Ej, > 0.

Then a parallel multi-splitting iterative method for solving
(??) can be described as follows

2™t =T2™ 4+ 8b, m=0,1,2,---, )
where T =
S ERM

k

It is well known that for singular systems the iterative
method (??) is convergent if and only if the associated
convergence factor

NT) = maz{|ul, p € (c(T)\{1})} <1

and the elementary divisors associated with y =1 € o(T) are
linear, i.e.,

S ERM;'Ny is the iteration matrix, S =
k

index(I —T) =1,

where o(7") denotes the spectrum of 7" and index(B) denotes
the index of the matrix B, i.e., the smallest nonnegative integer

Guangbin Wang is with the Department of Mathematics, Qingdao Univer-
sity of Science and Technology, Qingdao, 266061, China.

Fuping Tan is with the Department of Mathematics, Shanghai University,
Shanghai, 200444, China.

+ Corresponding author. E-mail: wguangbin750828 @sina.com. This work
was supported by Natural Science Fund of Shandong Province of China
(Y2008A13).

k such that rank(B*+1) = rank(B*). In this case, T is called
a semi-convergent matrix. In the extrapolated case, the method
(??) can be defined by

P =T 2F + oM, k=0,1,2,..., 3)

where
T,=(1-w)l+wT, 4

is the iteration matrix and w € R is called the extrapolated
parameter([1]). Clearly, if w = 0 then Ty = I and the
extrapolated method (??) becomes

P =2F K =0,1,2,....

Thus we assume that w # 0 in further considerations.

Now we assume that

(WDA=D— Ly — Uy, k=1,2,...,«a, where diag(D) =
diag(A), D is a nonsingular matrix, Lj and U}, are matrices
with zeros in the diagonal, where Ly = (I;;)r, Ur = (uij)k-
In general, we don’t assume that L, and U are triangular
matrices;

(2)>° Ex = I, where Ej, are diagonal and Fj, > 0.

K

Then the collection of triples (D — Ly, Uy, Ex),k =
1,2,...,q, is called a multi-splitting of A.
We introduce the operators Fj, by

Fk(77w71’) = (Di’yLk)il X
[(1—-w)D+ (w—7)L + wUg|x + wb,
v2>0, w>0, k=1,2,...,a.

Algorithm: Choose 20 € R™ arbitrarily. For m = 0,1,2,. ..

until convergence,

xm+1 = Z Eka(77 w, 'rm)v
k

If we define the matrix

lamaor(v,w) =Y Ex(D —yLi) "' x
k
[(1—-w)D+ (w—7v)Lk + wUy]
and the vector
bamaor(v,w) =Y Ep(D —yLy)~" (wb),
k
then from Algorithm we get

m

2™ = lapaor(v,w)a™ + bavaor(v,w),m =0,1,. ...

Obviously, if D is diagonal, L;, are strictly lower triangular
matrices and U}, are matrices with zeros in the diagonal, then

874



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:4, No:7, 2010

the above algorithm will reduce to the well-known MAOR
algorithm (parallel multi-splitting AOR algorithm [2]). Hence
we call Algorithm a parallel generalized multi-splitting AOR
algorithm (GMAOR). Furthermore, we observe that when
(v, w) is equal to (w,w), (1,1), (0,w) and (0,1) the GMAOR
method reduces to the GMSOR, GMGS, GMJOR and GM]J
iterative methods, respectively, with the iteration matrices
Lamsor(Y), bamas, barmior and Laary.

It should be noted that, if v # 0, the GMAOR method
is an extrapolated method of the GMSOR method with the
relaxation factor v and the extrapolated parameter %, namely

w w
Lapmaor(v,w) = (1 — ;)I + EEGMSOR(’Y)-

In this paper, we discuss convergence of the extrapolated
iterative methods for solving singular linear systems with the
coefficient matrices are singular H-matrices. In Section 2 some
sufficient and necessary conditions for convergence of the
extrapolated iterative methods are presented. In Section 3 we
apply the results of Section 2 to the GMAOR method, which
are the extrapolated methods of the GMSOR method.
Definition 1.1([3]) A matrix A = (a;;) € R™*" is called a
singular M-matrix if A can be expressed in the form

A=sI—-B, s>0,B>0, (5)
and
s = p(B).

