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Abstract—Let p be a prime number, F,, be a finite field and ¢ €
F, =F, — {0}. In this paper we obtain some properties of elliptic
curves Ep, s y? = y® = 2% — t?z over F,,. In the first section
we give some notations and preliminaries from elliptic curves. In the
second section we consider the rational points (x,y) on E, .. We
give a formula for the number of rational points on £, ; over F; for
an integer n > 1. We also give some formulas for the sum of z—and
y—coordinates of the points (z,9) on Ept In the third section we

consider the rank of E; : 4> = x* — t*z and its 2—isogenous curve
E,; over Q. We proved that the rank of E; and E; is 2 over Q. In
the last section we obtain some formulas for the sums ZteF*aPt

for an integer n > 1, where a,, denote the trace of Frobenius.

Keywords—elliptic curves over finite fields, rational points on
elliptic curves, rank, trace of Frobenius.

I. INTRODUCTION

Mordell began his famous paper [13] with the words
Mathematicians have been familiar with very few questions
for so long a period with so little accomplished in the way
of general results, as that of finding the rational points on
eliptic curves. The history of elliptic curves is a long one,
and exciting applications for elliptic curves continue to be
discovered. Recently, important and useful applications of
elliptic curves have been found for cryptography [6,11,12], for
factoring large integers [9], and for primality proving [1,5].The
mathematical theory of elliptic curves was also crucial in the
proof of Fermat’s Last Theorem [19].

Let ¢ be a positive integer, F, be a finite field and let F,
denote the algebraic closure of F, with char(F,) # 2,3. An
elliptic curve E over F is defined by an equation

Egap: y2 =234+ ax+0b,
where a,b € F, and 4a® + 276> # 0. We can view an
elliptic curve E, ., as a curve in projective plane P2, with a
homogeneous equation y?z = z2 4+ axz? + bz3, and one point
at infinity, namely (0, 1,0). This point co is the point where
all vertical lines meet. We denote this point by O. Let
Eyap(Fy) ={(z,y) € Fy x F, cy? =23 + ax + b}
u{0}

denote the set of rational points (z,y) on E, 4. Then it is
a subgroup of E, .. The order of E,,,(F,), denoted by

#Eqop(Fg), IS defined as the number of the rational points
on E, . (for further details see [15,17,18]), and is given by

22 4+ ax+b
#Eq,a,b(Fq) = 1+ ZweF (1 + Fi) (1)
a q

22 +ar+b
q+1+Zw€Fq (7& )
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where (
Let

#) denotes the Legendre symbol.

a

#Eqap(Fq) =q+1—agas. (2
Then aq,q is called the trace of Frobenius and satisfies the
inequality
lag.apl <24

known as the Hasse interval [18, p.91]. The formula (1) can be
generalized to any field F,» for an integer n > 2 [18, p.97].

Let #E,0(Fy) =q+1—agq and let

X? —agapX +q= (X —a)(X - 3). 3
Then the order of E, ., over Fgn is

#Eqap(Fgn) =¢" +1—(a" +5"). (4)

Il1. RATIONAL POINTS ON ELLIPTIC CURVES
Ep: y? = 2% — t2x OVER F,.

In [16], we consider the elliptic curves E, y : y?> = z(z—1)
(z — ) over F,, for A # 0,1, where p is a prime number and
F, is a finite field. We consider the rational points on Ei, »
and also its rank over Q. In the present paper we consider the
elliptic curves

Eyi:y* =% —tx (5)

over F, for an integer ¢t € ;. This elliptic curve was studied
by Lemmermeyer and Mollin [8] in the sense of its Tate-
Shafarevich group. Here we only consider its rational points,
rank and trace of Forbenius.

Let @, denote the set of quadratic residues. Let Q;‘,ﬂ“ denote
the set of 4th power of elements of F}, and let Q4 “=F; -
Q4+ SetQ4 Q4+UQ4— Then #Q4+ 7#Q4— = ;
and #Qh = p . Recall that the order of Ep:y?= 3“371,‘237
over F,, is glven in [18, p.105] by

1. If p=3(mod4), then #E, ,(F,) =p+ 1.

2. If p=1(mod4), write p = a® + b%, where a and b are
integers with b is even and a + b = 1 (mod 4), then

if ke@yt
p+1l+2a ifkeQp™
p+1£2b if k¢ Q.

First we generalize this result to any field F,,» for an integer
n > 2.

Theorem 2.1: Let E,; : y* = 23 — t2z be an elliptic curve
over F,.

1) If p = 3(mod4), then

p+1—2a
#Ep,t(Fp) =

(p? —1)* if n=0(mod4)
#Ep(Fpn) = p" +1 if n=1,3(mod4)
(p2 +1)% if n=2(mod4).
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2) If p=1(mod4), then #E, ,(Fpn) =p" +1—
(a+ib)" + (a — ib)" if 2 €@yt

(—a+ib) +(—a—ib)" if £ € QL

Proof: 1. Let p = 3(mod4). Then #E, (F,) = p+ 1.
Hence a,, = 0 by (2). Let
X2 4p=(X-a)(X-7)

for a = i\/p and B = —i,/p by (3).
Let n = 0 (mod4), i.e. n = 4m for an integer m > 1. Then
we get
"B = (D) 4 (i)
= ) ()R
— p2m +p2m
= op?m
= 2p=.
Therefore #E,, ;(Fpn) = p"+1—(a"+4") = p"+1-2p3 =
(p? —1)* by (4).
Let n = 1(mod4), say n = 1+ 4m. Then we get
a"+p" = (ivp)" + (—iyp)"
Z-4m+1(\/@4m+1 + (_i)4m+1(\/@4m+1
i(v/p) " (=) (V)
0.

Therefore #E, (Fpn) =p" +1— (o 4+ 8") =p™ + 1.
Let n = 2(mod4), say n = 2+ 4m. Then we get
"B = ()" + (—ivp)"

— i4m+2(\/ﬁ)4m+2 + (_i)4m+2(\/ﬁ)4m+2

_ (71)p2m+1 + (71)p2m+1
2m—+1

= —2p
= —2p%.
Therefore #E, (Fpn) = p"+1—(a"+8") = P +14+2p7 =
(% +1)%
Finally, let n = 3(mod4), say n = 3 + 4m. Then we get
an + /877, (Z\/ﬁ)n + (_Z\/ﬁ)’n
_ i4m+3(\/]*))4m+3 + (_i)4m+3(\/ﬁ)4m+3
i)(\/];)4771'+3 4 i(\/ﬁ)4m+3

(-
= 0

Therefore #E, ;(Fpn) =p"+1— (o™ + ") =p" + 1.
2.Letp =1(mod4),and lett*> € Q5 *. Then #E, ,(F,) =
p+1—2a and hence a,; = 2a by (2). Let

X?—2aX+p = (X—a)(X-p)
X2 - X(a+p) +ap.
Then 2a = o + 3 and p = 3. Hence we get

2=a+? o o?—2a+p=0
0%

& Q12 = a £ 1b.

Therefore
a1:a+ib:>/31:£:a—ib
aq
or
— i _r _ ;
ay=a—1ib= Py = — =a+ib.
%)
Consequently in both cases, the order of £, ; over Fpn is
#E, (Fpn) = p"+1—(a"+0")
p" +1—[(a+1ib)" + (a —1ib)"].

Let > € Q5. Then #E,(F,) = p+ 1 4 2a and hence
ap: = —2a by (2). Let

X%+ 2aX +p (X —a)(X - p)

X2~ X(a+B)+ap.
Then —2a = o+ 3 and p = af. Hence we get

72a:a+g =3 a2+2aa+p:0
Q@

—2a +

4a2 — 4
& 12 = P

2
& Q12 =—a =+ ib.