Definition 1.2([4]) A matrix A = (a;;) € C™*" is called a
singular H-matrix if its comparison matrix M (A) = (a;;) is
a singular M-matrix, where

- laii |, i=j

A;5 = . .

! { —lail, i#J

Definition 1.3([5]) Let A € R"*". A = M — N(M,N €
R™*™) is called as an H-splitting if M (M) — |N| is an M-
matrix. If M(A) = M (M) —|N|, then A= M — N is called
as an H-compatible splitting.

II. SUFFICIENT AND NECESSARY CONDITIONS FOR
CONVERGENCE

Lemma 2.1([6]) The extrapolated method
M) — (1 = )T + wM ™ N]z(™ + wM b,

m=0,1,2,---, is convergent if and only if index(I —T7") =1
and one of the following conditions is satisfied.

(1) Rep < 1, for all p € o(T)\{1}, and

) 2(1 — Rep)

min - ——
nea(M\{1} 1 — 2Rep + |y
(2) Rep > 1, for all p € o(T)\{1}, and

2(1 —

max 20— Rew)

pea(M\{1} 1 — 2Rep + |y

I<w<

0>w>

Theorem 2.1 The extrapolated method (??) is convergent if
and only if index(I — T) = 1 and one of the following
conditions is satisfied.

(1) Rep < 1, for all u € o(T)\{1}, and
2(1 —
min —(1 U 35
pea(M\{1} 1 — 2Rep + |y
(2) Rep > 1, for all p € o(T)\{1}, and

2(1 — Rep)
max —2
pea(M\{1} 1 — 2Rep + |y

I<w<

0>w>

Proof: By Lemma 1 we know that Theorem 1 holds obvi-
ously.
Now we denote
. 2(1 — Rep)
7(T)= min ——m——F—.
(T) pea(M\{1} 1 — 2Rep + |pf2
Corollary 2.1 If p(T") = 1, then the following statements are
true.
(1) The extrapolated iterative method is convergent if and
only if index(/ —7T) =1 and 0 < w < 7(T).
(2) The inequalities

2
>1

7(T) > T o) =

hold.

Proof: (1) Since p(T) = 1, we have Rey < 1 for
w € o(T)\{1}. Thus by Theorem 1 it follows that (??) is
convergent if and only if index(/—T) =1 and 0 < w < 7(7T)).

(2) For u € o(T)\{1}, we have

(1 — Rep) < 1
1—2Rep+[pl* = 1+ |ul’
if |u| < 1. And if |u| = 1 then Rep < 1, hence
(1 — Rep) 1 1

1—2Rep+p?  1+|u 2

Correspondingly, we have

2 2
7(T) > min = ,
pec(M\{1} L+ [p|  1+9(T)

thus (2) follows immediately.
Lemma 2.2([7]) Let A € R™*" be a irreducible singular H-
matrix. Further, assume that the splitting A = My, — N (k =
1,2,...,) is an H-compatible splitting, then p(T) = 1 and
index(I - T) = 1.
Lemma 2.3([7]) Let A € R"™ " be a singular H-matrix.
Further, assume that the splitting A = M, — Ni(k =
1,2,...,«) is an H-compatible splitting and indo(A) =
inf{k : ker(A*) = ker(A**1)} = 1, then p(T) = 1 and
index(I — T) = 1, where kerA is the kernel of the linear
transformation A.
Theorem 2.2 Let A € R™ "™ be a irreducible singular H-
matrix. Further, assume that the splitting A = My — Ny, k =
1,2,...,« is an H-compatible splitting. Then the extrapolated
method (??) is convergent if and only if 0 < w < 7(T).
Proof: From Lemma 2 we know that p(T") = 1 and
index(I —T') = 1. From Corollary 1 we know that the extrap-
olated method (??) is convergent if and only if 0 < w < 7(T").
Theorem 2.3 Let A € R™*" be a singular H-matrix. Further,
assume that the splitting A = My, — N, k=1,2,...,« is an
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H-compatible splitting and indy(A) = 1. Then the extrapo-
lated method (??) is convergent if and only if 0 < w < 7(T").

Proof: From Lemma 3 we know that p(7") = 1 and
index({ —T") = 1. From Corollary 1 we know that the extrap-
olated method (??) is convergent if and only if 0 < w < 7(T").