Therefore

a1:—a+ib:>61:£:—a—ib
aq

or
_ ; _b _ :
ay=—a—1b= [y = — = —a+ib.
(6%
Consequently the order of E, ; over Fp» is
#Ep1(Fpr) = p"+1—(a"+3")
p"+1—[(—a+ib)" + (—a—1ib)"].
This completes the proof. [ ]

In the following table some values of p,a and b is given.

P a b D a b
5 1 2 1229 | 15| 2
13 | 3 2 (23313 8
17 1 4 1241 |15 | 4
29 5 2 | 257 1 |16
37 1 6 | 269 | 13 | 10
41 5 | 42779 |14
53 7|2 |281 |5 |16
61 516 (293 |17 | 2
73 | 3 | 8 [ 313 ]| 13|12
89 5 | 8 | 317 |11 | 14
97 | 9 | 4 [ 337 | 9 | 16
101 | 1 | 10| 349 | 5 |18
109 | 3 |10 | 353 | 17 | 8
113 | 7 | 8 | 373 | 7 |18
137 | 11| 4 | 389 | 17 | 10
149 | 7 |10 | 397 |19 | 6
157 | 11| 6 | 401 | 1 | 20
173 | 13| 2 | 409 | 3 | 20
181 | 9 | 10 | 421 | 15 | 14
193 | 7 | 12 | 433 | 17 | 12
197 | 1 | 14449 | 7 | 20
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In the following examples the orders of E,, ; : y* = 2®—#2x
over F,,» are given for 2 < n < 15.

Example 2.1: Let p = 23 and ¢t =
E23,2 : y2 =23 — 42 over Fosn is

2. Then the order of

Example 2.2: Let p = 13. Then ¢ = 3 and b = 2. Let
t = 4. Then 2 = 3(mod 13). So t* € Q13" = {1,3,9}. Then
the order of E134 : y? = 2 — 3z over Fyzn is

Theorem 2.2: Let [z] denote the x—coordinates of (z,y)
on E, ;. Then sum of [z] on E,; is
)
X

Z[] pt(Fp):Z(H‘ (%

721 F;g for all primes p

5 :
T 15168 Proof: We know that
4 | 278784 R 0 if 23 —t2xis zero
5 | 6436344 T ) ={ 1 if 2% —t%xis a square
6 | 148060224 Fp —1 if 2% —t%x is not a square
7 | 3404325448 quare.
8 | 78310425600 Pet?s) 3 L2 .
9 T 1301152661464 Let. ) = 0. Then z° — t*z = 0, and hence this
10 | 41426524086336 equation has three solutions z = 0,z =t and x = —t. Then
11 | 952809757913928 y? = 0(modp) < y = 0 (modp). So for such a point =, we
12 | 21914624135948544 have a point (z,0) on E, ;. Therefore we get (z 4+ 0).x =z
13 | 504036361936467384 is added to the sum.
14 | 11592836331348400704 P20\ 2
15 | 266635235464391245608 Let (7 = 1. Then z3—t?z isasquare in F,,. Let 23—

2z = k? for any k € F;. Then y* = k* (modp) & y = £k,
that is, for any point (z, k) on E, ,, the point (x, —k) is also
on E, .. Therefore for each point = we have (1 + 1).z = 2z
is added to the sum.

Finally, let M) = —1. Then 2® — #2z is not a square
P

in F,. Therefore the equation y? = 22 — t?z(modp) has no
n Fi3n p q Yy

2 | 160 solution. Therefore for each point =, we have (1+(—1)).z =0

3 | 2216 as we claimed. ]

4 | 28800

5 | 372488 Theorem 2.3: Let [y] denote the y—coordinates of (, ) on

6 | 4830880 B

7 | 62757416 Pyt

8 | 815731200 1) If p = 3(mod4), then the sum of [y] on E, ; is

9 | 10604386564 2_ 3

10 | 137857808810 b~ —9p

E,:+(F,) = .

11 | 1792157762000 Z[y] p.t(Fp) 2

12 | 23298078210000 _ ;

T3 T 302875099300000 2) If p=1(mod4), then the sum of [y] on E, ; is

14 | 3937376432000000 P2—(2a43)p 4 42 it

15 | 51185893380000000 2 if 7 €@

>y o (F |
P’+(2a-3)p if 12 € Qb
Similarly let p = 13 and ¢t = 11. Then > = 4(mod 13). So 2 r
4’7 . — - -

t2 € Q5 . Therefore the order of Ei31 :y° = 2° — 4x over Proof: 1. Let p = 3(mod 4). Note that the cubic equation
Fign is 2% — 2z = 0 has three solutions z = 0,z =t and z = —.

Now we consider some properties of rational points on
elliptic curve E,, ;.

For the other values of 2, we have both = and —z. One of

Fi3n . .
; 1618 these gives two points. The one makes x> — t2z a square. So
3 2180 there are two values of y since y? = 23 — 2z is square. Let
4 | 28300 3 —t*x = k? for any k € Fj. Then we have y> = k? if
5 | 370100 and only if y =k and y = —k = p — k. So the sum of these
6 | 4830880 values of y is k + (p — k) = p. We know that there are 22
; 221?;2%20 points = such that y? = 23 — t2z is a square. Therefore the
o T 106041612184 sum of y—coordinates of all points (x,y) is
10 | 137857808810 _3 2_ 3
11 | 1792163026000 P <p—> S
12 | 2329807821000 2 2
13 | 302875113900000 2. Let p = 3(mod4). If 2 € Q4+, then £ (F) = p+-1-
14 | 3937376432000000 9. We know that the cubi ttion 22 — 0 has thr
5T ET185892610000000 a. We know that the cubic equation 2% — 22 = 0 has three

solutions z = 0,z = ¢ and x = —¢, that is, there are three
points (0,0), (¢,0), (—t,0) on E, ;. The sum of y-coordinates
of these points is 0. Further we have to disregard the point occ.
Then there are (p+1 —2a) —4 = p—2a — 3 points (z,y) on
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E, . such that y # 0. Half of these points make 23 — t?z a
square, that is, there are 2=2¢=3 points = such that 2* — 2z
is a square. Let 2 — %2 = k? for any k € F. Then we have
y? =k? ifand only if y = k and y = —k = p — k. So the
sum of these values of y is £+ (p — k) = p. Hence the sum
of y—coordinates of all points (z,y) on E,; is

p—2a—3\ p’—(2a+3)p
P 2 - 2 '

If 2 € Q) then E,(F,) = p+ 1+ 2a. The cubic
equation ® — t2z = 0 has three solutions x = 0,2 = ¢ and
x = —t, that is, there are three points (0,0), (¢,0), (—t,0)
on E,. and the sum of y-coordinates of these points is 0.
Further we have to disregard the point oo. Then there are
(p+1+2a)—4=p+2a—3points (x,y) on E,, such that
y # 0. Half of these points make 2% — t2x a square, that is,
there are 2¥22=3 points z such that 23 — t2x is a square. Let
x® — t>z = k? for any k € F;. Then we have y* = k? if and
only if y = k and y = —k = p—k. So the sum of these values
of y is k + (p — k) = p. Hence the sum of y—coordinates of
all points (z,y) on E,; is

p+2a—3 p? 4 (2a — 3)p
b 2 - 2 '

Theorem 2.4: LetE,, = {E, : t € F}} denote the set of
all elliptic curves £, , over F,. Then

21
ZteF;#Ep’t(Fp) =" 2
for all primes p.

Proof: Note that there are 25+ elliptic curves E, ; in E, ;
over F,,. We know that the order of £, , over F, is p+1 when
p = 3(mod4). Therefore the total number of the points (x,y)
on all elliptic curves £, , in E,, over F, is

(p+1) (%) :p22_1~

Let p = 1(mod4). If > € Q' then the order of £, , over
F, is p+1—2q, and if > € Q*~, then the order of E,,
over F,, is p+ 1+ 2a. Further the order of Q> and Q35—
is %. Therefore the total number of the points (z,y) on all
elliptic curves E, ; in E,; over F), is

-1 -1
pT( +1—2a)+pT(p+1+2a)

p—1
= T(p+1—2a+p+1+2a)

p—1
="—"(2p+2

1 (2p+2)
p?-1

5

as we claimed. [ |

Theorem 2.5: The sum of [y] in E, ,(F)) is

3 2
_p®—4p +3p
ZteF;Ep,t(Fp) - 4

for all primes p.