III. APPLICATIONS

Theorem 3.1 Let A € R™ " be a irreducible singular H-
matrix, dij - 'Y(lij)k >0, (1 — ’Y)dij + V(Uij)k >0 or dij —
'Y(lij)k < 0,(1 — 'V)dij + 'V(Uij)k <0.If 0 <y <1, then
the GMAOR method is convergent if and only if 0 < % <
T(lamsor(7))-

Proof: Let M, = %(D—’yLk) and Ny = %[(1—7)D+7Uk],
so the iterative matrix of GMSOR method is {grsor(Y) =
S ERM; ' Ny

* From hypothesis we have
M(A) = M(=(D = 7L4)) = | (1= 7)D+ Uil

so A = %(D — vLg) — %[(1 — v)D + ~Uy] is an H-
compatible splitting. Hence Theorem 3.1 follows by Theorem
2.2 immediately.
Corollary 3.1 Let A € R™ " be a irreducible singular H-
matrix, (lij)k >0, (u”)k >0 or (lij)k <0, (uij)k <0 If
0 < v <1, then the MAOR method is convergent if and only
if 0 < % < T(£MSOR(’Y))~
Theorem 3.2 Let A € R"*" be a singular H-matrix, d;; —
Y(lij)e = 0, (1 = y)dij + v(uij)e > 0 or dij — v(lij)r <
0, (1—~)di; +7(uij)x < 0. Further, assume that indg(A) = 1,
0 < v <1, then the GMAOR method is convergent if and only
if 0 < % < T(ZGMSOR(’Y))-

Proof: Let M}, = %(D—va) and N, = %[(l—w)D—O—’yUk],
so the iterative matrix of GMSOR method is {grrsor(Y) =
S E M N

k
From hypothesis we have

M(A) = M(%(D L) - |§[<1 —)D AU

so A = %(D — yLg) — %[(1 — v)D + U] is an H-
compatible splitting. Hence Theorem 3.2 follows by Theorem
2.3 immediately.

Corollary 3.2 Let A € R™"*" be a singular H-matrix, ({;;); >
0, (wij)k > 0 or (Iij)r < 0,(u;j)k < 0. Further, assume that
indg(A) = 1. If 0 < v < 1, then the MAOR method is
convergent if and only if 0 < 2 < 7(£arsor(7))-

IV. NUMERICAL EXAMPLE

Consider Az = b, where

We choose D = diag(A), n = 6,

[0 0 0
00 0
100
L=

01 0
10 1
010

[0 0 0
00 0

1 00

Ly =

010

1 0 1
010

[0 0 0
00 0

1 00

Ly =

010

1 0 1
010

A=D-L;-U;, i=1,2,3.

p=3,7=0.5,

0
0
0
0
0
1

o O o o o O
o O o o o o

1/2 ]

_ o o o o o
o O o o o o
o O o o o

1/4

= o O O O ©

o O O o o o
o O o o o

It’s easy to know that A is an irreducible H-matrix and
D, L;,U; satisfy the conditions of Theorem 1.

We choose FE; =

diag(1,1,0,0,0,0),

Ey, =

diag(0,0,1,1,0,0), E3 = diag(0,0,0,0,1,1), then

f1/2 16 0 1/6 0 1/6
0 1/2 1/4 0 1/4 0
23 2309 113 1
. 05) = 12 %5 oos 516 sz 3/16
CMSOREEZIT 0 18 116 12 & 0
16
7 931 4643 47 3079 385
72 27648 55296 768 6144 1728
| O = & 18 & 1)2
5902206365182033

T(lamsor(0.5)) =

©2251799813685248

From Theorem 1 we know that the GMAOR method is

convergent when

0 <w<0.57(lamsor(0.5))

For example we choose w = 1.

~5902206365182033
 4503599627370496°

5902206365182033
25 < 503599627370496 then
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EG]VIAOR(Of)’ 1.25) =

r 5 5 5
-1/4 15 0 % 0 %
0 -1/4 5/8 0 5/8 0
5 115 2279 565 5 15
24 1536 9216 1152 1024 32
5 5 25
0 16 35 -1/4 5 0
35 4655 235 3037 1925
144 55296 0.2099 1536 12288 3456
25 25 5 45
L 0 64 1208 liﬁ 128 _1/4 i
__ 4136045821846107 .
ﬁ(gGAIAOR(O-& 125)) = 1503599627370496 <1, mdex(l 7
lermaor(0.5,1.25)) = 1. That’s the GMAOR method is
convergent.
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