, Proof: Letp = 3(mod4). We know that the sum of [y] is
=32 Further there are 25+ elliptic curves in E,, ;. Therefore
the sum of [y] of all points (z,y) on all elliptic curves E,, ;
in E,(F,) is

p—1\ (p*—3p\ p*—4p>+3p
2 2 - 4 '

Let p = 1(mod 4). We know that there are ’74;1 elements in
both Q3+ and Q. Further by Theorem 2.3, if t € Q3
then the the sum of [y] of all points on elliptic curves E, ,
is ”Z’Qf“”)p, and if t* € Q;~, then the the sum of [y] of
all points on elliptic curves E,, ; is ”2“2%3)”. Therefore the
sum of [y] of all points on elliptic curves E, ; is

<p71> {p2*(2a+3)p+p2+(2a*3)p
1 2 2
_(p—1Y\ (2P —6p

-() (%)

PP —4p*+3p

£ TP

I1l. RANK OF E; : y? = 23 — t?z OVER Q.

Let E be an elliptic curve over Q. By Mordell’s theorem,
we know that F(Q) is a finitely generated abelian group, that
is, £(Q) = E(Q)tors X Z". Further by Mazur’s theorem,

E(Q)tors = Z/nZ for 1 <n <10 or n =12
or
E(Q)tors = Z/2Z x Z)20nZ for 1 <n < 4.

On the other hand, it is not known that what values of rank
r are possible for elliptic curves over Q. The main idea is that
a rank can be arbitrary large. The current record is an example
of elliptic curve with rank > 28, found by Elkies [3] in 2006.
The previous record one with rank > 24, found by Martin
and McMillen [10] in 2000. The highest rank of an elliptic
curve which is known exactly (not only a lower bound for
rank) is equal to 18, and it was found by Elkies [3] in 2006.
It improves previous records due to Kretschmer [7](rank =
10), Schneiders-Zimmer [14](rank = 11), Fermigier [4](rank
= 14), Dujella [2](rank = 15) and Elkies [3](rank = 17).

Recall that the 2—isogenous curve of an elliptic curve

Eqp: y2 =2+ az® + bz
is given by
Eap: y? = 23 + az? + ba, (6)
where @ = —2a and Ef a®? — 4b. Then there exists a 2—
isogeny ¢ from E,; to E,; given by

2 2
§b : Ea,b - Ea,in ¢(x7y) = (y M) .

2’ 2



International Journal of Engineering, Mathematical and Physical Sciences
ISSN: 2517-9934
Vol:1, No:1, 2007

Conversely, there exists a dual isogeny ¢ from E,,,b to E,p
given by
2 2 2
= y* y(a® —4b—z?)
P Ea,b - Ea,bv ¢($ay) = (@7 T .
Let
#a(Eup(Q))#a(Eap(Q))
4 b
where « is @ homomorphism

Qo E(L,I)(Q) - Q*/Q*2

pig )

such that
0 — 1(modQ*?)
(0,0) — b (modQ*2)
($7 y) - (m/OdQ*2)7

where Q* is the multiplicative group of rational units, and
Q*2 is the subgroup consisting of perfect squares. So Q*/Q*?
is like the non-zero rational numbers, with two elements
identified if their quotient is the square of a rational number.
We shall call o the Weil map (in fact it is actually a group
homomorphism). We found the Weil map from the group of
rational points on E, ; to the group Q*/Q*2 by studying the
rational points on torsors

TW (by) : N? = by M* + aM?e® + bye?, )

where by runs through the square free divisors of b = b1b,.
Then a(E, ,(Q)) consists of b(mod Q*?2), together with those
b1 (mod Q*?) such that (8) has a solution (N, M, e).

Similarly, @ is an Weil map, which is from the group of
rational points on £, to the group Q*/Q*? by studying the
rational points on torsors

T@ (b)) : N2 = by M* +aM?e® + bye?, 9)
where b, runs through the square free divisors of b = b;bs.
Then @(E,,(Q)) consists of b(mod Q*?), together with those
b1 (mod Q*?) such that (9) has a solution (N, M, e).

Note that the 2—isogenous curve of our curve E, : y? =
x® —t2x is

By y? =2 + 4%z (20)
if ¢ is odd, or

_ . 12

E,:y2 =23+ i (12)

if ¢ is even by (6). Now we can consider the rank of F; and
E, over Q.

Theorem 3.1: The rank of £, and E, over Q is 2.

Proof: Elliptic curves with a rational point of order 2 like
our curves F; : y? = 2 —t?z come attached with a 2—isogeny
¢ : E; — E; (depending of choice of point if £, has three
rational points of order 2) as we mentioned above.

Now consider the our elliptic curve E, : y?> = z3 — %2,
Then there are four possibilities for b, = —t2 which are +1
and =£t¢.

If by = 1, then the equation

N? = M* — %!

has a solution (N, M, e) = (¢2,,0). If by = —1, then the
equation

N? = —M* + ¢
has a solution (N, M,e) = (¢,0,—1). If by = ¢, then the
equation
N? =tM* —te*

has a solution (N, M, e) = (0,¢2,¢2) and if b, = —t, then the
equation

N? = —tM* + te*
has a solution (N, M, e) = (0,2, —t2). So
a(By(Q)) = {1, +t (modQ*?)} and (12)
#a(E(Q)) =4

by (8).

Now we consider the 2—isogeny of E;. If ¢ is odd, then
the 2—isogenous curve of F; is E; : gf’ = 23 + 4t%z by (10).
Then there are four possibilities for b; = 4¢2 which are +1
and £2t.

If b; = 1, then the equation

N? = M* + 4¢%e*
has a solution (N, M,e) = (2t,0,1). If b, = —1, then the
equation

N? = —M* — 4t2%e*
has no solution (N, M, e) since its right-hand side is strictly
negative. If by = 2¢, then the equation

N? =2t M* + 2te*
has no solution (N, M, e) and if b; = —2t, then the equation

N? = —2tM* — 2te*

has no solution (N, M, e) since its right-hand side is strictly
negative. Hence

a(E(Q)) = {1 (modQ?)} and #a(E(Q)) =1

by (9). -

If ¢ is even, then the 2—isogenous curve of £, is E, : y? =
3+ %x by (11). Let t = 2k for integers k£ > 1. Then E;
becomes an elliptic curve has the form E, : 3> = 2 + k%x.
Then there are four possibilities for b; = k2 which are +1
and +k.

If b, = 1, then the equation

N2 :M4+k2€4

has a solution (N, M,e) = (k,0,1). If by = —1, then the
equation

N? = —M* — k*e

has no solution (N, M, e) since its right-hand side is strictly
negative. If b; = k, then the equation

N?% = kM* + ket
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has no solution and if b, = —k, then the equation
N? = —kM* — ket

has no solution since its right-hand side is strictly negative.
Hence

a(B(Q)) = {1 (mod Q™*)} and #a(E(Q)) =1

by (9). So in both cases, i.e. whether ¢ is even or odd, we have

a(E(Q)) = {1 (mod Q**)} and (13)
#a(E:(Q)) = 1.

Applying (12) and (13), we get

o — #a(E(Q)).#a(E:(Q))
4 !
T4
= 4
S r=2

Consequently, the rank of E;(Q) and E;(Q) over Q is 2 by
(7) as we claimed. u

IV. TRACE OF FROBENIUS OF ELLIPTIC CURVES
B, y? =23 — .
Let a,, ; denote the trace of Frobenius of elliptic curve E,, ; :
y? = 23 —t2x. Then by (2), we get #E, +(Fp) = p+1—aps.
In this section we will obtain some relations on the sums

n
E a
« Dt
teF}

for an integer n > 1.
Theorem 4.1: Let a,, denote the trace of Frobenius of
elliptic curve E, ;.

1) If p = 3(mod4), then

n
a’, =0
D e,

for all integers n > 1.
2) Let p = 1(mod4), write p = a2 + b2
i. If a+b=1(mod4), then

D gt = 27 (1)
and
Dieon G = (CD"2(p 1),
ii. If a4+ b= 3(mod4), then
D g = (U2 - 1)
and

= 272" (p—1).

n
Zp €Q4— a%t

for all integers n > 1.

Proof: 1. Let p = 3(mod4). Then E, (F) = p+ 1. So
ap+ = 0 by (2). Consequently all powers of sums of a),; =0

is 0, that is
n __
ZteF;aP’t =0

for all integers n > 1.
2.Letp = 1(mod4) and let a+b = 1(mod 4). If t* € Q¥
then a,,; = 2a and hence the sum of o, over t* € Q3 is
- 4,4
theQLJralgvt - #QP 'theQ4,+aZ»t
— #Qf,’Jr.(Qa)"’
p— 1 n. . n
= —.2
4 a
_ 27172(29 o l)an.
If t* € Q> then a,; = —2a and hence the sum of a7,
over t? € Qy~ is
n _ 4,— n
Zt2€Q4,70’P~f/ - #QP 'Zt(zeQLfant
= #Qp (-2a)"
-1
= pT (=1)"2nan
= (=D"2" %(p—1)a"
Let a + b = 3(mod4). If t* € QF, then a,,, = —2a and
hence the sum of a!, over t> € @yt is
n _ 4,4+ n
Zt26Q4.+aPat - #QP 'theQ4.+ap-,t
= #Q,t.(-2a)"
—1
= (e
= (=1)"2" %(p—1)a™

If 12 € Qf;—,_ then a,¢ = 2a and hence the sum of a},
over t? € @~ is

n _ 4,—
Zt2€Q4,—a1;vt - #QP 'theta,fagvt
— #Q}.(2a)"
—1
_ p4 ongn

= 2" 2(p—1)a".

|
Form above theorem we can give the following theorem.

Theorem 4.2: If p = 1(mod4), then

0 if nis odd
n
a. =
E : «Pst
teFs

for all integers n > 1.

2n~lgn(p—1) if nis even

Proof: Let p = 1(mod4) and let a+b = 1(mod4). Then
we know that

Zt2€Q4.+aZ¢ = 2n—2an(p_1)
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(*1)"’2"7261”(]7 o 1).

n
th cQ4 - Gp,t

If n is odd, then

n n
Zp cQi+ ant + th €Q4— apyt

2n72an(p _ 1) _ 2n72an(p _ 1)
0.

n
a =
Z « Dt
teFy

If n is even, then

ZteF;“Z,t = the@,ﬂz,t + the@‘_“;t
2n—2an(p _ 1) + 2n—2an(p _ 1)
2(2n72an(p _ 1))

2nlgn(p —1).

Similarly let a + b = 3(mod4). Then we know that

and

Do = )R- )

2" 24" (p — 1).

n _
ZtQ €Q4— al)yf -

If n is odd, then

n o n n
ZteF;al)vt - Zt2€Q4,+aP«,t + ZtQGsz,faPyt

— 72"72a”(p _ 1) + 2”72(1"(]) _ 1)
0.

If n is even, then

1

—

2

(3]

—

[4

—

5

—

6

—_

[7

(8l

—

[9]
[10]

n _ n n
ZteF* pt = theQ4,+aP7i + themeaP,t
p

= 2"2a"(p-1)+2" %" (p - 1)
= 202" %a"(p-1))
= 2" lgn(p—1).
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